Technical Report 2002-02 1

A Modified Relaxation Scheme for Mathematical Programs with Complementarity Constraints

Gui-Hua Lin^∗ and Masao Fukushima^†

January 30, 2002

Abstract. In this paper, we consider a mathematical program with complementarity constraints. We present a modified relaxed program for this problem, which involves less constraints than the relaxation scheme studied by Scholtes (2000). We show that the linear independence constraint qualification holds for the new relaxed problem under some mild conditions. We also consider a limiting behavior of the relaxed problem. We prove that any accumulation point of stationary points of the relaxed problems is C-stationary to the original problem under the MPEC linear independence constraint qualification and, if the Hessian matrices of the Lagrangian functions of the relaxed problems are uniformly bounded below on the corresponding tangent space, it is M-stationary. We also obtain some sufficient conditions of B-stationarity for a feasible point of the original problem. In particular, some conditions described by the eigenvalues of the Hessian matrices mentioned above are new and can be verified easily.

Key Words. mathematical program with complementarity constraints, (MPEC-) linear independence constraint qualification, nondegeneracy, (B-, M-, C-) stationarity, second-order necessary conditions, upper level strict complementarity.

AMS subject classifications. 90C30, 90C33.

1 Introduction

We consider the following mathematical program with complementarity constraints, which constitutes an important subclass of the mathematical program with equilibrium constraints (MPEC):

min f(z)

s.t. g(z) ≤ 0, h(z) = 0 (1.1) G(z) ≥ 0, H(z) ≥ 0 G(z)^T H(z) = 0,

∗Department of Applied Mathematics and Physics, Graduate School of Informatics, Kyoto University, Kyoto 606-8501, Japan./Department of Applied Mathematics, Dalian University of Technology, Dalian 116024, China. E-mail Address: ghlin@amp.i.kyoto-u.ac.jp.

†Department of Applied Mathematics and Physics, Graduate School of Informatics, Kyoto University, Kyoto 606-8501, Japan. E-mail Address: fuku@amp.i.kyoto-u.ac.jp.

where f : R^n → R, g : R^n → R^p, h : R^n → R^q , and G, H : R^n → R^m are all twice continuously differentiable functions. This problem plays an important role in many fields such as engineering design, economic equilibrium, and multilevel game, see [12], and has attracted much attention in the recent literature. The major difficulty in solving problem (1.1) is that its constraints fail to satisfy a standard constraint qualification at any feasible point so that standard methods are likely to fail for this problem. There have been proposed several approaches such as sequential quadratic programming approach, implicit programming approach, penalty function approach, and reformulation approach [1, 4-6, 8-13, 17, 19]. In particular, Fukushima and Pang [6] considered a smoothing continuation method and showed, under the MPEC-linear independence constraint qualification (MPEC-LICQ) and an additional condition called the asymptotic weak nondegeneracy, that an accumulation point of KKT points satisfying the second-order necessary conditions for the perturbed problems is a B-stationary point of the original problem. Subsequently, Scholtes [19] presented a regularization scheme

min f(z) s.t. g(z) ≤ 0, h(z) = 0 (1.2) G(z) ≥ 0, H(z) ≥ 0 G_i(z)H_i(z) ≤ ε, i = 1, 2, · · · , m, where ε is a positive parameter, as an approximation of problem (1.1) and proved, under the MPEC-LICQ and the upper level strict complementarity condition, that an accumulation point of stationary points satisfying the second order necessary conditions for the relaxed problems is a B-stationary point of the original problem.

In this paper, we consider the following scheme as an approximation of problem (1.1):

min f(z) s.t. g(z) ≤ 0, h(z) = 0 G_i(z)H_i(z) ≤ ε^2 (1.3) (G_i(z) + ε)(H_i(z) + ε) ≥ ε^2 i = 1, 2, · · · , m, in which there are less constraints than problem (1.2). In the next section, we will show that the standard linear independence constraint qualification (LICQ) holds for the new relaxed problem under some mild conditions. In Section 3, we consider the convergence of global optimal solutions and stationary points of the relaxed problem. We obtain some sufficient conditions of B-stationarity for a feasible point of the original problem. In particular, we show that, under the MPEC-LICQ, an accumulation point of stationary points of the relaxed problems is B-stationary for problem (1.1) if the sequence generalized by the smallest eigenvalues of the Hessian matrices of the corresponding Lagrangian functions of the relaxed problems is bounded below. These new conditions can be verified easily in practice.

2 Some Results on Constraint Qualifications

In this section, we discuss constraint qualifications for problem (1.3). We let F and F_ε denote the feasible sets of problems (1.1) and (1.3), respectively, and let, for i = 1, 2, · · · , m and z ∈ R^n, ϕ_{ε,i}(z) = (G_i(z) + ε)(H_i(z) + ε) − ε^2, ψ_{ε,i}(z) = G_i(z)H_i(z) − ε^2, and Φ_ε(z) = (ϕ_{ε,1}(z), ϕ_{ε,2}(z), · · · , ϕ_{ε,m}(z))^T , Ψ_ε(z) = (ψ_{ε,1}(z), ψ_{ε,2}(z), · · · , ψ_{ε,m}(z))^T . Then we have

∇ϕ_{ε,i}(z) = (G_i(z) + ε)∇H_i(z) + (H_i(z) + ε)∇G_i(z), (2.1) ∇ψ_{ε,i}(z) = H_i(z)∇G_i(z) + G_i(z)∇H_i(z) (2.2)

for i = 1, 2, · · · , m and ∇Φ_ε(z) = (∇ϕ_{ε,1}(z), · · · , ∇ϕ_{ε,m}(z))^T , ∇Ψ_ε(z) = (∇ψ_{ε,1}(z), · · · , ∇ψ_{ε,m}(z))^T . For a function F : R^n → R^m and a given vector z ∈ R^n, we denote by

I_F (z) = {i : F_i(z) = 0}

the active index set of F at z.

Theorem 2.1 We have F = ⋂ ε>0 F_ε and, for any ε > 0, I_{Φε} (z) ∩ I_{Ψε} (z) = ∅. (2.3) Proof: First of all, F ⊆ ⋂ ε>0 F_ε is evident. Let z ∈ ⋂ ε>0 F_ε. Then for any ε > 0, G_i(z)H_i(z) ≤ ε^2, G_i(z)H_i(z) + ε(G_i(z) + H_i(z)) ≥ 0, and so ε + (G_i(z) + H_i(z)) ≥ 0.

Letting ε → 0, we have G_i(z)H_i(z) = 0, G_i(z) + H_i(z) ≥ 0, i = 1, 2, · · · , m. This means that z ∈ F and hence F = ⋂ ε>0 F_ε. Next we prove (2.3). Suppose that for some ε > 0 and some z ∈ F_ε, i ∈ I_{Φε} (z) ∩ I_{Ψε} (z). Then G_i(z)H_i(z) = ε^2, G_i(z)H_i(z) + ε(G_i(z) + H_i(z)) = 0.

Combining these equalities, we have G_i(z) + H_i(z) + ε = 0.

It then follows that

0 = ε^2 − G_i(z)H_i(z) = ε^2 + H_i(z)^2 + εH_i(z) = ( H_i(z) + ε 2 )_2 + 3 4 ε^2, which is a contradiction and so (2.3) holds. □

Next we show that, in contrast with problem (1.1), problem (1.3) satisfies the standard LICQ at a feasible point under some conditions.

