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Abstract

The regularized Newton method (RNM) is one of the efficient solution methods for the unconstrained
convex optimization. It is well-known that the RNM has good convergence properties as compared
to the steepest descent method and the pure Newton’s method. For example, Li, Fukushima, Qi and
Yamashita showed that the RNM has a quadratic rate of convergence under the local error bound
condition. Recently, Polyak showed that the global complexity bound of the RNM, which is the first
iteration k such that ||V f(zx)|| < e, is O(e™?), where f is the objective function and e is a given positive
constant. In this paper, we consider the RNM for the unconstrained “nonconvex” optimization. We
show that the RNM has the following properties. (a) The RNM has a global convergence property under
appropriate conditions. (b) The global complexity bound of the RNM is O(¢~?) if V2f is Lipschitz
continuous on a certain compact set. (c¢) The RNM has a superlinear rate of convergence under the
local error bound condition.

Key words. Regularized Newton methods, Global convergence, Global complexity bound, Local error
bound, Superlinear convergence

1 Introduction

In this paper, we consider the regularized Newton method (RNM) for the following unconstrained mini-
mization problem.

o 11
minimize f(x), (1.1)
where f is a twice continuously differentiable function from R™ into R. When f is convex, the RNM is one
of the efficient solution methods for (1.1) and has good convergence properties [3, 4]0
For a current point zj, the RNM adopts a search direction dj defined by

dp = —(V? fzx) + ) 7'V f (), (1.2)

where py, is a positive parameter. If f is convex, then V2f(zy) + uxl is a positive definite matrix, and
hence dj, is a descent direction for f at xy, i.e., Vf(xy)Tdy < 0. Therefore, the RNM with an appropriate
line search method, such as the Armijo’s step size rule, has a global convergence property.

Li, Fukushima, Qi and Yamashita [3] showed that the RNM has a quadratic rate of convergence under
the assumption that ||V f(x)| provides a local error bound for (1.1) in a neighborhood of an optimal solution
z*. Note that the local error bound condition holds if the second-order sufficient optimality condition holds
at z*. But the converse is not true. Thus the local error bound condition is weaker than the second-order
sufficient optimality condition.
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Recently, Polyak [4] proposed the RNM with a special step size and analyzed its global complexity
bound defined as follows. Let {zx} be a sequence generated by some algorithms. For a given positive
constant €, let J be the first iteration that satisfies

IVf(z)ll < e

We call J the global complexity bound of the algorithm. Polyak showed that if the level set of f at the
initial point xq is compact, then the global complexity bound of his method satisfies

J=0(").

Note that this complexity holds without the local error bound condition or the second-order sufficient
optimality condition. However, since the Polyak’s RNM uses a special step size containing the Lipschitz
constant of V f, the above result may not hold if the Lipschitz constant is unknown.

In most past studies for the RNM, the convergence properties have been discussed only when f is
convex. In this paper, we consider the RNM extended to the problem (1.1) whose objective function f
is nonconvex. The extended RNM (E-RNM) uses the Armijo’s step size rule, and it does not contain
unknown constants, e.g., the Lipschitz constant of V f as Polyak’s method. We show that the E-RNM has
the following properties:

e If a sequence {x} generated by the E-RNM is bounded, then ||V f(x)|| converges to 0.

e If {z}} is bounded and V2 is Lipschitz continuous on a certain compact set containing {zj}, then
the global complexity bound of the E-RNM is

J=0(?).

e Under the local error bound condition, the distance between x; and the local optimal solution set
converges to 0 superlinearly.

This paper is organized as follows. In the next section, we extend the RNM to the problem (1.1)
whose objective function f is not necessarily convex. In Section 3, we show that the E-RNM has global
convergence. In Section 4, we give the global complexity bound of the E-RNM. In Section 5, we establish
superlinear convergence under the local error bound condition. Finally, Section 6 concludes the paper.

We use the following notations throughout the paper. For a vector € R™, ||z|| denotes the Euclidean
norm defined by ||z|| :== VaTz. For a symmetric matrix M € R™*" we denote the maximum eigenvalue and
the minimum eigenvalue of M as Ayax (M) and Apin (M), respectively. Then, ||M || denotes the ¢5 norm of M
defined by || M| := v/ Amax(MTM). If M is symmetric positive semidefinite matrix, then ||M|| = Amax(M).
Furthermore, M > (>)0 denotes the positive (semi)definiteness of M, i.e., Ayin(M) > (>)0. B(x,r) denotes
the closed sphere with center = and radius r, i.e., B(z,r) := {y € R" | ||y — z|| < r}. dist(z, S) denotes the
distance between a vector x € R” and a set S C R”, i.e., dist(z,S) := minyeg ||y — z||. For sets S; C R"
and Sy C R™, S; 4+ S denotes the sum of S; and Sy defined by S1 4+ Se :={z+y € R" |z € S1,y € Sa}.

