TECHNICAL REPORT: 2002-003 FEBRUARY 12, 2002

DEPARTMENT OF APPLIED MATHEMATICS AND PHYSICS GRADUATE SCHOOL OF INFORMATICS KYOTO UNIVERSITY, KYOTO 606-8501, JAPAN

Subspace Identification of Closed Loop Systems by Orthogonal Decomposition Method

Tohru Katayama^a Hidetoshi Kawauchi^a Tohru Inoue^a Giorgio Picci^b

aDepartment of Applied Mathematics and Physics, Graduate School of Informatics, Kyoto University, Kyoto 606-8501, Japan

e-mail: katayama@amp.i.kyoto-u.ac.jp

bDepartment of Electronics and Informatics, University of Padova, 35131 Padova, Italy;

e-mail: picci@dei.unipd.it

Abstract

In this paper, we consider the problem of identifying the closed loop system by applying the stochastic realization technique of (Picci and Katayama, 1996b) to the joint input-output process. It is assumed that the exogenous input is feedback-free and persistently exciting (PE). We show that under the preliminary orthogonal decomposition, the identification of a closed loop system is divided into two subproblems: the deterministic identification of plant and controller, and the stochastic identification of noise filter. The subspace method of computing the deterministic and stochastic components of the joint input-output process is presented, and then subspace methods of identifying the deterministic and stochastic parts are derived by adapting the standard subspace methods to the deterministic and stochastic components. In each case, a (balanced) model reduction procedure should be applied for deriving lower order models from obtained higher order models by canceling poles and zeros situated closely. Some numerical results are included to show the applicability of the present technique.

Preprint submitted to Elsevier Science 12 February 2002

1 Introduction

The identification problem for linear systems operating in closed loop has received much interest in the literature, since closed loop experiments are necessary if the open loop plant is unstable, or the feedback is an inherent mechanism of the system (Söderström and Stoica, 1989; Van den Hof, 1997; Forssell and Ljung, 1999). For example, in chemical process control, the identification of closed loop system has played an essential role in a reconfiguration of control loop with an unstable plant (Lakshminarayanan et al., 2001). Also, safety and maintaining high-quality production may prohibit experiments in open loop. Moreover, it is recognized that closed loop experiments are preferable to open loop ones for the iterative identification and model-based robust control design (Gevers, 1993; Van den Hof, 1997).

Classical closed loop identification methods are based on either the prediction error methods or instrumental variable methods, and are divided into three groups: the direct, indirect and joint input-output approaches as summarized in (Ljung, 1999; Söderström and Stoica, 1989; Van den Hof, 1997). Basic issues associated with the identifiability of stochastic feedback system without exogenous inputs has been studied in (Caines and Chan, 1976; Anderson and Gevers, 1982). In order to circumvent the difficulty of closed loop identification due to the correlation between the plant input and unmeasurable disturbances, two stage least-squares methods have been developed in (Van den Hof and Schrama, 1993; Forssell and Ljung, 2000), for which the first step is the estimation of the sensitivity function of the closed loop system by using ARMA model or (non-causal) FIR model to generate a noise-free input signal to the plant to be identified. Also, an indirect scheme that transforms the closed loop identification problem into an open loop problem has been derived by using the dual Youla parametrization (Hansen et al., 1989; Schrama, 1991). Furthermore, the indirect approach is employed in (Van den Hof and de Callafon, 1996) to analyze some multivariable closed loop identification techniques; it has been shown that the classical indirect approach is a special case of the dual-Youla parametrization approach.

The subspace methods have also been employed in the identification of closed loop systems. Actually, the identification of multivariable stochastic feedback systems without exogenous inputs has been considered based on stochastic realization theory (Van der Klauw et al., 1991), in which the joint input-output approach is used for deriving the state space models of subsystems, followed by a balanced model reduction. Also, based on a subspace method, a related technique of identifying the state-space model of a plant operating in closed loop has been developed by reformulating it as an equivalent open loop problem (Verhaegen, 1993). Moreover, modifying the N4SID method (Van Overschee and Moor, 1994; Van Overschee and Moor, 1996), a closed loop subspace identification method has been derived under the assumption that a finite number of Markov parameters of the controller are known (Van Overschee and Moor, 1997). Recently, we have presented a subspace-based method of identifying the deterministic part of the plant operating in closed loop based on the orthogonal decomposition of the joint input-output process (Katayama et al., 2001).

In this paper, we develop a subspace method of identifying the plant, the controller and the noise filter operating in closed loop by extending the orthogonal decomposition based technique developed in (Katayama et al., 2001). First we decompose the joint input-output process into the stochastic and deterministic components by means of the orthogonal decomposition (Picci and Katayama, 1996b; Picci and Katayama, 1996a), where the basic assumption is that the exogenous inputs are feedback-free and persistently exciting (PE). It can be shown that by the preliminary orthogonal decomposition, the identification of closed loop system is divided into two subproblems: the identification of the deterministic part, or the plant and controller, and the stochastic part, or the noise filter. Thus the plant and the controller can be obtained from the realization of deterministic component of the joint process, and the noise filter can be retrieved from the realization of stochastic component. Subspace methods of identifying the deterministic and stochastic parts are then derived by adapting some standard subspace methods to the deterministic and stochastic components separately. In each case, a model reduction procedure (Zhou et al., 1999; Varga, 2001) should be employed for deriving lower order models from obtained higher order models by canceling poles and zeros situated very closely.

It should be noted that accuracy of the estimation result hinges on that of the open-loop subspace identification method based on the orthogonal decomposition (Picci and Katayama, 1996a; Chiuso and Picci, 1999), for which some numerical issues are explored, showing that it is more robust than the 4SID like methods when the exogenous inputs are colored. Also, the present orthogonal decomposition based approach may be helpful for understanding the structure of the closed loop identification problem as shown in Section 3.

The organization of the paper is as follows. In Section 2, the problem is stated along with the underlying assumptions. In Section 3, we formulate a joint input-output approach to the closed loop identification and derive the deterministic and stochastic components of the joint inputoutput process by the preliminary orthogonal decomposition. Section 4 derives the state space realizations of deterministic and stochastic components by means of the realization technique. Section 5 gives a subspace identification method for computing the state space models of plant, controller based on deterministic realization. Also, a stochastic subspace method is employed for identifying the noise filter by employing the realization of stochastic component. In Section 6, a model reduction procedure that can be applied to unstable plants is briefly summarized. Section 7 gives some numerical results and Section 8 concludes the paper.

2 Problem Statement

C(z) P(z)

H(z) v ξ

r_2 e_2 e_1 u y r_1

− + + + + +

Fig. 1. Closed-loop system.

We consider the problem of identifying a closed loop system given input-output measurements. The configuration of the system is shown in Fig. 1, where y ∈ R^p is the output vector of the plant, and u ∈ R^m is the input vector. An output disturbance v ∈ R^p is described by v(t) = H(z)ξ (t), where ξ ∈ R^p is a white noise with mean zero and a covariance matrix Λ > 0, and H(z) is a minimum phase, square transfer matrix. It is also assumed that H(∞) = I_p, where I_p is the p × p unit matrix. The signals r_1 ∈ R^m and r_2 ∈ R^p are exogenous reference vectors, or some probing inputs. We assume that {r_1(t), r_2(t), u(t), y(t), t = 0,±1,···} are jointly stationary second-order processes with mean zero.

Let the plant be a finite dimensional, linear, time-invariant (FDLTI) system described by

y(t) = P(z)u(t) + H(z)ξ (t) (1)

where P(z) and H(z) are the transfer matrices of the plant and the noise filter, respectively. The control input is generated by

u(t) = r_1(t) +C(z)[r_2(t) − y(t)] (2)

where C(z) denotes the transfer matrix of the FDLTI controller.