Theorem 2.2 For any z̄ ∈ F, if the set of vectors { ∇g_l(z̄), ∇h_r(z̄), ∇G_i(z̄), ∇H_i(z̄) : l ∈ I_g(z̄), r = 1, · · · , q, i ∈ I_G(z̄) ∩ I_H (z̄) }

is linearly independent, then, for any fixed ε > 0, there exists a neighborhood U_ε(z̄) of z̄ such that problem (1.3) satisfies the LICQ at any point z ∈ U_ε(z̄) ∩ F_ε.

Proof: For any z̄ ∈ F, it is obvious that ψ_{ε,i}(z̄) < 0, i = 1, 2, · · · , m and ϕ_{ε,i}(z̄) = 0 ⇐⇒ i ∈ I_G(z̄) ∩ I_H (z̄). On the other hand, it follows from the continuity of the functions g, Φ_ε, and Ψ_ε that, for any fixed ε > 0, there exists a neighborhood U_ε(z̄) of z̄ such that, for any point z ∈ U_ε(z̄) ∩ F_ε, I_g(z) ⊆ I_g(z̄), I_{Φε} (z) ⊆ I_{Φε} (z̄), I_{Ψε} (z) ⊆ I_{Ψε} (z̄).

This means that all the functions ϕ_{ε,i}, ψ_{ε,j} , i /∈ I_G(z̄) ∩ I_H (z̄), j = 1, 2, · · · , m are inactive at z in problem (1.3). In addition, we have that H_i(z) + ε ≠ 0, G_i(z) + ε ≠ 0, i ∈ I_{Φε} (z).

From (2.1), we obtain the conclusion immediately. □

Remark: If z̄ ∈ F is nondegenerate or lower level strictly complementary, which means I_G(z̄) ∩ I_H (z̄) = ∅, then the condition in Theorem 2.2 becomes very simple.

Under the MPEC-LICQ, we have the following stronger result in which the neighborhood is independent of ε.

Theorem 2.3 For any z̄ ∈ F, if the MPEC-LICQ holds at z̄, which means { ∇g_l(z̄), ∇h_r(z̄), ∇G_i(z̄), ∇H_j (z̄) : l ∈ I_g(z̄), r = 1, 2, · · · , q, i ∈ I_G(z̄), j ∈ I_H (z̄) }

is linearly independent, then there exist a neighborhood U(z̄) of z̄ and a positive constant ε̄ such that problem (1.3) satisfies the LICQ at any point z ∈ U(z̄) ∩ F_ε for any ε ∈ (0, ε̄).

Proof: We first consider matrix functions whose columns consist of the vectors ∇g_l(z) : l ∈ I_g(z̄), ∇h_r(z) : r = 1, 2, · · · , q, ∇G_i(z) : i ∈ I_G(z̄) ∩ I_H (z̄), ∇G_i(z) + G_i(z) + ε H_i(z) + ε

∇H_i(z) or ∇G_i(z) + G_i(z) H_i(z) ∇H_i(z) : i ∈ I_G(z̄) \ I_H (z̄), ∇H_j (z) : j ∈ I_G(z̄) ∩ I_H (z̄), ∇H_j (z) +

H_j (z) + ε G_j (z) + ε

∇G_j (z) or ∇H_j (z) +

H_j (z) G_j (z)

∇G_j (z) : j ∈ I_H (z̄) \ I_G(z̄).

Note that there are finitely many such matrix functions, which are denoted by A_1(z, ε), A_2(z, ε), · · · , A_N (z, ε). (2.4) Rearranging components if necessary, we may suppose that all these matrices are convergent to the same matrix A(z̄) with columns

∇g_l(z̄) : l ∈ I_g(z̄), (2.5) ∇h_r(z̄) : r = 1, 2, · · · , q, (2.6) ∇G_i(z̄) : i ∈ I_G(z̄), (2.7) ∇H_j (z̄) : j ∈ I_H (z̄), (2.8)

respectively, as z → z̄ and ε → 0. It follows from the MPEC-LICQ assumption of the theorem that A(z̄) has full column rank. Since the functions G, H, and g are continuous, there exist a neighborhood U(z̄) of z̄ and a positive constant ε̄ such that for any ε ∈ (0, ε̄) and any point z ∈ U(z̄)∩F_ε, all the matrices in (2.4) have full column rank and

I_G(z) ⊆ I_G(z̄), I_H (z) ⊆ I_H (z̄), I_g(z) ⊆ I_g(z̄). (2.9)

Now we let ε ∈ (0, ε̄) and z ∈ U(z̄) ∩ F_ε and show that problem (1.3) satisfies the LICQ at z. We suppose that the multiplier vectors λ, μ, δ, and γ satisfy ∑ l∈I_g (z) λ_l∇g_l(z) + q∑ r=1 μ_r∇h_r(z) + ∑ i∈I_{Φε} (z) δ_i∇ϕ_{ε,i}(z) + ∑ j∈I_{Ψε} (z) γ_j ∇ψ_{ε,j} (z) = 0. (2.10)

By (2.1) and (2.2), we have ∑ i∈I_{Φε} (z) δ_i∇ϕ_{ε,i}(z) = ∑ i∈I_{Φε} (z)∩I_G (z̄)∩I_H (z̄) δ_i ( (H_i(z) + ε)∇G_i(z) + (G_i(z) + ε)∇H_i(z) )

+ ∑ i∈I_{Φε} (z)\I_H (z̄) δ_i(H_i(z) + ε) ( ∇G_i(z) + G_i(z) + ε H_i(z) + ε ∇H_i(z) )

+ ∑ i∈I_{Φε} (z)\I_G(z̄) δ_i(G_i(z) + ε) ( ∇H_i(z) + H_i(z) + ε G_i(z) + ε ∇G_i(z) )

and ∑ j∈I_{Ψε} (z) γ_j ∇ψ_{ε,j}(z) = ∑ j∈I_{Ψε} (z)∩I_G(z̄)∩I_H (z̄) γ_j ( H_j (z)∇G_j (z) + G_j (z)∇H_j (z) )

+ ∑ j∈I_{Ψε} (z)\I_H (z̄) γ_j H_j (z) ( ∇G_j (z) +

G_j (z) H_j (z) ∇H_j (z) )

+ ∑ j∈I_{Ψε} (z)\I_G (z̄) γ_j G_j (z) ( ∇H_j (z) +

H_j (z) G_j (z) ∇G_j (z) ) . Note that (2.3) and (2.9) hold. Then, renumbering terms if necessary, we can choose

a matrix A_k(z, ε), 1 ≤ k ≤ N, in (2.4) so that (2.10) can be rewritten as

A_k(z, ε) λ 0 μ δ_I (H_I (z) + εe_I ) γ_{II} H_{II} (z) 0 δ_{III} (H_{III} (z) + εe_{III} ) γ_{IV} H_{IV} (z) 0 δ_I (G_I (z) + εe_I ) γ_{II} G_{II} (z) 0 δ_V (G_V (z) + εe_V ) γ_{VI} G_{VI} (z) 0

