On the level-boundedness of the natural residual function for variational inequality problems

Nobuo Yamashita^1 and Masao Fukushima^1

March 13, 2002

Abstract

In this paper we consider the level-boundedness of the natural residual function for the variational inequality problem (VIP). We first introduce the concept of strong coercivity for vector-valued mappings. The strong coercivity is related to the weak coercivity of vector-valued mappings and is weaker than the strong monotonicity of mappings. We show that the natural residual function associated with VIP is level-bounded under the strong coercivity of the mapping involved in the VIP.

1 Introduction

The purpose of this paper is to give a sufficient condition under which the natural residual function for the variational inequality problem is level-bounded. The variational inequality problem (VIP) [3] is to find a vector x ∈ S such that ⟨F (x), y − x⟩ ≥ 0 ∀y ∈ S, (1) where F : R^n → R^n, S is a nonempty closed convex subset of R^n, and ⟨·, ·⟩ denotes the inner product. Throughout we assume that S is not a singleton.

For solving VIP (1), reformulation approaches have drawn much attention in the last decade [2, 4, 5, 10]. A reformulation approach constructs a system of equations or a minimization problem equivalent to VIP, and solves the equivalent problem instead of the original VIP. The objective function of the equivalent minimization problem is called a merit function. In this approach, it is important to use a merit function which has some desirable properties such as differentiability, level-boundedness and error boundedness.

Until now, a number of merit functions for VIP have been proposed. Among them, the natural residual function and the D-gap function are particularly popular merit functions. The natural residual function r : R^n → R for VIP (1) is defined by r(x) := ‖x − [x − F (x)]_+‖, where [x]_+ denotes the projection of x onto S and ‖ · ‖ denotes the Euclidean norm. It is well-known that r(x) = 0 if and only if x is a solution of VIP. Therefore, we may obtain a

1Department of Applied Mathematics and Physics, Graduate School of Informatics, Kyoto University, Kyoto 606-8501, Japan.

solution of VIP by globally minimizing the function r on R^n. The D-gap function was proposed by Peng [8] and further studied by Yamashita et al. [10]. The D-gap function is differentiable everywhere, while the natural residual function is not.

Recently, various descent methods based on the natural residual function or the D-gap function have been proposed [2, 4, 5, 10]. Such methods have global convergence under the levelboundedness of a merit function. Function f : R^n → R is said to be level-bounded [9] if for every α ∈ R the set {x ∈ R^n | f(x) ≤ α} is bounded. The level-boundedness of f corresponds to the following property: lim ‖x‖→∞ f(x) = ∞. (2)

Therefore, we may also regard (2) as the definition of the level-boundedness. If f is levelbounded, then a sequence generated by an appropriate descent method for f has at least one accumulation point. Since the D-gap function and the natural residual function have the same growth property [8], the D-gap function is level-bounded if and only if the natural residual function is level-bounded. Therefore we will confine ourselves to investigating conditions under which the natural residual function is level-bounded.

A well-known sufficient condition for the natural residual function r to be level-bounded is the strong monotonicity and Lipschitz continuity of F , which readily follows from the global error bound property of r under the same conditions [7]. In this paper, we give a weaker condition for the level-boundedness of r. The condition is related to the weak coercivity of the mapping F and is weaker than the strong monotonicity of F .

2 Strong coercivity

In this section, we introduce the concept of strong coercivity of a vector-valued mapping and study its properties. First we recall the definition of the weak coercivity of a vector-valued mapping [6].