We introduce the following assumptions on the closed loop system and exogenous inputs and noise.

A1: The closed loop system is well-posed in the sense that (u, y) are uniquely determined by the states of the plant and controller and by the exogenous inputs and noise. This generic condition is satisfied if I_p + P(∞)C(∞) and I_m +C(∞)P(∞) are non-singular. For the sake of simplicity, it is assumed throughout the paper that the plant is strictly proper, namely, P(∞) = 0.

A2: The controller internally stabilizes the closed loop system.

A3: The exogenous input vector r = r^1 r_2

∈ R^l (l = m + p) is PE, and r_1 and r_2 are mutually

uncorrelated. Moreover, the exogenous input r is uncorrelated with the white noise ξ .

The objective of this paper is to obtain realizations of the plant P(z), the controller C(z) and the noise filter H(z) based on finite measurement data {r_1(t), r_2(t), u(t), y(t)} by using a subspace identification method.

It may be observed that the identification of the controller is not needed, since often we know the dynamics of the controller. However, if the estimate of the controller agrees reasonably well with the actual controller implemented, this will be a confirmation of the validity of the identification procedure employed. Moreover, the process systems with material and energy recycles in chemical industry are inherently of closed loop (Lakshminarayanan et al., 2001). Therefore, to identify all the components in the closed loop system is quite interesting from both practical and theoretical points of view.

If the controller is known, we can define r = r_1 + C(z)r_2 combining two exogenous signals, thereby (2) takes the form u = r −C(z)y as in (Van den Hof and de Callafon, 1996; Van den Hof, 1997). But since the controller is not known in the present situation, we could not follow this approach.

The present problem is virtually the same as the one treated in (Verhaegen, 1993), but the approach is quite different. For, as shown below, we employ the approach based on orthogonal decomposition (Picci and Katayama, 1996b; Picci and Katayama, 1996a) in order to decompose the joint input-output process into the deterministic and stochastic components; subspace methods are then applied to each component to obtain the desired state space models. Further results in (Chiuso and Picci, 1999; Chiuso and Picci, 2000; Kawauchi et al., 2000) show that subspace identification algorithms based on the orthogonal decomposition are more robust than the N4SID like algorithms in the case where the exogenous input is colored.

Before proceeding to the main problem, we define some geometric operations. Let A, B and C be subspaces of a real Hilbert space H. It is assumed that these spaces are closed with respect to the mean-square-norm induced by the scalar product ⟨ξ , η⟩ = E {ξ η}, where E{·} denotes the mathematical expectation. We write A ∨ B to denote the vector sum, i.e. the closure of {α + β | α ∈ A, β ∈ B} and A + B to denote the direct sum; A^⊥ is the orthogonal complement of A in H. The transpose is denoted by (·)^T , and the pseudo-inverse by (·)^† (Golub and Loan, 1989).

The orthogonal projection and oblique projection are defined as follows.

Definition 1 (Orthogonal Projection) Let subspaces A and B be spanned by random vectors α and β , respectively. Then the orthogonal projection of α ∈ A onto B is defined as

Ê {α | B} = E { αβ^T } E { β β^T

}_† β Definition 2 (Oblique Projection) Let subspace C be spanned by a random vector γ. Then the oblique projection of α ∈ A onto B along C is defined as

Ê_{||C} {α|B} = [ E { αβ^T } E { αγ^T }] E { β β^T } E { β γ^T } E { γβ^T } E { γγ^T } † β 0

The notation A ⊥ B | C means that two subspaces A and B are conditionally orthogonal given a third subspace C, namely, for any α ∈ A and β ∈ B ⟨α − Ê {α | C}, β − Ê {β | C}⟩ = 0 If C = 0, the conditional orthogonality reduces to the usual orthogonality A ⊥ B.

3 The Joint Input-Output Approach

In order to obtain the state space models of the plant and controller in closed loop, we use the joint input-output approach. In this and next sections, we shall be concerned with the stationary case where infinite data are available.

3.1 Joint Input-Output Process

Define the joint input-output vector process as w := u y ∈ R^l . From Fig. 1, the closed loop

system is described by

w(t) =

T^{ur1} (z) T^{ur2} (z) T_{yr1} (z) T_{yr2} (z) r(t) +

T^{uξ} (z)

T_{yξ} (z) ξ (t) (3)

where T_{ab}(z) is the transfer matrix from b to a. It is easy to see that

T^{ur1} (z) T^{ur2} (z) T_{yr1} (z) T_{yr2} (z) = S^i(z) C(z)S^o(z) P(z)S_i(z) P(z)C(z)S_o(z)

(4a)

= S^i(z) S^i(z)C(z) P(z)S_i(z) P(z)S_i(z)C(z)

(4b)

and

T^{uξ} (z)

T_{yξ} (z) = −C(z)S^o(z)

S_o(z)

H(z) (5)

where S_i(z) = (I_m +C(z)P(z))^{−1}, S_o(z) = (I_p + P(z)C(z))^{−1} are the input and output sensitivity matrices, respectively. It should be noted that the feedback system is internally stable if and only

if four transfer matrices in (4) are stable. Moreover, the transfer matrices from r to e = e^1 e_2 are extressed as

T^{e1r1} (z) T^{e1r2} (z) T_{e2r1} (z) T_{e2r2} (z) = −C(z)S^o(z)P(z) C(z)S^o(z) −S_o(z)P(z) S_o(z)

Since there is no feedback from w to r, we can employ the stochastic realization method of (Picci and Katayama, 1996b) to get a state space model of the transfer matrix T_{wr}(z) with input r and output w. Once the auxiliary transfer matrices in T_{wr}(z) of (4) are obtained, we can get the transfer matrices of plant and controller, say, from P(z) = T_{yr1} (z)T^{−1}_{ur1} (z) and C(z) = T^{−1}_{ur1} (z)T_{ur2} (z). This can be viewed as a version of classical instrumental variable method (Ljung, 1999; Söderström and Stoica, 1989) that identifies the plant transfer function by cross-correlating the exogenous signal with the input and the output.

There are different combinations of transfer matrices in (4a), (4b), which can be used to recover the plant and the controller; see an SISO case treated in Section 4.1. Thus, unlike the indirect methods (Van den Hof and de Callafon, 1996; Van Overschee and Moor, 1997), no knowledge of the controller is employed and no auxiliary signals are generated.

3.2 Decomposition of Joint Input-Output Process

According to (Picci and Katayama, 1996b), the Hilbert spaces generated by second-order random variables of exgonenous inputs and the joint input-output are respectively expressed as R = span{r(t) | t ∈ Z} and W = span{w(t) | t ∈ Z}. We also define the Hibert spaces of secondorder random variables spanned by the infinite past and future of the input and output vectors at the present time t as

R^−_t := span{r(τ) | τ < t}, W^−_t := span{w(τ) | τ < t} and R^+_t := span{r(τ) | τ ≥ t}, W^+_t := span{w(τ) | τ ≥ t} Thus they are regarded as subspaces of an ambient Hilbert space H := R ∨ W containing all the linear functionals of the process (r, w).

Suppose that there is no feedback from w to r in the sense that the future of r is conditionally uncorrelated with the past of w given the past of r itself. Thus we can write the feedback-free condition as W^−_t ⊥ R^+_t | R^−_t . It follows from the definition of conditional orthogonality that this condition can be rewritten as W^−_t ⊥ R | R^−_t . Therefore we have the following lemma.

Lemma 1 (Picci and Katayama, 1996b) The absence of feedback is equivalent to the causality of the estimator, i.e.

