Approximation and Convergence in Stochastic Linear Complementarity Problems^1

Xiaojun Chen^2 and Masao Fukushima^3

July 15, 2003

Abstract. The stochastic linear complementarity problem is formulated as a problem of minimizing an expected residual defined by an NCP function. We generate observations by the quasi-Monte Carlo methods and show that every accumulation point of minimizers of discrete approximation problems is a minimum residual solution of the stochastic linear complementarity problem. We show that a sufficient condition for the existence of a solution to the residual minimization problem and its discrete approximations is that there is an observation ω^i such that the cost matrix M(ω^i) is an R_0 matrix. Furthermore, we show that a class of fixed cost problems are continuously differentiable and can be solved without using discrete approximation.

1 Introduction

The linear complementarity problem (LCP) is to find x ∈ R^n such that

Mx + q ≥ 0, x ≥ 0, (Mx + q)^T x = 0,

where M is an n × n matrix and q is an n-dimensional vector.

We call ϕ : R^2 → R an NCP function if ϕ satisfies

ϕ(a, b) = 0 ⇐⇒ a ≥ 0, b ≥ 0, ab = 0.

Obviously, x is a solution of the LCP if and only if x is a solution of the nonlinear equations

Φ(x) := ϕ((Mx + q)_1, x_1) . . ϕ((Mx + q)_n, x_n)

= 0.

Two commonly used NCP functions are the “min” function

ϕ(a, b) = min(a, b)

1This work was supported in part by a Grant-in-Aid for Scientific Research from the Ministry of Education, Science, Sports and Culture of Japan.

2Department of Mathematical System Science, Faculty of Science and Technology, Hirosaki University, Hirosaki 036-8561, Japan (chen@cc.hirosaki-u.ac.jp) 3Department of Applied Mathematics and Physics, Graduate School of Informatics, Kyoto University, Kyoto 606-8501, Japan (fuku@i.kyoto-u.ac.jp)

and the Fischer-Burmeister (FB) function [4]

ϕ(a, b) = a + b − √ a^2 + b^2.

All NCP functions including the “min” function and FB function are equivalent in the sense that the nonlinear equations Φ(x) = 0 defined by the NCP functions have the same solution. Moreover, some NCP functions have the same growth rate. In particular, Tseng [11] showed 2 √ 2 + 2

| min(a, b)| ≤ |a + b − √ a^2 + b^2| ≤ ( √ 2 + 2)| min(a, b)|. (1.1)

In the last decade, NCP functions have become an important tool for solving linear and nonlinear complementarity problems [1, 3, 5, 6, 7, 8, 10, 12].

In engineering and economic applications, elements of M and q often involve uncertain data, which are at best characterized by probability distributions. More specifically, the problem may be written as

M(ω)x + q(ω) ≥ 0, x ≥ 0, (M(ω)x + q(ω))^T x = 0, (1.2)

where ω is a random vector with support Ω ⊆ R^m. In general, however, there is no x that satisfies (1.2) for all ω ∈ Ω. So we may try to find a vector x ∈ R^n_+ := {x ∈ R^n | x ≥ 0} that minimizes an expected residual defined by an NCP function:

min_{x∈Rn+} E_Ω[‖Φ(x, ω)‖^2], (1.3)

where E_Ω stands for the expected value with respect to the distribution of ω, and

Φ(x, ω) := ϕ((M(ω)x + q(ω))_1, x_1) . . ϕ((M(ω)x + q(ω))_n, x_n) .

We call problem (1.3) a stochastic linear complementarity problem (SLCP). Throughout, we assume that M(ω) and q(ω) are continuous functions of ω.

If Ω has only one realization, then (1.3) reduces to the standard LCP and a solution of (1.3) does not depend on the choice of NCP functions. However, the following example shows that we do not have such equivalence if Ω has more than one realization.

Example 1. Let n = 1, m = 1, Ω = {ω^1, ω^2} = {0, 1}, M(ω) = ω(1 − ω) and q(ω) = 1 − 2ω. Then we have ‖ · ‖ = ‖ · ‖_2, M(ω^1) = M(ω^2) = 0, q(ω^1) = 1, q(ω^2) = −1 and

E_Ω[‖Φ(x, ω)‖^2] = 1 2 2∑ i=1 ‖Φ(x, ω^i)‖^2.

The objective function of the SLCP (1.3) defined by the “min” function is 1 2 [(min(1, x))^2 + (min(−1, x))^2] = x^2 x ≤ −1 1 2 (x^2 + 1) −1 ≤ x ≤ 1 1 x ≥ 1 and the problem has a unique solution x^∗ = 0. However, problem (1.3) defined by the FB function has no solution as the objective function 1 2 [(1 + x − √ 1 + x^2)^2 + (−1 + x − √ 1 + x^2)^2]

is monotonically decreasing on [0, ∞).