Definition 2.1. Mapping F : R^n → R^n is said to be weakly coercive if there exists y ∈ R^n such that lim ‖x‖→∞ ⟨F (x), x − y⟩ ‖x − y‖ = +∞. (3)

By definition, for the weak coercivity of the mapping F � it is sufficient to have at least one vector y satisfying (3). The following example shows that the natural residual function r is not necessarily level-bounded even if F is weakly coercive. Let F : R^2 → R^2 be defined by

F (x) = ( x_2(x^2_1 + x^2) −x_1(x^2_1 + x^2) + x_2 ) if x_1 ≥ 0 ( x_2(x^2_1 + x^2) + x^3_1 −x_1(x^2_1 + x^2) − 2x_1x_2 + x_2 ) if x_1 < 0. (4)

This mapping is weakly coercive since lim ‖x‖→∞ ⟨F (x), x − y⟩ ‖x − y‖ = +∞ (5) holds with y = (0, 1)^T . Now let S = {(x_1, 0)^T ∈ R^2 | x_1 ≥ 0}. Then the natural residual function r is not level-bounded. To see this, consider the sequence x^k = (k, 0)^T , k = 1, 2, · · ·. Then we have F (x^k) = (0, −k^3)^T . Moreover, x^k − F (x^k) = (k, k^3)^T , and hence [x^k − F (x^k)]_+ = (k, 0)^T . Therefore r(x^k) = ‖x^k − [x^k − F (x^k)]_+‖ = 0 for all k, that is, r is not level-bounded.

To give a sufficient condition for the level-boundedness of r, we define the following stronger concept of coercivity.

Definition 2.2. Mapping F : R^n → R^n is said to be strongly coercive if lim ‖x‖→∞ ⟨F (x), x − y⟩ ‖x − y‖ = +∞

holds for all y ∈ R^n.

The strong coercivity implies the weak coercivity, but not vice versa. To see this, consider the weak coercive mapping F : R^2 → R^2 defined by (4). Since ⟨F (x), x⟩ = 0 for all x such that x_1 ≥ 0 and x_2 = 0, (5) fails to hold for y = 0, implying F is not strongly coercive.

Recall that a mapping F : R^n → R^n is said to be strongly monotone if there exists a constant μ > 0 such that ⟨F (x) − F (y), x − y⟩ ≥ μ‖x − y‖^2 for all x, y ∈ R^n. It is easy to see that any strongly monotone mapping F is strongly coercive. The converse is not true in general. For example, the mapping F : R → R defined by

F (x) = { √ x if x ≥ 0 − √ |x| if x < 0 is strongly coercive. But this mapping is not strongly monotone, although it is monotone.

Next, we give a condition equivalent to the strong coercivity, which will be useful in the subsequent analysis.

Theorem 2.1 The mapping F : R^n → R^n is strongly coercive if and only if, for any bounded set B ⊆ R^n, any sequence {y^k} ⊆ B, and any sequence {x^k} such that ‖x^k‖ → ∞, we have lim_{k→∞} ⟨F (x^k), x^k − y^k⟩ ‖x^k − y^k‖ = +∞. (6)

Proof. “if” part is evident. So we show “only if” part. Suppose that F is strongly coercive. Let B be any bounded subset of R^n. First, we show lim_{k→∞} ⟨F (x^k), x^k − y^k⟩ ‖x^k‖ = +∞. (7)

Since B is bounded, there exists a bounded box L := {x ∈ R^n | l ≤ x ≤ u} containing B, where l, u ∈ R^n are vectors such that l_i ≤ u_i, i = 1, . . . , n. Since B ⊆ L, we have ⟨F (x^k), x^k − y^k⟩ ‖x^k‖ ≥ inf_{y∈B} ⟨F (x^k), x^k − y⟩ ‖x^k‖ ≥ inf_{y∈L} ⟨F (x^k), x^k − y⟩ ‖x^k‖ . (8)