Ê{w(t) | R} = Ê{w(t) | R^−_{t+1}}, t ∈ Z (6)

We see from (6) that

w_s(t) := w(t) − Ê{w(t) | R^−_{t+1}} = w(t) − Ê{w(t) | R} = Ê{w(t) | R^⊥} (7)

where R^⊥ denotes the orthogonal complement of R with respect to H. This implies that w_s(t) ⊥ R for all t ∈ Z, namely, the causal estimation error is uncorrelated with the whole history of the exogenous reference input r. The process w_s defined by (7) is called the stochastic component of w. In the same way, the process defined by the orthogonal projection

w_d (t) := Ê{w(t) | R} (8) is called the deterministic component, the part of w linearly related to the exogenous input.

From above, we have the orthogonal decomposition of the joint process: w(t) = w_d (t) + w_s(t), or u(t)

y(t) = u^d(t) y_d (t) + u^s(t) y_s(t) (9) It should be also noted that the deterministic and stochastic components are uncorrelated (Picci and Katayama, 1996b), namely

E{w_s(t)w_d (τ)^T } = 0, ∀ t, τ ∈ Z

From this orthogonal decomposition, we have basic relations satisfied by deterministic and stochastic components in the closed loop system shown in Fig. 1.

Proposition 1 The deterministic and stochastic components respectively satisfy the following decoupled equations

y_d (t) = P(z)u_d (t), u_d(t) = r_1(t) +C(z)[r_2(t) − y_d (t)] (10) and y_s(t) = P(z)u_s(t) + H(z)ξ (t), u_s(t) = −C(z)y_s(t) (11)

Proof: We see from (1), (2) and (9) that

y_d (t) + y_s(t) = P(z)[u_d(t) + u_s(t)] + H(z)ξ (t) u_d(t) + u_s(t) = r_1(t) +C(z)[r_2(t) − y_d (t) − u_s(t)]

Taking the orthogonal projections of the above equations onto the spaces R and R^⊥ immediately yields (10) and (11), respectively. □

Remark 1 We could obtain a more general feedback configuration by putting another noise at the output of the controller. Then the noise term like H(z)ξ (t) also appears in the second equation of (11). Since the introduction of another noise rather complicates the subsequent treatment of stochastic component, we shall not do so in this paper. But, some results will be presented elsewhere.

We see from (10) that

u^d(t)

y_d (t) = S^i(z) S^i(z)C(z) P(z)S_i(z) P(z)S_i(z)C(z) r^1(t) r_2(t)

(13)

Since the transfer matrices in the right hand side of (13) are the same as those in (4b), they are completely determined by the realization of deterministic component. Moreover, the noise filter H(z) is obtained from the first equation of (11).

Several interesting observations for decoupled deterministic and stochastic components may be derived from Proposition 1.

(1) We see that the realization of deterministic and stochastic components can be decoupled, since the two components are uncorrelated each other. It should be, however, noted that though true for ideal case with infinite data, the above observation is not true practically. This is because, in case of finite input-output data, the estimate of the stochastic component w_s is influenced by the unknown initial condition associated with the estimate of the deterministic component w_d as discussed in (Picci and Katayama, 1996a). But the effect due to unknown initial conditions surely decreases for sufficiently long data.

(2) Suppose that P(z) and C(z) are stable. Then, we could apply some deterministic subspace identification method to (10) for obtaining their state space realizations. Moreover, a stochastic subspace identification method (Picci and Katayama, 1996a; Katayama and Picci, 1999) can be applied to (11) in order to obtain realizations of P(z) and H(z). If both realizations of P(z) obtained from (10) and (11) show good agreement, we may safely say that the present realization approach to the closed loop identification is valid.

(3) If P(z) and/or C(z) is unstable or marginally stable, we cannot follow the above procedure, since the deterministic (or stochastic) subspace method applied to the first equation of (10) or (11) yields erroneous results. For, it is impossible to connect the second-order processes u_d and y_d (or u_s and y_s) by an unstable matrix P(z). Moreover, controllers in practical control systems are often marginally stable due to the existence of integrators implemented. In order to deal with both stable and unstable P(z) and/or C(z), we develop a subspace closed loop identification method based on the realization of the joint inputoutput process w given the exogenous input r.

(4) From (11), we can identify the noise filter H(z) together with P(z) by some stochastic subspace method like (Van Overschee and Moor, 1993; Katayama and Picci, 1999). Alternatively, solving (11),

u_s(t) = −C(z)S_o(z)H(z)ξ (t), y_s(t) = S_o(z)H(z)ξ (t)

Given the estimates of P(z) and C(z), we obtain S_o(z), so that the above relations can be employed to identify the noise filter H(z), say, by using the spectral factorization technique. But, we do not pursue the latter approach in this paper.

4 Realization of Closed Loop System

In this section, we derive state space realizations for the deterministic and stochastic components based on the technique of (Picci and Katayama, 1996b) and then compute the state space models of the plant, the controller and the noise filter.

4.1 Realization of Deterministic Component

Suppose that for each t the input space R admits the direct sum decomposition R = R^+_t + R^−_t , that is, R^+_t ∩ R^−_t = 0. An analogous condition is that the spectral density matrix of r is strictly positive definite on the unit circle, i.e. Φ_r(e^{jω} ) > cI_l, c > 0 or all canonical angles between the past and future subspaces of r are strictly positive.

Let Ŵ be spanned by deterministic component w_d . Let Ŵ^+_t denote the subspace generated by the future w_d(τ), τ ≥ t. According to Section 4 of (Picci and Katayama, 1996b), we define the oblique predictor subspace as

X^{+/−}_t := Ê_{‖R}+_t {Ŵ^+_t | R^−_t } (14)

This is the oblique projection of Ŵ^+_t on the past R^−_t along the future R^+_t , and X^{+/−}_t is the state space for the deterministic component. Clearly, if r is a white noise process, (14) reduces to the ordinary orthogonal projection onto R^−_t .

Let the dimension of the state space X^{+/−}_t be n. In general, n equals the sum of the orders of the plant and the controller. Any basis vector of x_d (t) ∈ X^{+/−}_t yields a state space representation of w_d (t), so that

x_d(t + 1) = Ax_d (t) + [B_1 B_2]r(t) (15a)

u^d(t)

y_d(t) = C^1 C_2 x_d (t) +

D^{11} D^{12} 0 0 r(t) (15b)

where A ∈ R^{n×n}, and where D_{21} = 0, D_{22} = 0 due to the fact that the plant P(z) is strictly proper. Furthermore we have D_{11} = I_m and D_{12} = D_c.

We now derive state space models for the plant and controller by using the realization of the joint input-output model (15). It follows from (13) and (15) that the closed loop transfer matries are expressed as

T^{ur1} (z) T^{ur2} (z) T_{yr1} (z) T_{yr2} (z) = A B_1 B_2

C_1 D_{11} D_{12}

C_2 0 0

We see from (4) that T_{yr1} (z) = P(z)T_{ur1} (z) and T_{ur2} (z) = T_{ur1} (z)C(z), so that the plant and controller are computed by P(z) = T_{yr1} (z)T^{−1}_{ur1} (z) and C(z) = T^{−1}_{ur1} (z)T_{ur2} (z), respectively. Thus we have the following proposition.