In order to find a solution of a SLCP numerically, it is necessary to study the objective function of the SLCP defined by a NCP function. There are many NCP functions [1, 7, 8, 10, 12]. In this paper, we focus on the “min” function and the FB function. We use Φ_1(x, ω) and Φ_2(x, ω) to distinguish the function Φ(x, ω) defined by the “min” function and the FB function, respectively. We use Φ(x, ω) to represent both Φ_1(x, ω) and Φ_2(x, ω) when we discuss their common properties.

We consider the following stochastic linear complementarity problem:

min_{x≥0} f(x) := ∫ Ω ‖Φ(x, ω)‖^2ρ(ω)dω, (1.4)

where ρ : Ω → R_+ is a continuous probability density function satisfying ∫ Ω ρ(ω)dω = 1 and ∫ Ω ‖ω‖^2ρ(ω)dω < ∞. (1.5)

Obviously, if M(ω) ≡ M and q(ω) ≡ q, then (1.4) reduces to a standard linear complementarity problem. Throughout ‖ · ‖ denotes the Euclidean norm ‖ · ‖_2.

Note that, by the continuity of Φ_1(·, ω), the function

f_1(x) := ∫ Ω ‖Φ_1(x, ω)‖^2ρ(ω)dω

is continuous. Moreover, by the continuous differentiability of ‖Φ_2(·, ω)‖^2 [6], the function f_2(x) := ∫ Ω ‖Φ_2(x, ω)‖^2ρ(ω)dω

is continuously differentiable.

In section 2, we show that a sufficient condition for the existence of minimizers of (1.4) and its discrete approximations is that there is an observation ω^i such that the cost matrix M(ω^i) is an R_0 matrix. Moreover, we prove that every accumulation point of minimizers of discrete approximation problems is a solution of the SLCP (1.4). Specially for the fixed cost SLCP with M(ω) ≡ M, we show that M being an R_0 matrix is a necessary and sufficient condition for the boundedness of the solution sets of the SLCP and its discrete approximations with any q(ω). In section 3, we show that a class of fixed cost problems with the “min” function is smooth and it can be solved without using discrete approximation. In section 4, we illustrate the relation between stochastic linear complementarity problems and two stage stochastic programs with equilibrium constraints.

2 Existence of solutions

Let the level sets of functions f and f_i, i = 1, 2, be denoted D(γ) := { x | f(x) ≤ γ} and D_i(γ) := { x | f_i(x) ≤ γ}, i = 1, 2, respectively. From (1.1) and the definitions of f_1(x) and f_2(x), we have 2 3 + 2 √ 2 f_1(x) ≤ f_2(x) ≤ (6 + 4 √ 2)f_1(x).

This implies D_2(γ) ⊆ D_1

(3 + 2 √ 2 2 γ ) (2.1) and D_1(γ) ⊆ D_2((6 + 4 √ 2)γ).

Recall that M is called an R_0 matrix if x ≥ 0, Mx ≥ 0, x^T Mx = 0 =⇒ x = 0.

Lemma 2.1 If M(ω̄) is an R_0 matrix for some ω̄ ∈ Ω, then there is a closed sphere B(ω̄, δ) := {ω | ‖ω − ω̄‖ ≤ δ} with δ > 0 such that for every ω ∈ B̄ := B(ω̄, δ) ∩ Ω, M(ω) is an R_0 matrix.

Proof: Assume that this lemma is not true. Then there is a sequence {ω^k } ⊂ B̄ such that lim_{k→∞} ω^k = ω̄ and, for every M(ω^k ), we can find x^k ∈ R^n satisfying x^k ≥ 0, x^k ≠ 0, M(ω^k )x^k ≥ 0, (x^k)^T M(ω^k )x^k = 0.

Put v^k =^{xk}_{‖xk‖} . Then we have v^k ≥ 0, ‖v^k‖ = 1, M(ω^k )v^k ≥ 0, (v^k)^T M(ω^k )v^k = 0.

Letting k → ∞, we obtain a vector v̄ ∈ R^n satisfying v̄ ≥ 0, ‖v̄‖ = 1, M(ω̄)v̄ ≥ 0, v̄^T M(ω̄)v̄ = 0.

This contradicts the assumption that M(ω̄) is an R_0 matrix.

Lemma 2.2 Assume that there exists an ω̄ ∈ Ω such that ρ(ω̄) > 0 and M(ω̄) is an R_0 matrix. Then, for any positive number γ, the level set D(γ) is bounded.