= 0, (2.11)

where

I = I_{Φε} (z) ∩ I_G(z̄) ∩ I_H (z̄),

II = I_{Ψε} (z) ∩ I_G(z̄) ∩ I_H (z̄), III = I_{Φε} (z) \ I_H (z̄), IV = I_{Ψε} (z) \ I_H (z̄),

V = I_{Φε} (z) \ I_G(z̄), VI = I_{Ψε} (z) \ I_G(z̄), and e_I = (1, 1, · · · , 1)^T ∈ R^{|I|}. Since A_k(z, ε) has full column rank, it follows from

(2.11) that the multiplier vector in (2.11) is zero. Noticing that H_i(z) + ε ≠ 0, G_i(z) + ε ≠ 0, i ∈ I_{Φε} (z), H_i(z) ≠ 0, G_i(z) ≠ 0, i ∈ I_{Ψε} (z), and δ = δ_I δ_{III} δ_V , γ = γ_{II} γ_{IV} δ_{VI} ,

we have from (2.11) that (λ^T , μ^T , δ^T , γ^T ) = 0, which implies that problem (1.3) satisfies the LICQ at z. This completes the proof. □

3 Convergence Analysis

In this section, we consider the limiting behavior of problem (1.3) as ε → 0. First we give the convergence of global optimal solutions.

Theorem 3.1 Let {ε_k} ⊆ (0, +∞) be convergent to 0 and suppose that z^k is a global optimal solution of problem (1.3) with ε = ε_k. If z^∗ is an accumulation point of the sequence {z^k} as k → ∞, then z^∗ is a global optimal solution of problem (1.1).

Proof: Taking a subsequence if necessary, we assume without loss of generality that lim_{k→∞} z^k = z^∗. By Theorem 2.1, z^∗ ∈ F. Since F ⊆ F_{εk} for all k, we have f(z^k) ≤ f(z), ∀z ∈ F, ∀k. Letting k → ∞, we have from the continuity of f that f(z^∗) ≤ f(z), ∀z ∈ F, i.e., z^∗ is a global optimal solution of problem (1.1). □

In a similar way, we can prove the next theorem.

Theorem 3.2 Let both {ε_k} ⊆ (0, +∞) and {ε̄_k} ⊆ (0, +∞) be convergent to 0 and z^k ∈ F_{εk} be an ε̄_k-approximate solution of problem (1.3) with ε = ε_k, i.e., f(z^k) − ε̄_k ≤ f(z), ∀z ∈ F_{εk} .

Then any accumulation point of {z^k} is a global optimal solution of problem (1.1).

Now we consider the limiting behavior of stationary points of problem (1.3). We will use the standard definition of stationarity for problem (1.3), i.e., z is a stationary point of problem (1.3) if there exist Lagrange multiplier vectors λ ∈ R^p, μ ∈ R^q , and δ, γ ∈ R^m such that ∇f(z) + ∇g(z)^T λ + ∇h(z)^T μ − ∇Φ_ε(z)^T δ + ∇Ψ_ε(z)^T γ = 0, (3.1) λ ≥ 0, δ ≥ 0, γ ≥ 0, (3.2) g(z) ≤ 0, h(z) = 0, Φ_ε(z) ≥ 0, Ψ_ε(z) ≤ 0, (3.3) g(z)^T λ = 0, Φ_ε(z)^T δ = 0, Ψ_ε(z)^T γ = 0. (3.4) For problem (1.1), z̄ ∈ F is said to be a B-stationary point if it satisfies d^T ∇f(z̄) ≥ 0, ∀d ∈ T (z̄, F), (3.5) where T (z̄, F) stands for the tangent cone of F at z̄. As in [19], a feasible point z̄ is called weakly stationary to problem (1.1) if there exist multiplier vectors λ̄ ∈ R^p, μ̄ ∈ R^q, and ū, v̄ ∈ R^m such that ∇f(z̄) + ∇g(z̄)^T λ̄ + ∇h(z̄)^T μ̄ − ∇G(z̄)^T ū − ∇H(z̄)^T v̄ = 0, (3.6) λ̄ ≥ 0, z̄ ∈ F, λ̄^T g(z̄) = 0, (3.7) ū_i = 0, i /∈ I_G(z̄), (3.8) v̄_i = 0, i /∈ I_H (z̄). (3.9) If the MPEC-LICQ holds at z̄, then the definition (3.5) of B-stationarity can be restated in terms of Lagrange multipliers [12,17,19]: z̄ is a B-stationary point of problem (1.1) if there exist multiplier vectors λ̄, μ̄, ū, and v̄ such that (3.6)–(3.9) hold with ū_i ≥ 0, v̄_i ≥ 0, i ∈ I_G(z̄) ∩ I_H (z̄). (3.10) Obviously any weakly stationary point z̄ is B-stationary whenever z̄ satisfies the lower level strictly complementarity condition I_G(z̄) ∩ I_H (z̄) = ∅.

Other two kinds of stationarity concepts for MPECs called C-stationarity and Mstationarity [19], which are stronger than the weak stationarity but weaker than Bstationarity, are also employed often. We say z̄ is C-stationary to problem (1.1) if there exist multiplier vectors λ̄, μ̄, ū, and v̄ such that (3.6)–(3.9) hold and ū_iv̄_i ≥ 0, i ∈ I_G(z̄) ∩ I_H (z̄) (3.11) and we say z̄ is M-stationary to problem (1.1) if, furthermore, either ū_i > 0, v̄_i > 0 or ū_iv̄_i = 0 for all i ∈ I_G(z̄) ∩ I_H (z̄). In addition, a weakly stationary point z̄ ∈ F of problem (1.1) is said to satisfy the upper level strict complementarity condition if there exist multiplier vectors λ̄, μ̄, ū, and v̄ satisfying (3.6)–(3.9) and ū_iv̄_i ≠ 0, i ∈ I_G(z̄) ∩ I_H (z̄). (3.12) The upper level strict complementarity is weaker than the lower level strict complementarity. Also, it is obvious that any M-stationary point of problem (1.1) satisfying the upper level strict complementarity condition is B-stationary.

Then we have the following convergence results.

Theorem 3.3 Let {ε_k} ⊆ (0, +∞) be convergent to 0 and z^k ∈ F_{εk} be a stationary point of problem (1.3) with ε = ε_k for each k. Suppose that z̄ is an accumulation point of the sequence {z^k}. Then, if the MPEC-LICQ holds at z̄, z̄ is a C-stationary point of problem (1.1).