Proposition 2 Suppose that detD_{11} ≠ 0. Then (non-minimal) state space representations of the plant and the controller are given by

P(z) =

A − B_1D^{−1}_{11} C_1 B_1D^{−1}_{11}

C_2 0

(16a)

C(z) =

A − B_1D^{−1}_{11} C_1 B_2 − B_1D^{−1}_{11} D_{12} D^{−1}_{11} C_1 D^{−1}_{11} D_{12}

(16b)

Proof: The state space realization of the plant can be obtained by

P(z) = T_{yr1} (z)T^{−1}_{ur1} (z) =

A B_1 C_2 0

A B_1 C_1 D_{11} −1

= A B^1 C_2 0

A − B^1D −1 11 C_1 −B_1D^{−1}_{11} D^{−1}_{11} C_1 D^{−1}_{11}

= A − B_1D^{−1}_{11} C_1 0 −B_1D^{−1}_{11} B_1D^{−1}_{11} C_1 A B_1D^{−1}_{11} 0 C_2 0

= A − B_1D^{−1}_{11} C_1 0 −B_1D^{−1}_{11} 0 A 0 −C_2 C_2 0 Deleting uncontrollable modes from above equation, we arrive at (16a). The state space representation of the controller (16b) can be obtained similarly. □ The following proposition shows that the models in (16) are not minimal (Verhaegen, 1993). Proposition 3 Let {A_p, B_p, C_p, 0}, A_p ∈ R^{n p×np} and {A_c, B_c, C_c, D_c}, A_c ∈ R^{nc×nc} be (minimal) realizations of the plant and controller, respectively. Then the realizations

P(z) =

A_p 0 B_p −B_cC_p A_c 0 C_p 0 0

(17a)

C(z) =

A_p 0 0 −B_pC_p A_c B_c −D_cC_p C_c D_c

(17b) are input-output equivalent to (16a) and (16b), respectively. Hence the observable part of each non-minimal state space model is the original plant and controller state space model, respectively.

Proof: Let x_p(t) ∈ R^{n p} and x_c(t) ∈ R^{nc} be the state vectors of the plant and controller, respectively. Let the state space models of the plant and controller be respectively given by

x_p(t + 1) = A_px_p(t) + B_pu(t) y(t) = C_px_p(t) and x_c(t + 1) = A_cx_c(t) + B_c {r_2(t) − y(t)} u(t) = r_1(t) +C_cx_c(t) + D_c {r_2(t) − y(t)}

Then combining the above two subsystems yields

x^p(t + 1) x_c(t + 1) = A^p − B^pD^cC^p B^pC^c −B_cC_p A_c x^p(t) x_c(t) + B^p B^pD^c 0 B_c r^1(t) r_2(t)

u(t) y(t) = −D^cC^p C^c

C_p 0 x^p(t) x_c(t) + I^m D^c 0 0 r^1(t) r_2(t)

We can easily see from this realization that

D^{11} D^{12} D_{21} D_{22} = I^m D^c 0 0 and the assumption D_{11} ≠

0 is satisfied. As in the proof of Proposition 2, we calculate P(z) = T_{yr1} (z)T^{−1}_{ur1} (z) to get (17a). Since it has n_c uncontrollable, observable modes, this realization is not minimal. This shows that the controllable, observable part of (17a) is the state space realization of the original plant. Similarly, we can compute the state space model of the controller. □

It may be noted that the transfer matrices P(z), C(z) of (16) is thoroughly determined by the realization of the deterministic component of (8). However, since the obtained transfer matrices of the plant and controller have the higher dimension than the original ones, we need to apply some model reduction technique to obtained transfer matrices in order to recover lower dimensional models.

Example: To better understand the pole-zero cancellation issue discussed in Propositions 2 and 3, we consider a deterministic SISO system, where the plant and controller are given by

P(z) = n_p(z) d_p(z)

, C(z) = n_c(z) d_c(z)

(18)

Since the closed loop system is stable, the characteristic polynomial of the closed loop system

d_{cl}(z) = d_p(z)d_c(z) + n_p(z)n_c(z) is stable. As in (Verhaegen, 1993), it follows from Fig. 1 and (18) that

u(t) y(t) e_1(t) e_2(t) = 1 d_{cl}(z) d_p(z)d_c(z) d_p(z)n_c(z) n_p(z)d_c(z) n_p(z)n_c(z) −n_p(z)n_c(z) d_p(z)n_c(z) −n_p(z)d_c(z) d_p(z)d_c(z) r^1(t) r_2(t)

(19)

It should be noted that all the transfer functions in the 2-inputs 4-outputs state space model of (19) have a common denominator d_{cl}(z), which is canceled in each computation of relevant transfer functions.

Case 1: Consider the case where r_1 satisfies the PE condition, but r_2 does not. In this case, we can correctly identify transfer functions T_{ur1} (z), T_{yr1} (z), T_{e1r1} (z), T_{e2r1} (z). We see from (19) that

T_{ur1} (z) = d_pd_c(z) d_{cl}(z)

, T_{yr1} (z) = n_pd_c(z) d_{cl}(z) , where d_pd_c(z) implies that we can obtain only the estimate of the product of two polynomials d_p(z) and d_c(z) (Verhaegen, 1993). Thus the plant and controller are computed by

P(z) =

T_{yr1} (z) T_{ur1} (z) = n_pd_c(z) d_pd_c(z)

(20a)

C(z) =

T_{e1r1} (z) T_{e2r1} (z) = n_cn_p(z) d_cn_p(z)

(20b)

To get P(z) from (20a), we first factorize the estimates of denominator and numerator into the products as d̂_p(z)d̂_c(z) and n̂_p(z)d̂_c(z). Then d̂_c(z) is canceled out by the model reduction technique to get a reduced order estimate of the plant transfer function. Since in this paper a model reduction procedure that can be applied to both stable and unstable systems, d̂_c(z) need not be be stable. Similarly, to get the controller C(z) from (20b), n̂_p(z) should be cancelled.

Case 2: Consider the case where the exogenous input r_2 is a PE signal, but r_1 is not. In this case, we identify transfer functions T_{ur2} (z), T_{yr2} (z), T_{e1r2} (z), T_{e2r2} (z). It also follows from (19) that the plant and controller are obtained as

P(z) =

T_{yr2} (z) T_{ur2} (z) = n_pn_c(z) d_pn_c(z)

(21a)

C(z) =

T_{ur2} (z) T_{e2r2} (z) = n_cd_p(z) d_cd_p(z)

(21b)

Case 3: Suppose that both the exogenous inputs r_1, r_2 satisfy PE condition as in the present setting (see A3). In this case, we can use either (20a) or (21a) for computing P(z), and either (20b) or (21b) for computing C(z).

4.2 Realization of Stochastic Component

Now we turn to the realization of stochastic component. Let the subspace W̃ be spanned by stochastic component w_s. Let W̃^+_t and W̃^−_t denote the linear spaces generated by the future and past of stochastic component w_s(t), respectively. According to Section 3 of (Picci and Katayama, 1996b), the predictor space X̃^{+/−}_t for the stochastic component is defined by

X̃^{+/−}_t := Ê{W̃^+_t | W̃^−_t }

Suppose that dimX̃^{+/−}_t = ñ, which is the sum of orders of the plant, controller and two noise filters. Let x_s(t) be a basis in X̃^{+/−}_t . Then, a particular realization of the stochastic system having the predictor space X̃^{+/−}_t as the state space is given by

x_s(t + 1) = Āx_s(t) + [K_1 K_2] ν^1(t) ν_2(t)

(22a)

u^s(t)

y_s(t) = C̄_1 C̄_2 x_s(t) + ν^1(t) ν_2(t)

(22b)

where [K_1 K_2] is the steady-state Kalman gain, and ν(t) := ν^1(t)

ν_2(t) is the innovation process

of w_s(t) = u^s(t) y_s(t) based on the past W̃^−_t (Picci and Katayama, 1996b). It can be also shown

that ν(t) is the conditional innovation of w(t) given observations of r(τ), τ ≤ t, namely ν(t) = w(t) − Ê{w(t) | R^−_{t+1} ∨ W^−_t }.