2 Extended regularized Newton method for the unconstrained
nonconvex optimization

In this section, we extend the RNM to be able to used when f is nonconvex. Let xj be the k-th iterative
point. In what follows, we denote the gradient V f(z) and the Hessian V2 f(z1) as g, and Hjy, respectively.
At the k-th iteration of the RNM, we set the regularized parameter py as

e = c1hi + eallgr)’, (2.1)
where c1, co,d are constants such that ¢; > 1,¢2 > 0,0 > 0, and Ay, is defined by

Ak = max(O, _)\min(Hk))- (22)



From the definition of Ay, the matrix Hy + ¢1Ax1 is positive semidefinite even if f is nonconvex. Therefore,
if ||gn|| # 0, then Hy + pxl = Hy, + c1 Al + cal|lgr||°T = 0. So we can adopt a search direction dj, at xj, as

di = —(I‘I}C +01AkI+CQHng61)_1gk (23)

when f is nonconvex.
The algorithm of the RNM with the above dj and Armijo’s step size rule is described as follows.

\
Extended Regularized Newton Method (E-RNM)

Step 0 : Choose parameters 6, ¢1, ¢, a, 3 such that
60>20,c1>1,¢>0,0<a<l,0< <.
Choose a starting point zg. Set k := 0.
Step 1 : If the stopping criteria is satisfied, then terminate. Otherwise, go to Step 2.

Step 2 : [Computing search direction dj]
Compute

d, = —(Hy + cr AT + callgell°T) " g

Step 3 : [Armijo’s step size rule ]
Find the smallest nonnegative integer [ such that

fx) = fax+ B%di) > —af* g} dy. (2.4)

Step 4 : Set tp = ', 2p 11 = 2 + trdy and k := k + 1. Go to Step 1.

In Step 3 of the E-RNM, a backtracking scheme is used. Since df gr < 0 for k such that ||gx|| # 0, the
number of backtracking steps is finite.

3 Global convergence

In this section, we investigate the global convergence of the E-RNM. To this end, we need the following
assumption.

Assumption 1. There exists a compact set Q CR™ such that {x} C .

Note that Assumption 1 holds if the level set of f at the initial point x( is compact.
First, we show the boundedness of {dy}.

Lemma 3.1. Suppose that ||gk|| # 0. Then, di. defined by (2.3) satisfies

Ja < Lol
i C2 .

Proof. We have from (2.3) that

ldill = (i + ex A + 2l gel 1) i
< || (Hic+ ex AT + callgi| D7) - el
= N ((H + 1] + 2l 1) ) g
ol
Amin (Hi + c1Arl + c2||gr]|°T)
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where the last inequality follows from the facts that Hy, + ¢ A is positive semidefinite and ||gg|| # 0. O

Since {xy} is in the compact set €2, there exists U, > 0 such that
lgell < Uy, VK =0. (3.1)
The next lemma indicates that ||dx|| is bounded above if ||gx|| does not converges to 0.

Lemma 3.2. Suppose that Assumption 1 holds. Suppose also that there exists a constant € > 0 such that
llgr|l > €. Then, dy, defined by (2.3) satisfies

1|l < b(e),

(UF |
b(e) := g — .
(€) := max ( =

Proof. When § < 1, it follows from Lemma 3.1 and (3.1) that

where

Ulfé
i < —2—. (3.2)
)

Meanwhile, when ¢ > 1, it follows from Lemma 3.1 and ||gx|| > € that

1
di|| < ——.
ldell < —5=

This completes the proof. O
When ||gi|| > € for all k, we have from Lemma 3.2 that
xp +7dp € Q+ B(0,b(¢)), Vrel0,1], Vk>O0.

Moreover, since 2+ B(0,b(e)) is compact and f is twice continuously differentiable, there exists Ug(€) > 0
such that

IV2f(x)|| < Ug(e), Ve Q+ B(0,b(e)). (3.3)

Next, we show that the step size tj determined in Step 4 of the E-RNM is bounded away from 0 when
gkl = €.