Proof: Without loss of generality, we assume that lim_{k→∞} z^k = z̄. (3.13) Since all the functions involved in problem (1.1) are continuous, F is closed and hence z̄ ∈ F by Theorem 2.1. It follows from the MPEC-LICQ assumption, (3.13), and Theorem 2.3 that, for any sufficiently large k, problem (1.3) with ε = ε_k satisfies the LICQ at z^k and hence, by the stationarity of z^k, there exist unique Lagrange multiplier vectors λ^k ∈ R^p, μ^k ∈ R^q , and δ^k, γ^k ∈ R^m such that

∇f(z^k) + ∇g(z^k)^T λ^k + ∇h(z^k)^T μ^k − ∇Φ_{εk} (z^k)^T δ^k + ∇Ψ_{εk} (z^k)^T γ^k = 0, (3.14) λ^k ≥ 0, δ^k ≥ 0, γ^k ≥ 0, (3.15) g(z^k) ≤ 0, h(z^k ) = 0, Φ_{εk} (z^k) ≥ 0, Ψ_{εk} (z^k ) ≤ 0, (3.16) g(z^k)^T λ^k = 0, Φ_{εk} (z^k)^T δ^k = 0, Ψ_{εk} (z^k)^T γ^k = 0. (3.17) It follows from (3.15)–(3.17) that λ^k_i = 0, i /∈ I_g(z^k), (3.18) δ^k_i = 0, i /∈ I_{Φεk} (z^k ), (3.19) γ^k_i = 0, i /∈ I_{Ψεk} (z^k). (3.20)

Now suppose that, for all sufficiently large k, (3.14)–(3.17) hold and, in addition, the conditions

I_G(z^k ) ⊆ I_G(z̄), I_H (z^k) ⊆ I_H (z̄), I_g(z^k) ⊆ I_g(z̄) (3.21)

hold and all the matrix functions A_i(z, ε), i = 1, 2, · · · , N, in (2.4) defined in the proof of Theorem 2.3 have full column rank at (z^k, ε_k). By (2.1) and (2.2), we have

∇Φ_{εk} (z^k)^T δ^k = ∑ i∈I_G(z̄)∩I_H (z̄) δ^k_i ( (H_i(z^k ) + ε_k)∇G_i(z^k) + (G_i(z^k) + ε_k)∇H_i(z^k) )

+ ∑ i∈I_G(z̄)\I_H (z̄) δ^k_i (H_i(z^k) + ε_k) ( ∇G_i(z^k) +

G_i(z^k) + ε_k H_i(z^k) + ε_k ∇H_i(z^k) )

+ ∑ i∈I_H (z̄)\I_G(z̄) δ^k_i (G_i(z^k) + ε_k) ( ∇H_i(z^k) +

H_i(z^k) + ε_k G_i(z^k) + ε_k

∇G_i(z^k ) )

(3.22) and ∇Ψ_{εk} (z^k)^T γ^k = ∑ j∈I_G(z̄)∩I_H (z̄) γ^k_j ( H_j (z^k)∇G_j (z^k) + G_j (z^k)∇H_j (z^k ) )

+ ∑ j∈I_G(z̄)\I_H (z̄) γ^k_j H_j (z^k) ( ∇G_j (z^k ) +

G_j (z^k ) H_j (z^k)

∇H_j (z^k) )

+ ∑ j∈I_H (z̄)\I_G(z̄) γ^k_j G_j (z^k) ( ∇H_j (z^k ) +

H_j (z^k) G_j (z^k )

∇G_j (z^k) ) . (3.23)

Then, taking into account (2.3), we have from (3.14) and (3.18)–(3.23) that

−∇f(z^k) = ∇g(z^k)^T λ^k + ∇h(z^k)^T μ^k − ∑ i∈I_G(z̄)∩I_H (z̄) ( δ^k_i (H_i(z^k) + ε_k) − γ^k_i H_i(z^k ) ) ∇G_i(z^k ) − ∑ i∈I_{Φεk} (z^k )\I_H (z̄) δ^k_i (H_i(z^k ) + ε_k) ( ∇G_i(z^k) +

G_i(z^k) + ε_k H_i(z^k) + ε_k ∇H_i(z^k) )

− ∑ i∈I_{Ψεk} (z^k )\I_H (z̄) ( − γ^k_i H_i(z^k) )( ∇G_i(z^k) +

G_i(z^k) H_i(z^k) ∇H_i(z^k) )

− ∑ i∈I_G(z̄)∩I_H (z̄) ( δ^k_i (G_i(z^k ) + ε_k) − γ^k_i G_i(z^k ) ) ∇H_i(z^k ) − ∑ i∈I_{Φεk} (z^k )\I_G(z̄) δ^k_i (G_i(z^k ) + ε_k) ( ∇H_i(z^k) +

H_i(z^k) + ε_k G_i(z^k) + ε_k ∇G_i(z^k) )

− ∑ i∈I_{Ψεk} (z^k )\I_H (z̄) ( − γ^k_i G_i(z^k) )( ∇H_i(z^k) +

H_i(z^k) G_i(z^k) ∇G_i(z^k) )

= A_{Nk} (z^k , ε_k) λ^k_{Ig (z̄)} μ^k u^k v^k , (3.24)

where u^k, v^k are given by

u^k_i = δ^k_i (H_i(z^k) + ε_k), i ∈ I_{Φεk} (z^k ) ∩ I_G(z̄) −γ^k_i H_i(z^k), i ∈ I_{Ψεk} (z^k) ∩ I_G(z̄) 0, i ∈ I_G(z̄) \ ( I_{Φεk} (z^k) ∪ I_{Ψεk} (z^k) ) , (3.25)

v^k_i = δ^k_i (G_i(z^k) + ε_k), i ∈ I_{Φεk} (z^k) ∩ I_H (z̄) −γ^k_i G_i(z^k), i ∈ I_{Ψεk} (z^k) ∩ I_H (z̄) 0, i ∈ I_H (z̄) \ ( I_{Φεk} (z^k) ∪ I_{Ψεk} (z^k ) ) , (3.26)

respectively, and A_{Nk} (z, ε) is one of the matrix functions in (2.4). As we assumed above, A_{Nk} (z^k, ε_k) has full column rank for all sufficiently large k. In consequence, it follows from (3.13) and (3.24) that all the multiplier sequences {λ^k_l : l ∈ I_g(z̄)}, {μ^k_r : r = 1, 2, · · · , q}, (3.27) {u^k_i : i ∈ I_G(z̄)}, {v^k_j : j ∈ I_H (z̄)} (3.28)

are convergent. Define λ̄ ∈ R^p, μ̄ ∈ R^q, and ū, v̄ ∈ R^m as follows:

λ̄_l = { lim_{k→∞} λ^k_l , l ∈ I_g (z̄) 0 , l /∈ I_g (z̄)

, (3.29)

μ̄_r = lim_{k→∞} μ^k_r , r = 1, 2, · · · , q, (3.30)

ū_i = { lim_{k→∞} u^k_i , i ∈ I_G(z̄) 0 , i /∈ I_G(z̄)

, (3.31)

v̄_j = { lim_{k→∞} v^k_j , j ∈ I_H (z̄) 0 , j /∈ I_H (z̄)

. (3.32)

Letting k → ∞ in (3.24) and noticing that

lim_{k→∞} A_{Nk} (z^k , ε_k) = A(z̄),

where A(z̄) is the matrix with the columns (2.5)–(2.8), we have from (3.29)–(3.32) that −∇f(z̄) = ∇g(z̄)^T λ̄ + ∇h(z̄)^T μ̄ − ∇G(z̄)^T ū − ∇H(z̄)^T v̄, i.e., (3.6) holds for the multiplier vectors λ̄, μ̄, ū, v̄. On the other hand, we have (3.7)– (3.9) immediately from (3.15), (3.16), (3.29), (3.31), and (3.32). Then the rest of the proof is to show (3.11). In fact, for each i ∈ I_G(z̄) ∩ I_H (z̄), we have from (2.3) and (3.25)–(3.26) that

u^k_i v^k_i =

(δ^k_i )^2(H_i(z^k ) + ε_k)(G_i(z^k) + ε_k) = (δ^k_i ε_k)^2, i ∈ I_{Φεk} (z^k) (γ^k_i )^2H_i(z^k)G_i(z^k) = (γ^k_i ε_k)^2, i ∈ I_{Ψεk} (z^k) 0, i /∈ I_{Φεk} (z^k) ∪ I_{Ψεk} (z^k). Letting k → ∞, we obtain (3.11) since the sequences {u^k_i } and {v^k_i } in (3.28) are convergent. Hence z̄ is a C-stationary point of problem (1.1). This completes the proof. □

From the definitions of B- and C-stationarity, we have the following result immediately.