Substituting ν_1(t) of (22b) into (22a) yields

x_s(t + 1) = (Ā − K_1C̄_1)x_s(t) + K_1u_s(t) + K_2ν_2(t) (23a) y_s(t) = C̄_2x_s(t) + ν_2(t) (23b)

Proposition 4 The realizations of P(z) and H_2(z) in (11) are given by

P(z) =

Ā − K_1C̄_1 K_1 C̄_2 0

(24a)

H(z) =

Ā − K_1C̄_1 K_2 C̄_2 I_p

(24b)

Proof: It follows from (23) that

y_s(t) = C̄_2(zI − Ā + K_1C̄_1)^{−1}K_1u_s(t) + [I_p +C̄_2(zI − Ā + K_1C̄_1)^{−1}K_2]ν_2(t)

Since ν_2(t) is a white noise, we get (24a) and (24a) by comparing with the above equation with the first equation of (11). □

Remark 2 Though we get a similar expression for u_s by deleting ν_2 from (22), the resulting equation cannot be used for estimating C(z) in (11). For, in this case, C(z) so estimated is necessarily restricted to strictly proper matrix due to the fact that no noises are assumed at the output of the controller. In order to consider the controller that may not be strictly proper, the noise model should be treated more carefully allowing the possible correlations between ν_1 and ν_2 along the line of (Van der Klauw et al., 1991).

It should be noted that the realization of (24a) theoretically equals to that of (16a). As in the deterministic case, the identified models have higher dimensions than the original ones; hence we also need model reduction to get the reduced order models.

5 Closed Loop Subspace Identification Algorithm

In this section, we present a subspace identification method based on finite data. Suppose that finite input-output data r_1(t), r_2(t), u(t), y(t) for t = 0,1,··· , N + 2k − 2 are given with k > 0 and N sufficiently large. We assume that they are samples from jointly stationary processes with means zero and finite covariance matrices. Recall that the exogenous input r and joint input-output w are defined as

r(t) = r^1(t) r_2(t)

∈ R^l , w(t) = u(t) y(t) ∈ R^l

As usual, we fix a present time t = k and define the block Hankel matrices R_{0|k−1}, R_{k|2k−1} of dimension lk × N formed by past and future reference inputs as

R_{0|k−1} = r(0) r(1) ··· r(N − 1)

r(1) r(2) ··· r(N) . . . . ... . . r(k − 1) r(k) ··· r(N + k − 2) ∈ R^{kl×N} and

R_{k|2k−1} = r(k) r(k + 1) ··· r(k + N − 1)

r(k + 1) r(k + 2) ··· r(k + N) . . . . ... . . r(2k − 1) r(2k) ··· r(N + 2k − 2) ∈ R^{kl×N}

where the first and the second subscripts denote the indices of the upper-left and the lower-left element of the block Hankel matrix, respectively. In terms of {w(0), w(1), ··· ,w(N + 2k − 2)}, the block Hankel matrices W_{0|k−1}, W_{k|2k−1} ∈ R^{kl×N} are defined similarly. The row subspaces R_{0|k−1}, W_{0|k−1} generated by rows of the Hankel matrices R_{0|k−1}, W_{0|k−1} are the past reference input and joint input-output subspaces, respectively. Future subspaces R_{k|2k−1}, W_{k|2k−1} are defined similarly. Let us also define the stacked 2kl × N block Hankel matrices

R_{0|2k−1} := R^{0|k−1} R_{k|2k−1}

, W_{0|2k−1} := W^{0|k−1} W_{k|2k−1}

and row spaces R_{0|2k−1}, W_{0|2k−1}.

5.1 Orthogonal Decomposition based on Finite Data

The first step of the subspace identification is the preliminary decomposition of w into the deterministic and stochastic components based on finite input-output data. This is performed by computing Ŵ^d_{t|t} = Ê { W_{t|t} | R_{0|2k−1} } , Ŵ^s_{t|t} = Ê { W_{t|t} | R^⊥_{0|2k−1} } where we can use the LQ factorization for the orthogonal projection.

Let W^d_{t|t} be defined as

W^d_{t|t} = [w_d(t) w_d (t + 1) ··· w_d (t + N − 1)] ∈ R^{l ×N}

It then follows from (15) that W^d_{t|t} satisfies the matrix state space model

X^d_{t+1} = AX^d_t + [B_1 B_2]R_{t|t} (25a)

W^d_{t|t} =

C^1

C_2

X^d_t +

D^{11} D^{12} 0 0 R_{t|t} (25b)

where X^d_t ∈ R^{n×N} is constructed by the state vectors as

X^d_t = [x_d (t) x_d (t + 1) ··· x_d(t + N − 1)] ∈ R^{n×N}

Lemma 2 (Picci and Katayama, 1996b) Let the deterministic component W^d_{t|t} be described by (25). Also, define Ê{W_{t|t} | R_{0|2k−1}} = Ê{W^d_{t|t} | R_{0|2k−1}} =: Ŵ^d_{t|t}

Then Ŵ^d_{t|t} is described by the same state space model as (25), namely,

X̂^d_{t+1} = AX̂^d_t + [B_1 B_2]R_{t|t} (26a)

Ŵ^d_{t|t} =

C^1 C_2

X̂^d_t +

D^{11} D^{12} 0 0 R_{t|t} (26b)

with the initial state X̂^d_0 := Ê{X^d_0 | R_{0|2k−1}}, which is different from X^d_0 .

Proof: Follows from (9) by noting that w_s(t) ⊥ R ⊃ R_{0|2k−1}. □

Define B := [B_1 B_2] ∈ R^{n×l}, C :=

C^1

C_2

∈ R^{l ×n} and D :=

D^{11} D^{12} 0 0 ∈ R^{l ×l}. Let the extended

observability matrix O_k be given by

O_k = C CA . . CA^{k−1}

∈ R^{kl×n}, k > n

and the lower triangular Toeplitz matrix Ψ_k formed by the Markov parameters of the realization of (26) be defined as

Ψ_k = D 0 CB D CAB CB D . . . . ... ...

CA^{k−2}B CA^{k−3}B ··· CB D

∈ R^{kl×kl} (27)

Thus from (26), we have the matrix input-output equation

Ŵ^d_{k|2k−1} = O_kX̂^d_k + Ψ_kR_{k|2k−1} (28) where Ŵ^d_{k|2k−1} is the stacked matrix defined as

Ŵ^d_{k|2k−1} =

Ŵ^d_{k|k} Ŵ^d_{k+1|k+1} . . Ŵ^d_{2k−1|2k−1} ∈ R^{kl×N}

5.2 Subspace identification of deterministic part

Now we consider the procedure of subspace identification of the plant and controller based on finite data. We first show that the finite-history of deterministic component is obtained by using the standard LQ factorization (Verhaegen, 1994)

R_{k|2k−1} R_{0|k−1} W_{0|k−1} W_{k|2k−1} = L_{11} 0 0 0 L_{21} L_{22} 0 0 L_{31} L_{32} L_{33} 0 L_{41} L_{42} L_{43} L_{44}

Q^T_1 Q^T_2 Q^T_3 Q^T_4

(29)

where L_{11}, L_{22}, L_{33}, L_{44} ∈ R^{l k×lk} are the lower triangular matrices with Q^T_i Q_j = I_{lk}δ_{i j}. Lemma 3 (Picci and Katayama, 1996a; Chiuso and Picci, 2000) The deterministic component is obtained by Ŵ^d_{0|2k−1} := Ê{W_{0|2k−1} | R_{0|2k−1}} =

L^{31} L^{32} L_{41} L_{42}

Q^{T1} Q^T_2

Proof: This follows immediately by noting that the rows of

Q^{T1} Q^T_2 in the LQ factorization of

(29) form an orthonormal basis for the rowspace R_{0|2k−1}. □ From this lemma and (28), we have Ŵ^d_{k|2k−1} = L_{41}Q^T_1 + L_{42}Q^T_2 = Ψ_kL_{11}Q^T_1 + O_kX̂^d_k (30)

In the algorithm below, we identify the state space model of the transfer matrix from r to w_d by MOESP like algorithm (Verhaegen, 1994).