Lemma 3.3. Suppose that Assumption 1 holds. Suppose also that there exists a constant € > 0 such that
llgill > €. Then,

tk 2 tmin (6) )
where

2(1 — a)ﬁ0265>
Un (e) '

Proof. From Taylor’s theorem, there exists 7, € (0,1) such that

tmin(€) := min (1,

1
flan + trode) = flzr) + tegi di + §t2d£V2f($k + Titedr)dg.
Thus we have

1
flay) — flar + tedy) + atpgl dp = (1 — a)tpgl di — ?idgVQf(iEk + Ttpdy)dy. (3.4)



Since
gk = —(Hi + 1t Al + co|gr]|°T)dy,
from the definition (2.3) of dy, substituting it into (3.4) yields
flar) = f(ze + tedy) + atrgf di

1
= (1 — a)tkdg(Hk + 1A + C2||gk||61)dk; — §tidfv2f($k + Tktkdk)dk

= (1 — a)tkdg (Hk + ClAkI) di, + (1 — Oz)tkdg (CQHngéI — tkvgf(xk + Tktkdk)> dp. (35)

2(1 - «)

Since Hj, + c1 A1 is positive semidefinite, we have

f(xk) — f(l‘k + tkdk) + Oztkggdk > (1 — Oé)tkdg (Cg|gk|61 — thQf(ﬂfk + Tktkdk)> dy,

2(1 — «)

> (1 o)ty (czngkné - V2 Fa + mkdwn) ldell?. (36)

2(1 — «)
It then follows from ||gk| > € and (3.3) that

1

fxr) = fzp + tedr) + atpgldy > (1 — )ty <62€5 T 3i—a)

tkUH<e>) i 2 (3.7)

Now we consider two cases: (i) 2(1 — a)c2€® /Up(€) > 1 and (ii) 2(1 — a)cae® /Ug (€) < 1.
Case (i): From (3.7), we have
flar) = far +di) > —agg dy,
and hence t; = 1 satisfies the Armijo’s rule (2.4).

Case (ii): In this case, it follows from (3.7) that

2(1 — a)cped

t Un (e)

IN

= f(xg) — f(2x + tpdy) > —atrgl dy.

Therefore, ¢, must be

UH(E)

Otherwise ¢/ satisfies the Armijo’s rule (2.4), which contradicts the definition of ¢j.

be> <W> 5.

This completes the proof. O
Next, we give a lower bound of the reduction f(xg) — f(xx+1) when [|gk|| > e.

Lemma 3.4. Suppose that Assumption 1 holds. Suppose also that there exists a constant € > 0 such that
llgr|l > €. Then,

f(@r) = f(zrs) = ple)é,
where

Ot min (€)
1+ Cl)UH(G) + CQUg ’

p(e) = (



Proof. Since Hy, + c1 Al is positive semidefinite and ||gx|| 7 0, we have

1

Amax (Hy + e1Ar] + 2| gk 1°T)
1

Amax(Hk) + ClAk + CQHQkH(S .

)\min((Hk + ClAkI + 02||g/€||51)71) =

It then follows from || gkl > €, (3.1) and (3.3) that

1
Nuin((Hy + LA T + eallge|°D)7) = : 3.8
( k 14k 2||gk‘|| ) - (1 + Cl)UH(G) I CQUg ( )
Therefore, we have from the Armijo’s rule (2.4) and the definition (2.3) of dj, that
flar) = f(wre1) = —atygy dy
= atrgi, (Hi + 1A + ea|lgil|°1) ™ g1
> atyhmin (i + et AT+ e2lgi|°D) ™) el
atmin(e) 2
> 3.9
- (1+61)UH(6)+02U3Hng (3.9)
Ot min (€) 9

= U+ e)Un(e) + U3

where the third inequality follows from (3.8) and Lemma 3.3, and the last inequality follows from | gg| >
€. O

From the above lemma, we show the global convergence of the E-RNM.

Theorem 3.1. Suppose that Assumption 1 holds. Then,
i {lge[} = 0.