Corollary 3.1 Let the assumptions in Theorem 3.3 be satisfied. If, in addition, z̄ is nondegenerate, then it is a B-stationary point of problem (1.1).

Next we consider some other sufficient conditions on M- and B-stationarity. We say z ∈ R^n satisfies the second-order necessary conditions for problem (1.3) if there exist multiplier vectors λ ∈ R^p, μ ∈ R^q , and δ, γ ∈ R^m such that (3.1)–(3.4) hold and, in addition, d^T ∇^2_z L_ε(z, λ, μ, δ, γ)d ≥ 0, ∀d ∈ T_ε(z), (3.33) where

L_ε(z, λ, μ, γ, δ) = f(z) + λ^T g(z) + μ^T h(z) − δ^T Φ_ε(z) + γ^T Ψ_ε(z) stands for the Lagrangian of problem (1.3) and T_ε(z) = { d ∈ R^n : d^T ∇ϕ_{ε,i}(z) = 0, i ∈ I_{Φε} (z); d^T ∇ψ_{ε,j} (z) = 0, j ∈ I_{Ψε} (z); d^T ∇g_l(z) = 0, l ∈ I_g(z); d^T ∇h_r(z) = 0, r = 1, 2, · · · , q } . We next introduce a new kind of conditions which are weaker than the second-order necessary conditions for problem (1.3). Suppose that α is a nonnegative number. We say that, at a stationary point z of problem (1.3), the matrix ∇^2_z L_ε(z, λ, μ, δ, γ) is bounded below with constant α on the corresponding tangent space T_ε(z) if d^T ∇^2_z L_ε(z, λ, μ, δ, γ)d ≥ −α||d||^2, ∀d ∈ T_ε(z). (3.34)

A few words about (3.33) and (3.34): The condition (3.34) is clearly weaker than (3.33). In fact, for the matrix ∇^2_z L_ε(z, λ, μ, δ, γ), there must exist a number α such that (3.34) hold. For example, any α such that −α is less than the smallest eigenvalue of ∇^2_zL_ε(z, λ, μ, δ, γ) must satisfy (3.34). However, the condition (3.33) means that the matrix ∇^2_z L_ε(z, λ, μ, δ, γ) should have some kind of semi-definiteness on the tangent space T_ε(z). Note that, in (3.34), the constant −α may be larger than the smallest eigenvalue mentioned above.

Theorem 3.4 Let {ε_k} ⊆ (0, +∞) be convergent to 0 and z^k ∈ F_{εk} be a stationary point of problem (1.3) with ε = ε_k and multiplier vectors λ^k , μ^k, δ^k, and γ^k. Suppose that, for each k, ∇^2_z L_{εk} (z^k, λ^k , μ^k , δ^k, γ^k) is bounded below with constant α_k on the corresponding tangent space T_{εk} (z^k). Let z̄ be an accumulation point of the sequence {z^k}. If the sequence {α_k} is bounded and the MPEC-LICQ holds at z̄, then z̄ is an M-stationary point of problem (1.1).

Proof: Assume that lim_{k→∞} z^k = z̄ without loss of generality. First of all, we note from Theorem 3.3 that z̄ is a C-stationary point of problem (1.1). To prove the theorem, we assume to the contrary that z̄ is not M-stationary to problem (1.1). Then, it follows from the definitions of C-stationarity and M-stationarity that there must exist an i_0 ∈ I_G(z̄) ∩ I_H (z̄) such that

ū_{i0} < 0, v̄_{i0} < 0. (3.35)

By (3.25)–(3.26) and (3.31)–(3.32), we have

i_0 ∈ I_{Φεk} (z^k) ∪ I_{Ψεk} (z^k )

for every sufficiently large k. First we consider the case where i_0 ∈ I_{Ψεk} (z^k) for infinitely many k. Furthermore, taking a subsequence if necessary, we may assume without loss of generality that

i_0 ∈ I_{Ψεk} (z^k) (3.36)

for all sufficiently large k. Then, by (3.25) and (3.26),

ū_{i0} = − lim_{k→∞} γ^k_{i0} H_{i0} (z^k) < 0, (3.37) v̄_{i0} = − lim_{k→∞} γ^k_{i0} G_{i0} (z^k) < 0, (3.38)

and so lim_{k→∞} H_{i0} (z^k) G_{i0} (z^k) = ū_{i0} v̄_{i0} > 0. (3.39)

In what follows, we suppose that, for all sufficiently large k, (3.14)–(3.17), (3.21), and H_{i0} (z^k) G_{i0} (z^k) > 0 hold and all the matrix functions A_i(z, ε), i = 1, 2, · · · , N, in (2.4) have full column rank at (z^k, ε_k). For such k, the matrix A_{Nk} (z^k, ε_k) whose columns consist of the vectors ∇g_l(z^k) : l ∈ I_g (z̄), ∇h_r(z^k) : r = 1, 2, · · · , q, ∇G_i(z^k) : i ∈ ( I_G(z̄) ∩ I_H (z̄) ) ∪ ( I_G(z̄) \ (I_{Φεk} (z^k) ∪ I_{Ψεk} (z^k )) ) , ∇G_i(z^k) +

G_i(z^k) + ε_k H_i(z^k) + ε_k

∇H_i(z^k) : i ∈ I_{Φεk} (z^k) \ I_H (z̄), ∇G_i(z^k) +

G_i(z^k) H_i(z^k)

∇H_i(z^k) : i ∈ I_{Ψεk} (z^k) \ I_H (z̄), ∇H_j (z^k) : j ∈ ( I_G(z̄) ∩ I_H (z̄) ) ∪ ( I_H (z̄) \ (I_{Φεk} (z^k) ∪ I_{Ψεk} (z^k)) ) , ∇H_j (z^k) +

H_j (z^k) + ε_k G_j (z^k) + ε_k

∇G_j (z^k) : j ∈ I_{Φεk} (z^k) \ I_G(z̄), ∇H_j (z^k) +

H_j (z^k) G_j (z^k)

∇G_j (z^k ) : j ∈ I_{Ψεk} (z^k) \ I_G(z̄)

has full column rank. Therefore, we can choose a vector d^k ∈ R^n such that (d^k )^T ∇g_l(z^k) = 0, l ∈ I_g(z̄); (3.40) (d^k )^T ∇h_r(z^k) = 0, r = 1, 2, · · · , q; (3.41) (d^k )^T ∇G_i(z^k) = 0, i ∈ ( I_G(z̄) ∩ I_H (z̄) ) ∪ ( I_G(z̄) \ (I_{Φεk} (z^k) ∪ I_{Ψεk} (z^k)) ) , i ≠ i_0;