Deterministic Subspace Identification Algorithm

Step 1: Since Q^T_1 Q_2 = 0, it follows from (30) that O_kX̂^d_k Q_2 = L_{42} Compute the SVD of L_{42}, namely,

L_{42} = [Û Ũ]

Ŝ 0 0 S̃ V̂^T Ṽ^T

≃ ÛŜV̂^T

where Ŝ is obtained by neglecting singular values “nearly zero,” so that the dimension of the state vector equals dim Ŝ. It therefore follows that

O_kX̂^d_k Q_2 = L_{42} ≃ ÛŜV̂^T = ( ÛŜ^{1/2} ) ( Ŝ^{1/2}V̂^T )

Thus the extended observability matrix is given by O_k = ÛŜ^{1/2}

Step 2: Compute the estimate of C and A as C = the first l rows of O_k A = O^†_{k−1}O_k where O_k the extended observability matrix with the first l rows deleted. Step 3: Given the estimates of A and C, the estimates of B and D are obtained by solving the weighted optimization problem

min_{B,D} ‖ ‖ ( Ũ )_T

L_{41} − ( Ũ )_T Ψ_k(B,D)L_{11} ‖ ‖^2

where L_{11} is given by (29) and Ũ satisfies Ũ^T O_k = 0, and where D_{21} = 0, D_{22} = 0 from the assumption that the transfer function of the plant is strictly proper. The notation Ψ_k(B,D) emphasizes that the block Toeplitz matrix of (27) is linear with respect to B and D. Thus, from Proposition 2, the estimates of the state space realizations of P(z) and C(z) are given by

P(z) =

A − B_1D^{−1}_{11} C_1 B_1D^{−1}_{11}

C_2 0

(31)

C(z) =

A − B_1D^{−1}_{11} C_1 B_2 − B_1D^{−1}_{11} D_{12} D^{−1}_{11} C_1 D^{−1}_{11} D_{12}

(32)

5.3 Subspace identification of stochastic part

Suppose that the estimate of the deterministic component Ŵ^d_{0|2k−1} is given by Lemma 3 in the last subsection. Then the estimates of stochastic component is computed by Ŵ^s_{0|2k−1} := W_{0|2k−1} −Ŵ^d_{0|2k−1}

Define the future and past of stochastic components as Ŵ_p = Ŵ^s_{0|k−1} and Ŵ_f = Ŵ^s_{k|2k−1}, respectively. We consider the LQ factorization 1 √ N Ŵ_p Ŵ_f = R^{11} 0 R_{21} R_{22}

Q̄^T_1 Q̄^T_2

(33)

where Q̄_1, Q̄_2 are orthogonal matrices. Then we define the covariance matrix of stochastic component by

Σ^s := 1 N Ŵ_p Ŵ_f

Ŵ_p Ŵ_f T = Σ^{pp} Σ^{p f} Σ_{f p} Σ_{f f} Thus from (33), we have Σ_{pp} = R_{11}R^T_{11}, Σ_{f p} = R_{21}R^T_{11}, Σ_{f f} = R_{21}R^T_{21} + R_{22}R^T_{22}

We shall develop a stochastic subspace identification method based on (22), in which we define C̄ :=

C̄_1 C̄_2

, and K := [K_1 KB_2]. The stochastic subspace identification method is summarized

as follows (Katayama and Picci, 1999). Stochastic Subspace Identification Algorithm Step 1: Compute the SVD of the normalized covariance matrix

Σ^{−1/2}_{f f} Σ_{f p}Σ^{−T /2}_{pp} = USV^T ≃ ÛŜV̂^T

where as in the deterministic case, Ŝ is obtained by neglecting very small singular values of S. Define Σ_{f p} = Σ^{1/2}_{f f} ÛŜV̂^T Σ^{T /2}_{pp}

Step 2: Define the extended observability and controllability matrices as

O^s_k = Σ^{1/2}_{f f} ÛŜ^{1/2}, C^s_k = Ŝ^{1/2}V̂^T Σ^{T /2}_{pp}

Step 3: The estimate of the state vector is given by X̂^s_k = C^s_kΣ^{−1}_{pp}Ŵ^s_{0|k−1} = Ŝ^{1/2}V̂^T R^{−1}_{11} Ŵ^s_{0|k−1}

where X̂^s_k = [x_s(k) x_s(k + 1) ··· x_s(N + k − 1)]. Thus the estimates of (Ā, C̄) are obtained by solving the overdetermined equation

X̂^s_{k+1} W^s_{k|k} = Ā C̄ X̂^s_k + δ^k ε_k

by the least-squares method, where X̂^s_{k+1} is the shifted version of the state vector, and δ_k ∈ R^{n×N} , ε_k ∈ R^{p×N} are residuals.

Step 4: Compute the covariance matrices of the residuals as

Q S S^T R = 1 N δ^k ε_k δ^k ε_k T

Step 5: Solve the algebraic Riccati equation Y = ĀY Ā^T − (ĀYC̄^T + S)(C̄YC̄^T + R)^{−1}(C̄Y Ā^T + S^T ) + Q to obtain the stabilizing solution and define the Kalman gain as K = (ĀYC̄^T + S)(C̄YC̄^T + R)^{−1} := [K_1 K_2] Then the state space models of plant and noise filter are given by

P(z) =

Ā − K_1C̄_1 K_1 C̄_2 0

, H(z) =

Ā − K_1C̄_1 K_2 C̄_2 I_p

(34)

6 Model Reduction

It should be noted that the state vector x_d for the deterministic component of joint process contains the state vectors for the plant and the controller, and that the state vector x_s for the stochastic component contains that of the noise filter as well. Thus all the identified transfer matrices have higher dimensions than the true ones. Hence, it is necessary to recover reduced order models from (31), (32) and (34) by deleting uncontrollable and/or unobservable modes. Since the open loop plant is possibly unstable, we need the model reduction technique which can be applied to both stable and unstable transfer matrices (Zhou et al., 1999; Varga, 2001).

In this section, for simplicity, we rewrite a stabilizable, detectable realization as G(z) = A B C 0 with A ∈ R^{n×n}, B ∈ R^{n×m}, C ∈ R^{p×n}. It is also assumed that A has no eigenvalues on the unit circle; this is a main restriction which cannot be avoided as in the spectral factorization problem for discrete-time systems . It may be noted that D matrix is irrelevant for model reduction. According to (Zhou et al., 1999; Varga, 2001), we define P = 1 2π ∫ 2π 0 (e^{jθ} I − A)^{−1}BB^T (e^{− jθ} − A^T )^{−1}dθ (35a) Q = 1 2π ∫ 2π 0 (e^{− jθ} I − A^T )^{−1}C^TC(e^{jθ} I − A)^{−1}dθ (35b) In terms of P, Q above, the generalized Hankel singular values of G(z) are defined by σ_i = √ λ_i(PQ), i = 1,··· ,n where σ_1 ≥ σ_2 ≥ ··· ≥ σ_n ≥ 0.

We see that if A is stable, P and Q are the controllability and observability Gramians of G(z), satisfying the well-known Lyapunov equations.