Proof. Suppose the contrary, i.e., limsup,_, . ||gx| > 0. Let

_ limsup, o [|gx|l
€:= ,
2
I(k) == {j €{0,1,...} [j <k, [lg;]| = €}
Then, we have

klim |1 (k)| = oo,

where |I. (k)| denotes the number of the elements of I.(k). From Lemma 3.4, we obtain

k
f(xo) — f(wh41) = Z(f(»’cj) = f(@j+1))

Taking k£ — oo, the right hand side of the inequality goes to infinity. This contradicts Assumption 1 and
the continuity of f. Hence, we have limsup,_,  |lgk|| = 0, i.e., limy— o |lgk| = 0. O



4 Global complexity bound

In this section, we estimate the global complexity bound of the E-RNM. To this end, we need the following
assumptions in addition to Assumption 1 in the previous section.

Assumption 2.

(a) 6 <1/2.

(b) < 1/2.

(c) Let by := Uglf‘s/cl. V2f is Lipschitz continuous on 2+ B(0,by), i.e., there exists Ly > 0 such that

IV2f(z) = V2f W)l < Lullz —yll,  Vo,y € @+ B(0,b).

Under Assumption 1, the inequality (3.1) holds. Moreover, there exists fiin such that
f(@r) > fmin, VE>0. (4.1)
From Assumptions 1 and 2 (a), the inequality (3.2) holds. Therefore, we have
x +7dp € Q4+ B(0,by), VYrel0,1], Vk>0.
Since 2 4+ B(0,b;) is compact and f is twice continuously differentiable, there exists Uy > 0 such that
IV2f(2)| < Un, Vae€Q+B(0,b). (4.2)

Moreover, from Assumption 2 (c¢), we have

IV2f(y) (@ —y) = (VF(2) = V)l < %LHIILE —yl?%  Vz,y e Q+B(0,by). (4.3)

The next lemma indicates that the step size t; is bounded below by some positive constant independent
of k.

Lemma 4.1. Suppose that Assumptions 1 and 2 hold. Then,
ty > tmin,

where

2(1 — 2
tmin ;= min | 1, 7( ?)2’562 .
LyUg™

Proof. Since Hy + ¢y AiI is positive semidefinite and 1 > ﬁtk, we have

1
dF (Hy + c1Ay)dy, > mtkd{(Hk + c1Ag)dy

> tpdi Hydy. (4.4)

2(1 — «)
It then follows from (3.5) and (4.4) that

f(@r) = fxn + tudy) + atrgi di

v

1
s+ (1 - o] (a7 -

mtkvzf(xk; + Tktkdk)) dk

Y

u—Mm(@muﬂ— tMVW@wHuww—HM>MM?

2(1 — )



Moreover, since 7 € (0,1) and V2 is Lipschitz continuous from Assumption 2 (c), we have
L
Faon) = flan+ tude) + atiglds > (1= e (callnl? = 52t l)

Lty <2(1 — a)cal|gwll® 2> 3
= —t dill°. 4.5

From Assumption 2 (a), Lemma 3.1 and (3.1), we have

— 1-20
el _ ol _ U3~

lgrll® = ca C2

Thus we obtain from (4.5) and (4.6) that

Lyt 2(1 — a)c2
Flen) — flon + tde) + atrgldy > 2% (2AZ0% )y 0
2 \ LU}

If 2(1 — a)c3/(LpU}~%) > 1, then Armijo’s rule (2.4) holds with ¢, = 1. If 2(1 — a)c3/(LuU}~%°) < 1,
then we have

2(1 — a)c?
tr < (71_)252 = f(a:k) - f(a:k + tkd}c) > —Oétk,ggdk.
LyUy
Thus t;, must satisfy
2(1 — a)c3
ty > ( W B.
This completes the proof. O

From the above lemma, we show that the number of backtracking steps is bounded above by some
positive constant independent of k.

Theorem 4.1. Suppose that Assumptions 1 and 2 hold. Then,

Ik < lmax,
where
o = in,
Ing
Proof. From Lemma 4.1, we obtain [ In 3 > Int;,. Since In 3 < 0, we have [, < % O

Remark 4.1. Since the Polyak’s RNM [/] uses a special step size which contains the Lipschitz constant,
his method does not need a backtracking scheme. However, the step size used in the Polyak’s RNM cannot
be used when the Lipschitz constant is unknown.

Next, we estimate a lower bound of the reduction f(xg) — f(gt1)-

Lemma 4.2. Suppose that Assumptions 1 and 2 hold. Then,

) = flarrr) = plgell?,

where

atmin

1+¢)Un +02Ug'

Pi=



Proof. It directly follows from (4.2), Lemma 4.1 and the inequality (3.9) of Lemma 3.4. O
By Lemma 4.2, we obtain the global complexity bound of the E-RNM.