Proof: By the continuity of ρ and Lemma 2.1, there exist a closed sphere B(ω̄, δ) with δ > 0 and a constant ρ_0 > 0 such that M(ω) is an R_0 matrix and ρ(ω) ≥ ρ_0 for all ω ∈ B̄ := B(ω̄, δ) ∩ Ω. Let us consider a sequence {x^k} ⊂ R^n. Then, by the continuity of M(·), q(·) and Φ, for each k, there exists an ω^k ∈ B̄ such that

‖Φ(x^k , ω^k)‖ = min_{ω∈B̄} ‖Φ(x^k, ω)‖.

It then follows that

f(x^k ) ≥ ∫ B̄ ‖Φ(x^k, ω)‖^2ρ(ω)dω

≥ ‖Φ(x^k , ω^k)‖^2ρ_0 ∫ B̄ dω

≥ Cρ_0‖Φ(x^k, ω^k)‖^2,

where C = ∫ B̄ dω > 0. To prove the lemma, it suffices show that ‖Φ(x^k, ω^k)‖ → +∞ whenever ‖x^k‖ → +∞.

Suppose ‖x^k‖ → +∞. It is not difficult to see that if x^k_i → −∞ or (M(ω^k)x^k + q(ω^k))_i → −∞ for some i, then we have |ϕ((M(ω^k)x^k + q(ω^k))_i, x^k_i )| → +∞ and hence ‖Φ(x^k, ω^k)‖ → +∞. So we only need to consider the case where both {x^k_i } and {(M(ω^k)x^k + q(ω^k))_i} are bounded below for all i. Then, by dividing each element of these sequences by ‖x^k‖ and passing to the limit, we obtain

(M(ω̂)v̂)_i ≥ 0, v̂_i ≥ 0, i = 1, . . . , n,

where ω̂ and v̂ are accumulation points of {ω^k} and {^{xk}_{‖xk‖} }, respectively. Note that ω̂ ∈ B̄ and ‖v̂‖ = 1. Since M(ω̂) is an R_0 matrix and v̂ ≠ 0, there must exist some i such that (M(ω̂)v̂)_i > 0 and v̂_i > 0. This implies (M(ω^k )x^k + q(ω^k))_i → +∞ and x^k_i → +∞, which in turn implies |ϕ((M(ω^k )x^k + q(ω^k))_i, x^k_i )| → +∞. Hence we have ‖Φ(x^k, ω^k)‖ → +∞. This completes the proof.

Now, we employ a quasi-Monte Carlo method for numerical integration [9]. In particular, we use a transformation function ω = u(ω̃) to go from an integral on Ω to the integral on the unit hypercube [0, 1]^m and generate observations {ω̃^i, i = 1, . . . , N} in the unit hypercube uniformly. The function f(x) can then be written as f(x) = ∫ Ω ‖Φ(x, ω)‖^2ρ(ω)dω = ∫ [0,1]^m

‖Φ(x, u(ω̃))‖^2ρ(u(ω̃))u^′(ω̃)dω̃ = ∫ [0,1]^m

‖Φ(x, u(ω̃))‖^2ρ̃(ω̃)dω̃

where ρ̃(ω̃) = ρ(u(ω̃))u^′(ω̃).

To simplify the notation, without confusion, we suppose Ω = [0, 1]^m and let ω denote ω̃ in the remainder of this section.

For each k, let f^{(k)}(x) := 1 N_k ∑ ω^i∈Ω_k

‖Φ(x, ω^i)‖^2ρ(ω^i)

where Ω_k := {ω^i, i = 1, . . . , N_k} is a set of observations such that Ω_k ⊆ Ω_{k+1} ⊂ Ω and N_k → ∞ as k → ∞.

By the continuity of Φ_1(·, ω), the function

f^{(k)}_1 (x) := 1 N_k ∑ ω^i∈Ω_k

‖Φ_1(x, ω^i)‖^2ρ(ω^i)

is continuous. Moreover, by the continuous differentiability of ‖Φ_2(·, ω)‖^2 [6], the function f^{(k)}_2 (x) := 1 N_k ∑ ω^i∈Ω_k

‖Φ_2(x, ω^i)‖^2ρ(ω^i)

is continuously differentiable.

Theorem 2.1 Suppose that M(ω) and q(ω) are linear functions of ω. Then for any fixed x ∈ R^n_+ f(x) = lim_{k→∞} f^{(k)}(x).