Suppose that A is unstable. Let a right-coprime factorization over the ring of stable FDLTI transfer matrices be given by (zI − A)^{−1}B = N(z)M^{−1}(z) where M(z) is an inner matrix with M^T (e^{− jθ} )M(e^{jθ} ) = I_m. Let X be a stabilizing nonnegative definite solution of the following Riccati equation X = A^T (X − XB[I + B^T XB]^{−1}B^T X)A (36) and let F = −(I + B^T XB)^{−1}B^T XA. Then it can be shown (Zhou et al., 1999) that the factors are given by

N(z)

M(z) = A + BF B C 0 F I_m W

where WW^T = (I + B^T XB)^{−1}, and where the controllability Gramian satisfies P = (A + BF)^T P(A + BF) + BWW^T B^T (37)

Also, consider a left-coprime factorization C(zI − A)^{−1} = M̃^{−1}(z)Ñ(z) where M̃(z) is an inner matrix with M̃(e^{jθ} )M̃^T (e^{− jθ} ) = I_p. Let X̃ be a stablizing solution of the Riccati equation X̃ = A(X̃ − X̃C^T [I +CX̃C^T ]^{−1}CX̃)A (38) and let F̃ = −AX̃C^T (I +CX̃C^T )^{−1}. Then it can be shown that the factors are given by

[Ñ(z) M̃(z)] = V A + F̃C I F̃ C 0 I where V^TV = (I +CYC^T )^{−1/2}, and the observability Gramian satisfies Q = (A + F̃C)Q(A + F̃C)^T +C^TV^TVC (39)

Model Reduction Algorithm Suppose that the Gramians P and Q are computed by (37) and (39), respectively. Step 1: Perform the Cholesky factorizations P = SS^T , Q = R^T R to get S and R.

Step 2: Compute the following SVD of RS, namely,

RS = [U_1 U_2]

Σ^1 0

0 Σ_2

V^{T1} V^T_2 where Σ_1 = diag(σ_1,··· ,σ_r), and Σ_2 = diag(σ_{r+1},··· ,σ_n). Step 3: Let T_1 ∈ R^{r×n} and T_2 ∈ R^{n×r} be given by T_1 = Σ^{−1/2}_1 U^T_1 R, T_2 = SV_1Σ^{−1/2}_1 Then, the reduced model with T_1AT_2 ∈ R^{r×r} is given by

G_r(z) =

T_1AT_2 T_1B CT_2 0

The above algorithm is available from SLICOT website.

7 Simulation Results

Some simulation results are included to show the applicability of the present technique. In the first example, we concentrate on the identification of deterministic parts, namely the plant and controller. The second example is devoted to the identification of the plant and noise filter.

7.1 Example 1

The model in this example is partially borrowed from (Verhaegen, 1993) and is also used in (Van Overschee and Moor, 1997). The plant is a discrete time laboratory model given by

P(z) =

10^{−3} ( 0.98z^4 + 12.990z^3 + 18.589z^2 + 3.2987z − 0.02 ) z^5 − 4.3986z^4 + 8.0852z^3 − 7.8233z^2 + 3.9954z − 0.8588

Also, a stabilizing controller is chosen as

C(z) =

0.63z^4 − 2.083z^3 + 2.8222z^2 − 1.865z + 0.4978 z^4 − 2.65z^3 + 3.11z^2 − 1.75z + 0.39

It may be noted that P(z) has poles at z = 1, 0.9674 ± 0.1493 j, 0.7319 ± 0.6005 j; thus the plant is marginally stable, but the controller C(z) is stable and minimal phase. The configuration of the plant and controller is the same as the one depicted in Fig. 1, where the noise filter is H(z) = 1. The r_1 and r_2 are Gaussian white noises with variances σ^2_{r1} = 0.5 and σ^2_{r2} = 1, respectively, and ξ is a Gaussian white noise with variance σ^2_ξ = 1/9.

We take the number of data points N = 5000 and the block rows k = 15, and generated 30 data set, each with the same inputs r_1 and r_2 but with a different noise sequence ξ . Moreover, it is assumed that the orders of the plant and controller are known.

Fig. 2 shows the estimated eigenvalues of the matrix A_1 − B_{11}D^{−1}_{11} C_{11} ∈ R^{9×9} in Proposition 2, where ∗ denotes the estimated eigenvalues, and + and × the true poles of the plant and controller, respectively. We see from Fig. 2 that the poles of the 9th-order model are identified very well. FBR procedure is then applied to the 9th-order models for deriving 5th-order models, whose poles are depicted in Fig. 3, where ∗ denotes the estimated poles over 30 experiments, and + the true poles. Bode plot of estimated plant is depicted in Fig. 4, where the dashed line shows the gain of the true plant and the solid line the average over 30 experiments. From these figures, we see that the proposed algorithm performs very well in the identification of the plant. Since, in this case, there are no unstable pole-zero cancellations, the model reduction by FBR is carried out without any problem.

Furthermore, the identification results of the controller are depicted in Figs. 5-8. It should be noted that in order to obtain the controller with the same order as the true one, we perform the unstable pole-zero cancellation at z = 1. We computed 4th-order models from the 9th-order models by FBR. Fig. 5 shows the pole estimates of the controller, where × denotes the true poles and ∗ the estimated ones, and Fig. 6 shows Bode plot of the true gain (dashed line) and the average gain over 30 experiments (solid line). We see from Figs. 5 and 6 that the model reduction technique failed to cancel the marginally stable pole and zero of higher order models of C(z) located at z = 1. In order to avoid the unstable pole-zero cancellation, we computed 5thorder models with poles and zeros near z = 1 intact. Figs. 7 and 8 show the poles and Bode plot of the 5th-order model so obtained; we see from these figures that the controller is estimated very well via 5th-order model.

7.2 Example 2

Consider the following model used in (Codrons et al., 2000):

P(z) =

0.1208z + 0.1812 z^4 − 1.992z^3 + 2.203z^2 − 1.841z + 0.8941

C(z) =

0.5517z^4 − 1.765z^3 + 2.113z^2 − 1.296z + 0.4457 z^3(z − 1)

H(z) = z^4 z^4 − 1.992z^3 + 2.203z^2 − 1.841z + 0.8941

We see that all the poles of the plant are located near the unit circle (see Fig. 9), and a zero is at z = −1.5. Thus P(z) is stable, but non-minimal phase. The controller has poles at z = 1 and z = 0, and has zeros at z = 1.2629 ± 0.2 j. Thus C(z) is marginally stable, and non-minimal phase. The denominator of H(z) is the same as that of the plant. We assume that the inputs r_1, r_2 are Gaussian white noises with mean zero and variances σ^2_{r1} = 1, σ^2_{r2} = 1, and that ξ is a Gaussian white noise with mean zero and variance σ^2_ξ . For simulation studies, we take N = 3000, and k = 15, and generated 30 data set, where in each case different Gaussian random numbers with specific variances are generated for (r_1, r_2, ξ ).

First we show the identification results of deterministic part for σ^2_ξ = (0.3)^2. The estimated poles of P(z) by (16a) and the corresponding Bode plot are displayed in Figs. 9 and 10, respectively. We see that the identification result is quite good; though not included here if we decrease the noise variance to σ^2_ξ = (0.05)^2, then the better estimates are obtained due to the relative increase of the power of deterministic component. Next, the noise filter H(z) is estimated by using (24b). The Bode plot of the estimates of noise filter is depicted in Fig. 11, where σ^2_ξ = (0.3)^2. But if we decrease the noise variance to σ^2_ξ = (0.05)^2, the performance of the estimates is degraded as shown in Fig. 12, although the performance of the deterministic part improves. This may be inferred from the fact that the relative power of stochastic component increases as the variance σ^2_ξ increases.