Since L is a bounded box, the infimum on the right-hand side of (8) is attained at an extreme point of L. Let T be the set of extreme points of L. Then, by the strong coercivity of F , lim_{k→∞} ⟨F (x^k), x^k − y⟩ ‖x^k‖ = +∞

holds for each y ∈ T . Since T is a finite set, we have

lim_{k→∞} min_{y∈L} ⟨F (x^k), x^k − y⟩ ‖x^k‖ = lim_{k→∞} min_{y∈T} ⟨F (x^k), x^k − y⟩ ‖x^k‖ = +∞. It then follows from (8) that (7) holds. Moreover, from the triangle inequality and the boundedness of {y^k}, we have lim_{k→∞} ⟨F (x^k), x^k − y^k⟩ ‖x^k − y^k‖ ≥ lim_{k→∞} ⟨F (x^k), x^k − y^k⟩ ‖x^k‖ + ‖y^k‖ ≥ lim_{k→∞} ⟨F (x^k), x^k − y^k⟩ 2‖x^k‖ . This along with (7) shows (6). □

3 Level-boundedness of the natural residual function

In this section, we show that if F is strongly coercive, then r is level-bounded. First, we show the following lemma.

Lemma 3.1 Suppose that F is strongly coercive. Let {x^k} be a sequence such that ‖x^k‖ → ∞. If there exists an M > 0 such that r(x^k) ≤ M for all k, then we have lim_{k→∞} ⟨F (x^k), [x^k − F (x^k)]_+ − y⟩ ‖[x^k − F (x^k)]_+ − y‖ = +∞, where y is an arbitrary vector such that y ≠ [x^k − F (x^k)]_+ for all k.

Proof. Let y^k := x^k − [x^k − F (x^k)]_+ + y. Then, since r(x^k) ≤ M for all k, the sequence {x^k − [x^k − F (x^k)]_+} is bounded, and hence {y^k} is also bounded. It then follows from the strong coercivity of F and Theorem 2.1 that ∞ = lim_{k→∞} ⟨F (x^k), x^k − y^k⟩ ‖x^k − y^k‖ = lim_{k→∞}

⟨F (x^k), [x^k − F (x^k)]_+ − y⟩ ‖[x^k − F (x^k)]_+ − y‖ . □ By using Lemma 3.1, we show the main result.

Theorem 3.1 If F is strongly coercive, then the natural residual function r is level-bounded.

Proof. Let y be any point belonging to S and let {x^k} be any sequence such that ‖x^k‖ → ∞. Suppose that there exists an M > 0 such that r(x^k) ≤ M for all k. Then {x^k − [x^k − F (x^k)]_+} is bounded. Since {x^k} is unbounded, {[x^k − F (x^k)]_+} is also unbounded. Without loss of generality, we assume that y ≠ [x^k − F (x^k)]_+ for all k.

From the well-known property [1, Proposition B.11 (b)] of the projection mapping, we have

⟨x^k − F (x^k) − [x^k − F (x^k)]_+, y − [x^k − F (x^k)]_+⟩ ≤ 0 (9)

for all k. On the other hand, we have

⟨x^k − [x^k − F (x^k)]_+ − F (x^k), y − [x^k − F (x^k)]_+⟩

= ⟨x^k − [x^k − F (x^k)]_+, y − [x^k − F (x^k)]_+⟩ + ⟨F (x^k), [x^k − F (x^k)]_+ − y⟩ ≥ −‖x^k − [x^k − F (x^k)]_+‖‖[x^k − F (x^k)]_+ − y‖ + ⟨F (x^k), [x^k − F (x^k)]_+ − y⟩

≥ ‖[x^k − F (x^k)]_+ − y‖ ( ⟨F (x^k), [x^k − F (x^k)]_+ − y⟩ ‖[x^k − F (x^k)]_+ − y‖ − M ) , (10)

where the first inequality follows from Cauchy-Schwarz inequality and the last inequality follows from r(x^k) = ‖x^k −[x^k −F (x^k)]_+‖ ≤ M. From Lemma 3.1, the right-hand side of (10) eventually becomes positive as k tends to ∞. This contradicts (9). Consequently we have r(x^k) → ∞. Since {x^k} is arbitrary, r is level-bounded. □ Note that, since the D-gap function has the same growth property as the natural residual function, the D-gap function is also level-bounded if F is strongly coercive. Moreover, this theorem immediately yields the following local error bound result.