Proof: By the assumption of this theorem, for any fixed x ∈ R^n_+, we have

‖Φ_1(x, ω)‖ = ‖ min(M(ω)x + q(ω), x)‖ ≤ ‖M(ω)x + q(ω)‖ + ‖x‖ ≤ ‖M(ω)‖‖x‖ + ‖q(ω)‖ + ‖x‖ ≤ c_0(‖x‖ + 1)(‖ω‖ + 1),

where c_0 is a positive constant and the last inequality follows from the fact that M(ω) and q(ω) are linear functions of ω. Hence the function ‖Φ_1(x, ·)‖^2ρ(·) is continuous, nonnegative and bounded due to the condition (1.5).

Since Φ_2 and Φ_1 have the same growth rate (1.1), ‖Φ_2(x, ·)‖^2ρ(·) is also continuous, nonnegative and bounded. Therefore, we can claim that ‖Φ(x, ·)‖^2ρ(·) is integrable, that is, 0 ≤ f(x) < ∞.

By the continuity of ‖Φ(x, ·)‖^2ρ(·) and Theorem 2.13 in [9], we obtain

|f^{(k)}(x) − f(x)| ≤ 4 sup_{μ,ν∈Ω}

‖μ−ν‖≤Dk (Ωk)1/m | |‖Φ(x, μ)‖^2ρ(μ) − ‖Φ(x, ν)‖^2ρ(ν) | |

with Ω_k = {ω^1, . . . , ω^{Nk} } and

D_k (Ω_k) := sup_{B∈B} | 1 N_k

N_k∑ i=1 χ_B(ω^i) − λ_m(B)|,

where λ_m is the m-dimensional Lebesgue measure, B is the family of all closed subintervals of [0, 1]^m, and χ_B is the characteristic function of the set B, i.e., χ_B(ω) = 1 if ω ∈ B, and χ_B(ω) = 0 otherwise. According to a classical result in the theory of uniform distribution of sequences [9, p. 17], we have

lim_{k→∞} 1 N_k

N_k∑ i=1 χ_B(ω^i) = λ_m(B).

This implies lim_{k→∞} D_k(Ω_k ) = 0.

From the continuity of ‖Φ(x, ·)‖^2ρ(·), we find that f(x) = lim_{k→∞} f^{(k)}(x).

Let us denote the set of minimizers of f^{(k)} on R^n_+ by S_k := argmin{f^{(k)}(x) | x ∈ R^n_+}.

Theorem 2.2 Suppose that M(ω) and q(ω) are linear functions of ω. Assume that there is an ω̄ ∈ Ω such that ρ(ω̄) > 0 and M(ω̄) is an R_0 matrix. Then for all k, S_k is nonempty and bounded. Let x^{(k)} ∈ S_k for each k. Then every accumulation point of the sequence {x^{(k)}} is contained in the set argmin{f(x) | x ∈ R^n_+}. Proof: We can show that S_k is nonempty and bounded in a similar manner to Lemma 2.2.

Let x̄ be an accumulation point of {x^{(k)}}. For simplicity, we assume that {x^{(k)}} itself converges to x̄. Let γ > f(x̄). Then from the continuity of f, we have f(x^{(k)}) ≤ γ for all large k, that is, x^{(k)} ∈ D(γ) for all large k.

Now we show |f^{(k)}(x^{(k)}) − f^{(k)}(x̄)| → 0 as k → ∞. (2.2) It is known that for any fixed ω, Φ(·, ω) is globally Lipschitzian, that is, ‖Φ(x, ω) − Φ(y, ω)‖ ≤ L(ω)‖x − y‖ for all x, y ∈ R^n, where L(ω) is a positive constant depending on ω. Moreover, since M(ω) and q(ω) are linear functions of ω, we can show that L(ω) ≤ c_1(‖ω‖ + 1) for some positive constant c_1.

In a way similar to the proof of Theorem 2.1, for any x ∈ D(γ), we obtain ‖Φ(x, ω)‖ ≤ c_0(‖x‖ + 1)(‖ω‖ + 1) for some constant c_0 > 0. Furthermore, since D(γ) is closed and bounded by Lemma 2.2, we may define c_2 := max{‖x‖ | x ∈ D(γ)}.

Therefore, for any x, y ∈ D(γ), we obtain | | |‖Φ(x, ω)‖^2 − ‖Φ(y, ω)‖^2 | | | = (‖Φ(x, ω)‖ + ‖Φ(y, ω)‖) |‖Φ(x, ω)‖ − ‖Φ(y, ω)‖| ≤ c_0c_1(2 + ‖x‖ + ‖y‖)(‖ω‖ + 1)^2‖x − y‖ ≤ C(‖ω‖ + 1)^2‖x − y‖, where C := 2c_0c_1(1 + c_2).