8 Conclusions

In this paper, we have developed a subspace method of identifying the plant, the controller and the noise filter operating in closed loop based on the realization results for stochastic systems with exogenous inputs. In particular, it can be shown that the identification of closed loop system is divided into two subproblems by the preliminary orthogonal decomposition of the joint input-output process: the identification of the deterministic part, or the plant and controller, and the stochastic part, or the noise filter. Thus the plant and the controller can be obtained from the realization of deterministic component of the joint process, and the noise filter can be retrieved from the realization of stochastic component. In each case, a model reduction procedure should be used for deriving lower order models from obtained higher order models by canceling poles and zeros situated very closely. Numerical results show the applicability of the present technique, although there exists inherent difficulty associated with possible pole-zero cancellations.

References

Anderson, B. D. O. and M. R. Gevers (1982). Identifiability of linear stochastic systems operating under linear feedback. Automatica 18(2), 195–213.

Caines, P. E. and C. W. Chan (1976). Estimation, identification and feedback. In: System Identification:

Advances and Case Studies (R. Mehra and D. Lainiotis, Eds.). New York: Academic. pp. 349–405.

Chiuso, A. and G. Picci (1999). Subspace identification by orthogonal decomposition. In: Proc. 14th IFAC World Congress. Vol. H. Beijing. pp. 241–246.

Chiuso, A. and G. Picci (2000). Probing inputs for subspace identification. In: Proc. 39th IEEE Conference on Decision & Control. Sydney. pp. 1544–1549.

Codrons, B., B. D. O. Anderson and M. Gevers (2000). Closed-loop identification with an unstable or nonminimum phase controller. In: CD-ROM Proc. IFAC Symp. System Identification. Santa Barbara, CA. Forssell, U. and L. Ljung (1999). Closed-loop identification revisited. Automatica 35(7), 1215–1241.

Forssell, U. and L. Ljung (2000). A projection method for closed-loop identification. IEEE Trans.

Automatic Control 45(11), 2101–2106.

Gevers, M. R. (1993). Towards a joint design of identification and control. In: Essays on Control:

Perspectives in the Theory and its Applications (H. L. Trentelman and J. C. Willems, Eds.). Boston: Birkhäuser. pp. 111–151.

Golub, G. H. and C. R. Van Loan (1989). Matrix Computation. Baltimore, MD: The Johns Hopkins University Press.

Hansen, F. R., G. F. Franklin and R. Kosut (1989). Closed-loop identification via the fractional representation: Experiment design. In: Proc. 1989 American Control Conference. Pittsburgh, PA. pp. 1422–1427.

Katayama, T. and G. Picci (1999). Realization of stochastic systems with exogenous inputs and subspace identification methods. Automatica 35(10), 1635–1652.

Katayama, T., H. Kawauchi and G. Picci (2001). A subspace identification of deterministic part of state space model operating in closed loop. In: Proc. 2001 European Control Conference. Porto. pp. 2505–2510.

Kawauchi, H., A. Chiuso, T. Katayama and G. Picci (2000). Comparison of two subspace identification methods for combined deterministic-stochastic systems – Part 2. In: Proc. 32nd ISCIE Symp. Stochastic Systems Theory and its Applications. Tottori, Japan. pp. 15–20.

Lakshminarayanan, S., G. Emoto, S. Ebara, K. Tomida and S. L. Shah (2001). Closed loop identification and controlloop reconfiguration: An industrial case study. Jour. of Process Control 11(3), 587–599.

Ljung, L. (1999). System Identification – Theory for the User. 2nd ed.. Englewood Cliffs, NJ: Prentice- Hall.

Picci, G. and T. Katayama (1996a). A simple subspace identification method with exogenous inputs. In:

Proc. IFAC 13th World Congress. Vol. I. San Francisco. pp. 175–180.

Picci, G. and T. Katayama (1996b). Stochastic realization with exogenous inputs and subspace methods identification. Signal Processing 52(2), 145–160.

Schrama, R. (1991). Control oriented approximate closed loop identification via fractional representation. In: Proc. 1991 American Control Conference. Boston, MA. pp. 719–720.

Söderström, T. and P. Stoica (1989). System Identification. Englewood Cliffs, NJ: Prentice-Hall.

Van den Hof, P. M. J. (1997). Closed-loop issues in system identification. In: Preprints IFAC Symp.

System Identification. Kitakyushu, Japan. pp. 1651–1664.

Van den Hof, P. M. J. and R. A. de Callafon (1996). Multivariable closed-loop identification: From indirect identification to dual-youla parametrization. In: Proc. 35th IEEE Conference on Decision & Control. Kobe, Japan. pp. 1397–1402.

Van den Hof, P. M. J. and R. J. P. Schrama (1993). An indirect method for transfer function estimation from closed loop data. Automatica 29(6), 1523–1527.

Van der Klauw, A. C., M. Verhaegen and P. P. J. Van den Bosch (1991). State space identification of closed loop systems. In: Proc. 30th IEEE Conference on Decision & Control. Brighton, England. pp. 1327–1332.

Van Overschee, P. and B. De Moor (1993). Subspace algorithms for the stochastic identification problem.

Automatica 29(3), 649–660.

Van Overschee, P. and B. De Moor (1994). N4SID - Subspace algorithms for the identification of combined deterministic-stochastic systems. Automatica 30(1), 75–93.

Van Overschee, P. and B. De Moor (1996). Subspace Identification for Linear Systems. Dordrecht:

Kluwer Academic Publications.

Van Overschee, P. and B. De Moor (1997). Closed loop subspace systems identification. In: Proc. 36th IEEE Conference on Decision & Control. San Diego, CA. pp. 1848–1853.

Varga, A. (2001). On balancing and order reduction of unstable periodic systems. In: Preprints IFAC Workshop on Periodic Control Systems. Como, Italy. pp. 177–182.

Verhaegen, M. (1993). Application of a subspace model identification technique to identify LTI systems operating in closed loop. Automatica 29(4), 1027–1040.

Verhaegen, M. (1994). Identification of the deterministic part of MIMO state space models given in innovations form from input–output data. Automatica 30(1), 61–74.

Zhou, K., G. Salomon and E. Wu (1999). Balanced realization and model reduction for unstable systems.

Int. J. Robust & Nonlinear Control 9(2), 183–198.

Fig. 2. Estimated eigenvalues of A_1 − B_{11}D^{−1}_{11} C_{11} in (16), where + and × denote the eigenvalues of true plant and controller, respectively.

Fig. 3. Estimated poles (∗) of 5th-order model of the plant P(z), where + denotes the true poles.

Fig. 4. Bode plot of true (dashed line) and average (solid line) transfer functions of the plant P(z) over 30 experiments.

Fig. 5. Estimated poles (∗) of 4th-order model of the controller C(z), where × denotes the true poles.

Fig. 6. Bode plot of true (dashed line) and average (solid line) transfer functions of 4th-order model of the controller C(z) over 30 experiments.

Fig. 7. Estimated poles (∗) of 5th-order model of the controller C(z), where × denotes the true poles.

Fig. 8. Bode plot of true (dashed line) and average (solid line) transfer functions of 5th-order model of the controller C(z) over 30 experiments.

Fig. 9. True (+) and estimated (∗) poles of the plant P(z) by (16a), where σ^2_ξ = (0.3)^2.

Fig. 10. Bode plot of estimated transfer functions of the plant P(z) over 30 experiments, where σ^2_ξ = (0.3)^2.

Fig. 11. Bode plot of estimated transfer functions of the noise filter H(z) by (24b), where σ^2_ξ = (0.3)^2.

Fig. 12. Bode plot of estimated transfer functions of the noise filter H(z) by (24b), where σ^2_ξ = (0.05)^2.