(3.42) (d^k )^T ( ∇G_i(z^k) +

G_i(z^k) + ε_k H_i(z^k) + ε_k ∇H_i(z^k) ) = 0, i ∈ I_{Φεk} (z^k) \ I_H (z̄); (3.43) (d^k )^T ( ∇G_i(z^k) +

G_i(z^k) H_i(z^k) ∇H_i(z^k) ) = 0, i ∈ I_{Ψεk} (z^k ) \ I_H (z̄); (3.44) (d^k )^T ∇H_j (z^k) = 0, j ∈ ( I_G(z̄) ∩ I_H (z̄) ) ∪ ( I_H (z̄) \ (I_{Φεk} (z^k) ∪ I_{Ψεk} (z^k)) ) , j ≠ i_0;

(3.45) (d^k )^T ( ∇H_j (z^k) +

H_j (z^k) + ε_k G_j (z^k) + ε_k

∇G_j (z^k) ) = 0, j ∈ I_{Φεk} (z^k) \ I_G(z̄); (3.46) (d^k )^T ( ∇H_j (z^k) +

H_j (z^k) G_j (z^k)

∇G_j (z^k) ) = 0, j ∈ I_{Ψεk} (z^k) \ I_G(z̄); (3.47) (d^k )^T ∇G_{i0} (z^k ) = 1; (3.48) (d^k )^T ∇H_{i0} (z^k ) = −

H_{i0} (z^k) G_{i0} (z^k) .

Then for any i ∈ I_{Φεk} (z^k) and any j ∈ I_{Ψεk} (z^k), since ∇ϕ_{εk ,i}(z^k) = (G_i(z^k) + ε_k)∇H_i(z^k) + (H_i(z^k) + ε_k)∇G_i(z^k), ∇ψ_{εk ,j} (z^k) = H_j (z^k)∇G_j (z^k) + G_j (z^k)∇H_j (z^k), we have (d^k )^T ∇ϕ_{εk ,i}(z^k) = 0, i ∈ I_{Φεk} (z^k), (d^k )^T ∇ψ_{εk ,j} (z^k) = 0, j ∈ I_{Ψεk} (z^k), and so d^k ∈ T_{εk} (z^k ). Furthermore, we can choose the sequence {d^k} to be bounded. Since ∇^2_zL_{εk} (z^k, λ^k , μ^k, δ^k, γ^k) is bounded below with constant α_k on the corresponding tangent space T_{εk} (z^k ), we have from (3.34) that there exists a constant C such that (d^k)^T ∇^2_zL_{εk} (z^k, λ^k , μ^k, δ^k, γ^k)d^k ≥ −α_k||d^k ||^2 ≥ C, (3.49) where the last inequality follows from the boundedness of the sequences {α_k} and {d^k}. Note that

∇^2_z L_{εk} (z^k, λ^k , μ^k, γ^k , δ^k) = ∇^2f(z^k ) + p∑ l=1 λ^k_l ∇^2g_l(z^k) + q∑ r=1 μ^k_r ∇^2h_r(z^k) − m∑ i=1 δ^k_i ∇^2ϕ_{εk ,i}(z^k) + m∑ j=1 γ^k_j ∇^2ψ_{εk ,j} (z^k) = ∇^2f(z^k ) + ∑ l∈I_g (z̄) λ^k_l ∇^2g_l(z^k) + q∑ r=1 μ^k_r ∇^2h_r(z^k ) − ∑ i∈I_{Φεk} (z^k ) δ^k_i ∇^2ϕ_{εk ,i}(z^k) + ∑ j∈I_{Ψεk} (z^k ) γ^k_j ∇^2ψ_{εk ,j} (z^k) by (3.18)–(3.20) and

∇^2ϕ_{εk ,i}(z^k) = ∇G_i(z^k )∇H_i(z^k)^T + ∇H_i(z^k )∇G_i(z^k)^T +(G_i(z^k) + ε_k)∇^2H_i(z^k) + (H_i(z^k) + ε_k)∇^2G_i(z^k), ∇^2ψ_{εk ,j} (z^k) = ∇G_j (z^k)∇H_j (z^k)^T + ∇H_j (z^k)∇G_j (z^k)^T +G_j (z^k)∇^2H_j (z^k) + H_j (z^k)∇^2G_j (z^k).

We then have

(d^k)^T ∇^2_zL_{εk} (z^k, λ^k , μ^k, δ^k, γ^k)d^k = (d^k )^T ∇^2f(z^k )d^k + ∑ l∈I_g (z̄) λ^k_l (d^k )^T ∇^2g_l(z^k)d^k + q∑ r=1 μ^k_r (d^k )^T ∇^2h_r(z^k)d^k

− ∑ i∈I_{Φεk} (z^k ) δ^k_i ( (d^k)^T ∇G_i(z^k)∇H_i(z^k)^T d^k + (d^k)^T ∇H_i(z^k)∇G_i(z^k)^T d^k + (G_i(z^k ) + ε_k)(d^k)^T ∇^2H_i(z^k)d^k + (H_i(z^k) + ε_k)(d^k )^T ∇^2G_i(z^k )d^k ) + ∑ j∈I_{Ψεk} (z^k ) γ^k_j ( (d^k )^T ∇G_j (z^k)∇H_j (z^k)^T d^k + (d^k )^T ∇H_j (z^k)∇G_j (z^k)^T d^k + G_j (z^k)(d^k)^T ∇^2H_j (z^k)d^k + H_j (z^k )(d^k)^T ∇^2G_j (z^k)d^k ) . (3.50) By the twice continuous differentiability of the functions, the boundness of the sequence {d^k }, and the convergence of the sequences {z^k}, {λ^k_l } and {μ^k_r } (by (3.29)–(3.30)), the terms

(d^k)^T ∇^2f(z^k )d^k, ∑ l∈I_g (z̄) λ^k_l (d^k )^T ∇^2g_l(z^k)d^k, q∑ r=1 μ^k_r (d^k)^T ∇^2h_r(z^k)d^k are all bounded. Consider arbitrary indices i and j such that i ∈ I_{Φεk} (z^k) for infinitely many k and j ∈ I_{Ψεk} (z^k) \ {i_0} for infinitely many k, respectively. If i ∈ I_G(z̄) ∩ I_H (z̄) or j ∈ I_G(z̄) ∩ I_H (z̄), then (d^k )^T ∇G_i(z^k) = 0 or (d^k )^T ∇H_j (z^k) = 0 and, by (3.25)–(3.26) and (3.31)–(3.32), the sequences { δ^k_i (G_i(z^k) + ε_k ) } , { δ^k_i (H_i(z^k) + ε_k) } , and { γ^k_j G_j (z^k) } , { γ^k_j H_j (z^k) }

are all convergent. If i, j /∈ I_G(z̄) ∩ I_H (z̄), then, also by (3.25)–(3.26) and (3.31)–(3.32), the sequences {δ^k_i } and {γ^k_j } are convergent. Therefore, we have that the terms ∑ i∈I_{Φεk} (z^k ) δ^k_i ( (d^k )^T ∇G_i(z^k)∇H_i(z^k)^T d^k + (d^k)^T ∇H_i(z^k)∇G_i(z^k)^T d^k + (G_i(z^k) + ε_k)(d^k )^T ∇^2H_i(z^k)d^k + (H_i(z^k) + ε_k)(d^k)^T ∇^2G_i(z^k)d^k )