By the assumption (1.5) on the density function ρ, we obtain

|f^{(k)}(x^{(k)}) − f^{(k)}(x̄)| ≤ 1 N_k

N_k∑ i=1 | | |‖Φ(x^{(k)}, ω^i)‖^2 − ‖Φ(x̄, ω^i)‖^2 | | | ρ(ω^i) ≤ 1 N_k

N_k∑ i=1 C(‖ω^i‖ + 1)^2ρ(ω^i)‖x^{(k)} − x̄‖ ≤ K‖x^{(k)} − x̄‖, where K is a constant satisfying K ≥ C N_k

N_k∑ i=1 (‖ω^i‖ + 1)^2ρ(ω^i) for all large k.

Hence (2.2) holds. Now by Theorem 2.1 and (2.2), we find

|f^{(k)}(x^{(k)}) − f(x̄)| ≤ |f^{(k)}(x^{(k)}) − f^{(k)}(x̄)| + |f^{(k)}(x̄) − f(x̄)| → 0 as k → ∞.

However, by definition, we have f^{(k)}(x^{(k)}) ≤ f^{(k)}(x) for all x ∈ R^n_+.

Therefore, combining the above results, we obtain

f(x̄) = lim_{k→∞} f^{(k)}(x^{(k)}) ≤ lim_{k→∞} f^{(k)}(x) = f(x) for all x ∈ R^n_+. This completes the proof.

The following lemma shows that the converse of Lemma 2.2 is true, when M(ω) ≡ M and q(ω) is a linear function of ω.

Lemma 2.3 Suppose that M(ω) ≡ M. If M is not an R_0 matrix, and q(ω) is a linear function of ω, then there is a γ > 0 such that the level set D(γ) is unbounded. Proof: Since M is not an R_0 matrix, there is an x ≠ 0 such that x ≥ 0, Mx ≥ 0, x^T Mx = 0, which in particular implies that either x_i = 0 or (Mx)_i = 0 holds for each i. Hence we have

min(x_i, (Mx + q(ω))_i) =

0 x_i = 0, (Mx + q(ω))_i ≥ 0 (Mx + q(ω))_i x_i = 0, (Mx + q(ω))_i ≤ 0 x_i (Mx)_i = 0, q_i(ω) ≥ x_i q_i(ω) (Mx)_i = 0, q_i(ω) ≤ x_i.

Note that |(Mx + q(ω)_i| ≤ |q_i(ω)| if (Mx + q(ω))_i ≤ 0. This implies that 1 √ 2 + 2

|Φ_2(x, ω)_i| ≤ |Φ_1(x, ω)_i| = | min(x_i, (Mx + q(ω))_i)| ≤ |q_i(ω)|.

Thus we find f(x) ≤ ( √ 2 + 2)^2 ∫ Ω ‖q(ω)‖^2ρ(ω)dω =: γ.

From the assumption that q(ω) is a linear function of ω and the assumption (1.5) on ρ(ω), we have γ < ∞.

Since the argument above holds for λx with any λ > 0, that is, f(λx) ≤ γ, we complete the proof.

Theorem 2.3 Suppose M(ω) ≡ M and q(ω) is a linear function of ω, i.e., q(ω) = q̄ + T ω, where q̄ ∈ R^n and T ∈ R^{n×m} .

1. If M is an R_0 matrix, then for any q̄ and T , the sets S_k are nonempty and bounded. Let x^{(k)} ∈ S_k for each k. Then any accumulation point of {x^{(k)}} is a solution of the SLCP (1.3).

2. If M is not an R_0 matrix, then there are q̄ and T such that the sets S_k are unbounded for all k.

Proof: Part 1 follows from Theorem 2.2 directly. To prove Part 2, let x ≠ 0 satisfy

x ≥ 0, Mx ≥ 0, x^T Mx = 0

and choose q̄ and T such that

x_i = 0 =⇒ q_i(ω) ≥ 0 for all ω ∈ Ω, x_i > 0 =⇒ q_i(ω) ≡ 0 for all ω ∈ Ω.

Then we have

‖Φ_2(λx, ω)‖ ≤ ( √ 2 + 2)‖Φ_1(λx, ω)‖ = ( √ 2 + 2)‖ min(λx, M(λx) + q(ω))‖ = 0

for all ω ∈ Ω and λ > 0. Hence f^{(k)}(λx) = 0, that is, λx ∈ S_k for all λ > 0. Since x ≠ 0, S_k is unbounded.

Remark It is well known that for the LCP, the matrix M being a P matrix is a necessary and sufficient condition for the existence and uniqueness of the solution of the LCP with all q. Theorem 2.3 states that the matrix M being an R_0 matrix is a necessary and sufficient condition for the boundedness of the solution set of the fixed cost SLCP with any linear function q(ω). Furthermore, the condition that M and q are linear functions can be replaced by the condition that there is a constant c > 0 such that ‖M(ω)‖ + ‖q(ω)‖ ≤ c(‖ω‖ + 1).