Corollary 3.1 If F is strongly monotone and locally Lipschitz continuous, then for any b_1 > 0, there exists a b_2 > 0 such that r(x) ≤ b_1 ⇒ b_2‖x − x^∗‖ ≤ r(x), where x^∗ is the unique solution of VIP.

Proof. Since the strong monotonicity of F implies the strong coercivity of F , the natural residual function r is level-bounded. So the level sets {x | r(x) ≤ b_1} are bounded for all b_1. Therefore, by the local Lipschitzian property of F , for any fixed b_1 > 0, there exists an L > 0 such that ‖F (y) − F (z)‖ ≤ L‖y − z‖ for all y, z ∈ {x | r(x) ≤ b_1}. It then follows from [7, Theorem 3.1] that we have the desired property. □

4 Concluding remarks

In this paper we have introduced the concept of strong coercivity for a vector-valued mapping. Moreover, we showed that the natural residual function associated with VIP is level-bounded under the strong coercivity of the mapping involved in the VIP.

The definition of strong coercivity does not depend on the feasible set S, whereas the levelboundedness of a merit function usually depends on S. Therefore it would be interesting to consider conditions that take into account the structure of the set S. For example, let S be defined as S := ∏_N i=1 S_i with S_i ⊆ R^{ni} and n = ∑_N i=1 n_i. Then we can show that the natural residual function is level-bounded provided that, for all y ∈ S, lim ‖x‖→∞ max 1≤i≤N ⟨F_i(x), x_i − y_i⟩ ‖x − y‖ = +∞, (11)

where F_i(x), x_i and y_i are n_i-dimensional vectors such that F (x) = (F_1(x)^T , · · · , F_N (x)^T )^T , x = (x^T_1 , · · · , x^T_N )^T and y = (y^T_1 , · · · , y^T_N )^T . Note that a uniform P-function satisfies (11) when S is the nonnegative orthant in R^n, that is, when VIP is the nonlinear complementarity problem.

Acknowledgment

We are grateful to Professor J.-S. Pang of The Johns Hopkins University for his helpful comments.

References

[1] D.P. Bertsekas, Nonlinear Programming (Athena Scientific, Belmont, 1995).

[2] J.M. Peng and M. Fukushima, “A hybrid Newton method for solving the variational inequality problem via the D-gap function,” Mathematical Programming 86 (1999) 367–386.

[3] P.T. Harker and J.-S. Pang, “Finite-dimensional variational inequality and nonlinear complementarity problem: A survey of theory, algorithms and applications,” Mathematical Programming 48 (1990) 161–220.

[4] H. Jiang, M. Fukushima, L. Qi and D. Sun, “A trust region method for solving generalized complementarity problems,” SIAM Journal on Optimization 8 (1998) 140–157.

[5] C. Kanzow and M. Fukushima, “Solving box constrained variational inequalities by using the natural residual with D-gap function globalization,” Operations Research Letters 23 (1998) 45–51.

[6] J.M. Ortega and W.C. Rheinboldt, Iterative Solution of Nonlinear Equations in Several Variables (Academic Press, New York, 1970).

[7] J.-S. Pang, “A posteriori error bounds for the linearly–constrained variational inequality problem,” Mathematics of Operations Research 12 (1987) 474–484.

[8] J.-M. Peng, “Equivalence of variational inequality problems to unconstrained minimization,” Mathematical Programming 78 (1997) 347–355.

[9] R.T. Rockafellar and R.J-B. Wets, Variational Analysis (Springer-Verlag, Heidelberg, 1998).

[10] N. Yamashita, K. Taji and M. Fukushima, “Unconstrained optimization reformulations of variational inequality problems,” Journal of Optimization Theory and Applications 92 (1997) 439–456.