and ∑ j∈I_{Ψεk} (z^k )\{i_0} γ^k_j ( (d^k )^T ∇G_j (z^k)∇H_j (z^k)^T d^k + (d^k )^T ∇H_j (z^k)∇G_j (z^k)^T d^k + G_j (z^k)(d^k )^T ∇^2H_j (z^k )d^k + H_j (z^k)(d^k )^T ∇^2G_j (z^k)d^k )

are bounded. On the other hand, however, we have (3.36) for all sufficiently large k and γ^k_{i0} ( (d^k )^T ∇G_{i0} (z^k)∇H_{i0} (z^k )^T d^k + (d^k)^T ∇H_{i0} (z^k)∇G_{i0} (z^k)^T d^k +G_{i0} (z^k)(d^k )^T ∇^2H_{i0} (z^k)d^k + H_{i0} (z^k)(d^k )^T ∇^2G_{i0} (z^k)d^k ) (3.51) = − 2γ^k_{i0} H_{i0} (z^k) G_{i0} (z^k)

+ γ^k_{i0} ( G_{i0} (z^k)(d^k )^T ∇^2H_{i0} (z^k )d^k + H_{i0} (z^k)(d^k )^T ∇^2G_{i0} (z^k )d^k ) . Since (3.39) holds and γ^k_{i0} → +∞ as k → ∞ by (3.15) and (3.37), we have − 2γ^k_{i0} H_{i0} (z^k ) G_{i0} (z^k) → −∞ as k → ∞. Note that, by (3.37) and (3.38), the sequences { γ^k_{i0} G_{i0} (z^k) } , { γ^k_{i0} H_{i0} (z^k) }

are also convergent. We then have that the term (3.51) tends to −∞ as k → ∞. Therefore, it follows from (3.50) that (d^k )^T ∇^2_z L_{εk} (z^k , λ^k, μ^k , δ^k, γ^k )d^k → −∞ as k → ∞. This contradicts (3.49) and hence z̄ is M-stationary to problem (1.1).

Finally we consider the case where i_0 ∈ I_{Φεk} (z^k ) for infinitely many k. By (3.25) and (3.26), we have from (3.35) that ū_{i0} = lim_{k→∞} δ^k_{i0} (H_{i0} (z^k) + ε_k) < 0, v̄_{i0} = lim_{k→∞} δ^k_{i0} (G_{i0} (z^k) + ε_k) < 0, and so lim_{k→∞} H_{i0} (z^k ) + ε_k G_{i0} (z^k ) + ε_k = ū_{i0} v̄_{i0} > 0. Therefore, we can also choose a bounded sequence {d^k } such that (3.40)–(3.48) and (d^k)^T ∇H_{i0} (z^k) = −

H_{i0} (z^k ) + ε_k G_{i0} (z^k ) + ε_k hold for each k. In a similar way, we then obtain a contradiction and so z̄ is Mstationary to problem (1.1). This completes the proof. □

Corollary 3.2 Let {ε_k}, {z^k}, and z̄ be the same as in Theorem 3.4. If z^k together with the corresponding multiplier vectors λ^k , μ^k , δ^k, and γ^k satisfies the second-order necessary conditions for problem (1.3) with ε = ε_k and the MPEC-LICQ holds at z̄, then z̄ is an M-stationary point of problem (1.1).

Corollary 3.3 Let the assumptions in Theorem 3.4 be satisfied. If, in addition, z̄ satisfies the upper level strict complementarity conditions, then it is a B-stationary point of problem (1.1).

The last corollary establishes convergence to a B-stationary point under the secondorder necessary conditions and the upper level strict complementarity. These or similar conditions have also been assumed in [6, 8, 9, 19], but they are somewhat restrictive and may be difficult to verify in practice. The next theorem provides a new condition for convergence to a B-stationary point, which can be dealt with more easily. We note that, unlike [6, 8, 9, 19], it relies on neither the upper level strict complementarity nor the asymptotic weak nondegeneracy.

Theorem 3.5 Let {ε_k}, {z^k}, and z̄ be the same as in Theorem 3.4 and λ^k , μ^k, δ^k, and γ^k be the multiplier vectors corresponding to z^k. Let β_k be the smallest eigenvalue of the matrix ∇^2_zL_{εk} (z^k, λ^k, μ^k , δ^k, γ^k). If the sequence {β_k} is bounded below and the MPEC-LICQ holds at z̄, then z̄ is a B-stationary point of problem (1.1).

Proof: It is easy to see that the assumptions of Theorem 3.4 are satisfied with α_k = max{−β_k, 0} and so z̄ is an M-stationary point of problem (1.1). Suppose that z̄ is not B-stationary to problem (1.1). Then, by the definitions of B- and M-stationarity, there exists an i_0 ∈ I_G(z̄) ∩ I_H (z̄) such that

ū_{i0} < 0, v̄_{i0} = 0 (3.52) or ū_{i0} = 0, v̄_{i0} < 0.

By (3.25)–(3.26) and (3.31)–(3.32), we have

i_0 ∈ I_{Φεk} (z^k) ∪ I_{Ψεk} (z^k )

for every sufficiently large k. Without loss of generality, we assume that (3.52) holds.

First we consider the case where i_0 ∈ I_{Ψεk} (z^k ) for infinitely many k. By taking a subsequence if necessary, we assume i_0 ∈ I_{Ψεk} (z^k) (3.53) for all sufficiently large k. Then, it follows from (3.25), (3.26), and (3.52) that ū_{i0} = − lim_{k→∞} γ^k_{i0} H_{i0} (z^k) < 0 and so, by (3.15), we have lim_{k→∞} γ^k_{i0} = +∞. (3.54) Now we suppose that, for all sufficiently large k, (3.14)–(3.17) and (3.21) hold and the matrix A_{Nk} (z^k, ε_k) defined in the proof of Theorem 3.4 has full column rank. Therefore, we can choose a vector d^k ∈ R^n such that

(d^k )^T ∇g_l(z^k) = 0, l ∈ I_g(z̄); (d^k )^T ∇h_r(z^k) = 0, r = 1, 2, · · · , q; (d^k )^T ∇G_i(z^k) = 0, i ∈ ( I_G(z̄) ∩ I_H (z̄) ) ∪ ( I_G(z̄) \ (I_{Φεk} (z^k) ∪ I_{Ψεk} (z^k)) ) , i ≠ i_0;

(d^k )^T ( ∇G_i(z^k) +

G_i(z^k) + ε_k H_i(z^k) + ε_k ∇H_i(z^k) ) = 0, i ∈ I_{Φεk} (z^k) \ I_H (z̄);

(d^k )^T ( ∇G_i(z^k) +

G_i(z^k) H_i(z^k) ∇H_i(z^k) ) = 0, i ∈ I_{Ψεk} (z^k ) \ I_H (z̄);

(d^k )^T ∇H_j (z^k) = 0, j ∈ ( I_G(z̄) ∩ I_H (z̄) ) ∪ ( I_H (z̄) \ (I_{Φεk} (z^k) ∪ I_{Ψεk} (z^k)) ) , j ≠ i_0;

(d^k )^T ( ∇H_j (z^k) +

H_j (z^k) + ε_k G_j (z^k) + ε_k

∇G_j (z^k) ) = 0, j ∈ I_{Φεk} (z^k) \ I_G(z̄);

(d^k )^T ( ∇H_j (z^k) +

H_j (z^k) G_j (z^k)

∇G_j (z^k) ) = 0, j ∈ I_{Ψεk} (z^k) \ I_G(z̄);

(d^k )^T ∇G_{i0} (z^k ) = 1; (d^k )^T ∇H_{i0} (z^k ) = −1.