3 Fixed cost problems

In this section, we consider a class of fixed cost SLCP, where

M(ω) ≡ M and q(ω) ≡ q̄ + T ω,

where M ∈ R^{n×n} , q̄ ∈ R^n and T ∈ R^{n×m} are given constants. Moreover we assume that matrix T has at least one nonzero element in each row.

Lemma 3.1 Suppose that ρ : R → [0, ∞) is piecewise continuous. Then for any c ≠ 0, the function ψ : R^2 → R defined by

ψ(a, b) :=

∫_∞ −∞ (min(a, b + cω))^2ρ(ω)dω

is continuously differentiable.

Proof: It is easy to verify

ψ(a, b) =

∫_∞ −∞ (a − max(0, a − b − cω))^2ρ(ω)dω

= a^2 − 2a

∫_∞ −∞ max(0, a − b − cω)ρ(ω)dω + ∫_∞ −∞ (max(0, a − b − cω))^2ρ(ω)dω. (3.1)

Obviously the first term is continuously differentiable. If c > 0, then the second term is a class of smoothing function for the function max(0, ·). By the results in [2], it is continuously differentiable. If c < 0, we set ω̃ = −ω and ρ̃(ω̃) := ρ(ω). Then ρ̃ : R → [0, ∞) is piecewise continuous. Hence we can use the results in [2] to claim that

∫_∞ −∞ max(0, a − b − cω)ρ(ω)dω = ∫_∞ −∞ max(0, a − b − |c|ω̃)ρ̃(ω̃)dω̃

is also continuously differentiable with respect to a and b.

The continuously differentiability of the third term in (3.1) follows from the fact that (max(0, a − b − cω))^2 ρ(ω) is continuously differentiable with respect to a and b.

We illustrate Lemma 3.1 by the following uniform density function

ρ(ω) =

1 ω ∈ [0, 1] 0 otherwise.

Suppose c > 0. We can deal with the case c < 0 in a similar manner. Calculating the integrals, we obtain

∫_∞ −∞ max(0, a − b − cω)ρ(ω)dω

= 0 a − b ≤ 0 1 2c (a − b)^2 0 ≤ a − b ≤ c a − b −^c_2 a − b ≥ c and ∫_∞ −∞ (max(0, a − b − cω))^2 ρ(ω)dω

= 0 a − b ≤ 0 1 3c (a − b)^3 0 ≤ a − b ≤ c 1 3c [(a − b)^3 − (a − b − c)^3] a − b ≥ c.

Summarizing these terms gives the function

ψ(a, b) = a^2 a − b ≤ 0 a^2 −^a_c (a − b)^2 +^1_{3c} (a − b)^3 0 ≤ a − b ≤ c a^2 − 2a(a − b) + ac +^1_{3c} [(a − b)^3 − (a − b − c)^3] a − b ≥ c, which is continuously differentiable.

Theorem 3.1 Let Ω = [α_1, β_1]×. . .×[α_m, β_m] with α_i < β_i, j = 1, . . . , m. Suppose that ω_j , j = 1, . . . , m are independent and the density function ρ is continuous on Ω. Then the function f_1(x) = ∫ Ω ‖ min(x, Mx + q̄ + T ω)‖^2ρ(ω)dω is continuously differentiable.

Proof: For each j, let ρ_j denote the density function for ω_j . Due to the structure of the problem, f_1 can be written as f_1(x) = n∑ i=1 ∫_{βm}

α_m

. . .

∫_{β1}

α_1

(min(x_i, (Mx + q̄ + T ω)_i)^2ρ_1(ω_1) · · · ρ_m(ω_m)dω_1 · · · dω_m.

Recall that, for each i, there exists at least one j such that T_{ij} ≠ 0. From Lemma 3.1, it then follows that

η_{ij} (x, ω_1, . . . , ω_{j−1}, ω_{j+1}, . . . , ω_m) :=

∫_{βj}

α_j

(min(x_i, (Mx + q̄ + T ω)_i)^2ρ_j (ω_j )dω_j

is continuously differentiable. Hence

f_{1,i}(x) :=

∫_{β1}

α_1

. . .

∫_{βm}

α_m

(min(x_i, (Mx + q̄ + T ω)_i)^2ρ_1(ω_1) · · · ρ_m(ω_m)dω_1 · · · dω_m = ∫_{β1}

α_1

. . .

∫_{βj−1}

α_{j−1}

∫_{βj+1}

α_{j+1}

. . .

∫_{βm}

α_m

η_{ij} (x, ω_1, . . . , ω_{j−1}, ω_{j+1}, . . . , ω_m) ρ_1(ω_1) · · · ρ_{j−1}(ω_{j−1})ρ_{j+1}(ω_{j+1}) · · · ρ_m(ω_m)dω_1 · · · dω_{j−1}dω_{j+1} · · · dω_m is a continuously differentiable function of x. Since each row of T has at least one nonzero element, we can claim that the function f_1 =

∑_n

i=1 f_{1,i} is continuously differentiable.

This theorem suggests that it is possible to solve some special SLCP without using discrete approximation. For example, we consider the following case: For each i, let the ith row of matrix T has just one positive element t_i, and the density function ρ is defined by

ρ(ω) =

1 ω ∈ [0, 1]^m 0 otherwise.

(3.2)

In this case, we can write f_1 explicitly as

f_1(x) := n∑ i=1 f_{1,i}(x),

where

f_{1,i}(x) := x^2_i x_i − y_i ≤ 0 x^2_i −^{xi}_{ti} (x_i − y_i)^2 +^1_{3ti} (x_i − y_i)^3 0 ≤ x_i − y_i ≤ t_i x^2_i − 2x_i(x_i − y_i) + x_it_i +^1_{3ti} [(x_i − y_i)^3

−(x_i − y_i − t_i)^3] x_i − y_i ≥ t_i and y_i = (Mx + q̄)_i. Moreover, it is notable, in this case, the SLCP (1.3) defined by the “min” function is continuously differentiable. Therefore, we even do not need to use smoothing approximations.

In other cases, for example, ω_j are distributed normally or exponentially. In practice, we may always restrict ourselves to their 99% confidence interval [α_j, β_j ]. Hence Theorem 3.1 is particularly important for the purpose of applications. Moreover, we can use a transformation function to go from an integral on R^m to the integral of [0, 1]^m.

Now let us turn our attention to the FB function. The SLCP (1.3) defined by the FB function is continuously differentiable. In the case where the ith row of matrix T has only one positive element t_i for each i = 1, . . . , n, and the density function ρ is defined by (3.2), the function f_2 can be written as

f_2(x) = n∑ i=1 (x_i + y_i)^2 + t_i 2 + 1 2t_i ( y_i √ x^2_i + y^2_i − (y_i + t_i) √ x^2_i + (y_i + t_i)^2 )

+ x^2_i 2t_i log √ x^2_i + y^2_i + y_i √ x^2_i + (y_i + t_i)^2 + y_i + t_i . 4 Some remarks

Problem (1.3) may be regarded as a constrained nonlinear least squares problem. Moreover, as shown below, it may also be viewed as a two stage stochastic program:

min_{x≥0} E_Ω[‖r(x, ω)‖^2] (4.1)

where r(x, ω) is the unique solution of the equilibrium problem

x − h(x, r) ≥ 0, M(ω)x + q(ω) − g(x, r) ≥ 0,

(x − h(x, r))^T (M(ω)x + q(ω) − g(x, r)) = 0.

(4.2)

Here h(x, r) = (h_1(x_1, r_1), . . . , h_n(x_n, r_n)) and g(x, r) = (g_1(x_1, r_1), . . . , g_n(x_n, r_n)) are dependent on the NCP function.

Proposition 4.1 For any a, b, c ∈ R such that b ≥ 0, we have

1. min(a, b) = c ⇐⇒ min(a − c, b − c) = 0.

2. a + b − √ a^2 + b^2 = c ⇐⇒ a − s + b − t − √ (a − s)^2 + (b − t)^2 = 0,

where

s = { 0 a = 0 c a ≠ 0, t = 0 a = 0 or a = c (c − 2a)c 2(c − a) a ≠ 0 and a ≠ c.

Proof: Part 1 is very easy to verify. We only show part 2. Clearly the equivalence holds for a = 0. Note that c = 0 in this case. In the following proof, we assume a ≠ 0 and a ≠ c.

Let a + b − √ a^2 + b^2 = c. Then we have

a − c = √ a^2 + b^2 − b > 0 and 2ab − 2(a + b)c + c^2 = 0. (4.3)

From (4.3) we get b − c − 2a 2(c − a) c = 2b(c − a) − (c − 2a)c 2(c − a) = 2ab − 2(a + b)c + c^2 2(a − c)

= 0.

Hence it is easy to see that a − s + b − t − √ (a − s)^2 + (b − t)^2 = 0 holds with s = c and t =^{c−2a}_{2(c−a)} c.