Furthermore, we can choose the sequence {d^k } to be bounded. By the assumptions of the theorem, there exists a constant C such that (d^k )^T ∇^2_z L_{εk} (z^k , λ^k, μ^k , δ^k, γ^k )d^k ≥ β_k||d^k||^2 ≥ C (3.55) holds for all k. In a similar way to the proof of Theorem 3.4, we can show that all the terms on the right-hand side of (3.50) except γ^k_{i0} ( (d^k )^T ∇G_{i0} (z^k)∇H_{i0} (z^k)^T d^k + (d^k)^T ∇H_{i0} (z^k)∇G_{i0} (z^k)^T d^k +G_{i0} (z^k)(d^k)^T ∇^2H_{i0} (z^k)d^k + H_{i0} (z^k)(d^k)^T ∇^2G_{i0} (z^k)d^k )

are bounded. On the other hand, γ^k_{i0} ( (d^k )^T ∇G_{i0} (z^k)∇H_{i0} (z^k)^T d^k + (d^k )^T ∇H_{i0} (z^k)∇G_{i0} (z^k )^T d^k ) = −2γ^k_{i0} → −∞ by the definition of {d^k } and (3.54), and γ^k_{i0} ( G_{i0} (z^k)(d^k )^T ∇^2H_{i0} (z^k)d^k + H_{i0} (z^k)(d^k )^T ∇^2G_{i0} (z^k )d^k )

is bounded by the convergence of the sequences { γ^k_{i0} G_{i0} (z^k ) } , { γ^k_{i0} H_{i0} (z^k) } . In consequence, we have

(d^k )^T ∇^2_z L_{εk} (z^k , λ^k, μ^k , δ^k, γ^k )d^k → −∞

as k → ∞. This contradicts (3.55) and hence z̄ is B-stationary to problem (1.1).

For the case where i_0 ∈ I_{Φεk} (z^k) for infinitely many k, we can show that z̄ is Bstationary to problem (1.1) in a similar way as in the proof of Theorem 3.4. This completes the proof. □

4 Concluding Remarks

In this paper, we have proposed a modified relaxation scheme for a mathematical program with complementarity constraints. The new relaxed problem involves less constraints than the one considered by Scholtes [19]. All desirable properties established in [19] remain valid for the new relaxed problem. In addition, we obtain some weaker sufficient conditions for B-stationarity described by the eigenvalues of the Hessian matrix of the Lagrangian of the relaxed problem. From the proof, it is easy to see that, even if the matrix mentioned above is replaced by the Hessian matrix of the simpler function

L̃_ε(z, γ, δ) = γ^T Ψ_ε(z) − δ^T Φ_ε(z),

all the results remain ture. Similar extension is possible for the relaxation schemes presented by Scholtes [19] and Lin and Fukushima [11] as well.

References

[1] X. Chen and M. Fukushima, A smoothing method for a mathematical program with P-matrix linear complementarity constraints, Technical Report 2001-008, Department of Applied Mathematics and Physics, Graduate School of Informatics, Kyoto University, Kyoto, Japan, 2001.

[2] Y. Chen and M. Florian, The nonlinear bilevel programming problem: Formulations, regularity and optimality conditions, Optimization, 32 (1995), 193–209.

[3] R.W. Cottle, J.S. Pang, and R.E. Stone, The Linear Complementarity Problem, Academic Press, New York, NY, 1992.

[4] F. Facchinei, H. Jiang, and L. Qi, A smoothing method for mathematical programs with equilibrium constraints, Mathematical Programming, 85 (1999), 107– 134.

[5] M. Fukushima, Z.Q. Luo, and J.S. Pang, A globally convergent sequential quadratic programming algorithm for mathematical programs with linear complementarity constraints, Computational Optimization and Applications, 10 (1998), 5–34.

[6] M. Fukushima and J.S. Pang, Convergence of a smoothing continuation method for mathematical problems with complementarity constraints, Illposed Variational Problems and Regularization Techniques, Lecture Notes in Economics and Mathematical Systems, Vol. 477, M. Théra and R. Tichatschke (eds.), Springer- Verlag, Berlin/Heidelberg, 1999, 105–116.

[7] M. Fukushima and J.S. Pang, Some feasibility issues in mathematical programs with equilibrium constraints, SIAM Journal on Optimization, 8 (1998), 673–681.

[8] X. Hu and D. Ralph, Convergence of a penalty method for mathematical programming with equilibrium constraints, manuscript, Department of Mathematics and Statistics, University of Melbourne, Australia, 2001.

[9] X.X. Huang, X.Q. Yang, and D.L. Zhu, A sequential smooth penalization approach to mathematical programs with complementarity constraints, manuscript, Department of Applied Mathematics, Hong Kong Polytechnic University, Hong Kong, 2001.

[10] H. Jiang and D. Ralph, Smooth methods for mathematical programs with nonlinear complementarity constraints, SIAM Journal on Optimization, 10 (2000), 779–808.

[11] G.H. Lin and M. Fukushima, A new relaxation method for mathematical programs with complementarity constraints, Technical Report 2001-012, Department of Applied Mathematics and Physics, Graduate School of Informatics, Kyoto University, Kyoto, Japan, 2001.

[12] Z.Q. Luo, J.S. Pang, and D. Ralph, Mathematical Programs with Equilibrium Constraints, Cambridge University Press, Cambridge, United Kingdom, 1996.

[13] Z.Q. Luo, J.S. Pang, D. Ralph, and S.Q. Wu, Exact penalization and stationary conditions of mathematical programs with equilibrium constraints , Mathematical Programming, 75 (1996), 19–76.

[14] J.M. Ortega and W.C. Rheinboldt, Iterative Solution of Nonlinear Equations in Several Variables, Academic Press, New York, 1970.

[15] J.V. Outrata, On optimization problems with variational inequality constraints, SIAM Journal on Optimization, 4 (1994), 340–357.

[16] J.V. Outrata and J. Zowe, A numerical approach to optimization problems with variational inequality constraints, Mathematical Programming, 68 (1995), 105–130.

[17] J.S. Pang and M. Fukushima, Complementarity constraint qualifications and simplified B-stationarity conditions for mathematical programs with equilibrium constraints, Computational Optimization and Applications, 13 (1999), 111–136.

[18] H. Scheel and S. Scholtes, Mathematical programs with complementarity constraints: Stationarity, optimality, and sensivity, Mathematics of Operations Research, 25 (2000), 1–22.

[19] S. Scholtes, Convergence properties of a regularization scheme for mathematical programs with complementarity constraints, SIAM Journal on Optimization, 10 (2000), 918–936.

[20] S. Scholtes and M. Stöhr, Exact penalization of mathematical programs with complementarity constraints, SIAM Journal on Control and Optimization, 37 (1999), 617–652.