Conversely, suppose that a − s + b − t − √ (a − s)^2 + (b − t)^2 = 0. Then we have a − s ≥ 0, b − t ≥ 0 and (a − s)(b − t) = 0. (4.4) From (4.4) and the definitions of s and t, we have a > c and

0 = 2(a − c) ( b − c − 2a 2(c − a) c ) = 2(a − c) + c^2 − 2ac.

This shows (4.3), which in turn implies (a + b − c)^2 = a^2 + b^2. On the other hand, since a > c implies b =^{c−2a}_{2(c−a)} c, we have

a + b − c = a^2 + (a − c)^2 2(a − c)

≥ 0.

Hence we obtain a + b − √ a^2 + b^2 = c.

By Proposition 4.1, the functions h(x, r) and g(x, r) in (4.1)–(4.2) are h(x, r) = r, g(x, r) = r for the “min” function, and

h_i(x_i, r_i) = r_i y_i ≠ 0 0 otherwise, g_i(x_i, r_i) = r_i − 2y_i 2(r_i − y_i) r_i y_i ≠ 0 0 otherwise.

for the BF function, where y_i = (M(ω)x + q(ω))_i.

Moreover, by using a positive definite diagonal matrix D(ω), we may consider the following problem, which is equivalent to (1.2):

D(ω)^{−1}(M(ω)x + q(ω)) ≥ 0, x ≥ 0, (D(ω)^{−1}(M(ω)x + q(ω)))^T x = 0. Then the equilibrium problem (4.2) in the second stage of problem (4.1) becomes x − h(x, r) ≥ 0, D(ω)^{−1}(M(ω)x + q(ω)) − g(x, r) ≥ 0 (x − h(x, r))^T (D(ω)^{−1}(M(ω)x + q) − g(x, r)) = 0, which is equivalent to x − h(x, r) ≥ 0, M(ω)x + q(ω) − D(ω)g(x, r) ≥ 0 (x − h(x, r))^T (M(ω)x + q − D(ω)g(x, r)) = 0.

From the viewpoint of smoothness, problem (1.4) defined by the BF function may be considered more desirable than that defined by the “min” function. However, by the simplicity of h(x, r) and g(x, r) in the second stage of problem (4.1) and the boundedness of level sets (cf. Example 1), one may prefer using the “min” function. Furthermore, for the fixed cost problems treated in section 3, the “min” function may be an appropriate NCP function for SLCP. We are aware that the “min” function and the BF function have some limitations in dealing with the monotone linear complementarity problem. NCP functions for monotone LCP have been studied in [1, 3, 7, 10, 12]. It may be of interest to study monotone SLCP with these NCP functions.

References

[1] B. Chen, X. Chen, and C. Kanzow: A penalized Fischer-Burmeister NCP-function, Math. Programming, 88 (2000) 211-216.

[2] C. Chen and O.L. Mangasarian: A class of smoothing functions for nonlinear and mixed complementarity problems, Comp. Optim. Appl., 5 (1996) 97-138.

[3] X. Chen and Y. Ye: On homotopy-smoothing methods for box-constrained variational inequalities, SIAM J. Control Optim., 37 (1999) 589-616.

[4] A. Fischer: A special Newton-type optimization method, Optim., 24 (1992) 269-284.

[5] M. Fukushima: Merit functions for variational inequality and complementarity problems, in G. Di Pillo and F. Giannessi (eds.): Nonlinear Optimization and Applications (Plenum Press, New York, NY 1996), 155-170.

[6] C. Kanzow: Some noninterior continuation methods for linear complementarity problems, SIAM J. Matrix Anal. Appl., 17 (1996) 851-868.

[7] C. Kanzow, N. Yamashita and M. Fukushima: New NCP-functions and their properties, J. Optim. Theory Appl., 94 (1997) 115-135.

[8] Z.-Q. Luo and P. Tseng: A new class of merit functions for nonlinear complementarity problems, Complementarity and Variational Problems: State of the Art, M.C. Ferris and J.-S. Pang (eds.), SIAM, Philadelphia, 1997, pp. 204–225.

[9] H. Niederreiter: Random Number Generation and Quasi-Monte Carlo Methods, SIAM, Philadelphia, 1992.

[10] L.Qi: Regular pseudo-smooth NCP and BVIP functions and globally and quadratically convergent generalized Newton methods for complementarity and variational inequality problems, Math. Oper. Res., 24 (1999) 440-471.

[11] P. Tseng: Growth behavior of a class of merit functions for the nonlinear complementarity problem, J. Optim. Theory Appl., 89 (1996) 17-37.

[12] D. Sun and L. Qi: On NCP-functions, Comp. Optim. Appl., 13 (1999) 201-220.