Theorem 4.2. Suppose that Assumptions 1 and 2 hold. Let {xy} be a sequence generated by the E-RNM.
Let J be the first iteration such that ||gs|| < e. Then,

J< f(zo) — fmine_z,

N p
where p is a constant given in Lemma 4.2.

Proof. It follows from Lemma 4.2 that

k-1 k-1 2
F(@o) = fuin > F(wo) = fax) = D _(f(x) = fl@j1) = p > lgjlI* > kp < min ||9j||> :

° ° 0<j<k—1
7=0 7=0

Then, we have

min gy < (HE0Tin)

0<j<k—1 kp
and hence
z0) — fo
k> 7‘“ 0) = fmin ¢ 2= min llg;ll <e.
p 0<j<h—1
This completes the proof. O

Remark 4.2. The global complexity bound O(e~2) given in Theorem 4.2 is better than the existing result
O(e™) by Polyak [4]. Note that [4] does not assume Assumption 2 (c), i.e., the Lipschitz continuity of
V2f.

5 Local Convergence

In this section, we show that the E-RNM has a superlinear convergence under the local error bound
condition. In order to prove the superlinear convergence, we use techniques similar to [5] and [1]. In
[5], Yamashita and Fukushima showed that the Levenberg-Marquardt method has a quadratic rate of
convergence under the local error bound condition. Similarly, in [1], Dan, Yamashita and Fukushima
showed that the inexact Levenberg-Marquardt method has a superlinear rate of convergence under the
local error bound condition.

First, we make the following assumptions.

Assumption 3.
(a) There exists a local optimal solution =* of the problem (1.1).

(b) V2f is local Lipschitz continuous, i.e., there exist constants by € (0,1) and Ly > 0 such that

IV2f(z) = V2f ()l < Lullz —yll, Yo,y € Bz, by).

(¢) IVf(z)]| provides a local error bound for the problem (1.1) on B(x*,bs), i.e., there exists a constant
k1 > 0 such that

kidist(z, X*) < ||V f(x)||, Vze B(z", bs),
where X* is the local optimal solution set of (1.1).
(d) 0<d<1



(e) < 1/2.
Note that under Assumption 3 (b), the following inequality holds.

1 T *
IV? )@ —y) = (V) = Vi) < SLullz —yl*, Va,y € B(a",ba). (5.1)
Moreover, since f is twice continuously differentiable, there exist positive constants Ug and Eg such that
IVf(x)| <U,, Vze B(z* b), (5.2)
IVf(x) = Vil < Lgllz —yll,  Va,y € Bz, by). (5.3)

In what follows, Ty denotes an arbitrary vector such that
lxx — Zi|| = dist(xg, X*), T € X™.

In the case where f is convex, Li, Fukushima, Qi and Yamashita [3] showed the RNM has a quadratic rate
of convergence under the local error bound condition. The convexity of f implies A = 0. However, since f
is not necessarily convex, it is not always true that Ay = 0. Therefore, we now investigate the relationship
between Ay and dist(x, X*). To this end, we need the following property on a singular matrix.

Lemma 5.1. Suppose that M € R"*" is singular, then ||I — M| > 1.
Proof. It directly follows from [2, Corollary 5.6.16]. O

By using Lemma 5.1, we show the following key lemma for superlinear convergence.
Lemma 5.2. Suppose that Assumption 8 holds. If x € B(x*,ba/2), then
Ak S EHdiSt({Ek, X*)

Proof. When Hj, = 0, we have Ay, = 0. Thus the desired inequality holds. Next, we assume Apin(Hy) < 0.

Let ;\,(Cl) be the I[-th largest eigenvalue of V2f(Zy). Since Zp € X*, we have ;\g) > 0. Moreover, since
V2f(z) is a real symmetric matrix, V2 f(Z;) can be diagonalized by some orthogonal matrix Qy, i.e.,

QLY f(@1)Qx = diag(A]),
where diag(f\g)) denotes the diagonal matrix whose (I,1) element is 5\,(;). Then, we obtain
Nanin ()T = QF HiQie = Auin(Hi)T = QF (V2 (@) + (Hic — V2 (a)) ) Qu
= Aunin(Hi) T — ding(N) — QY (Hy, — V£ (24)) Qs

Since QT H, Q. has the eigenvalue Apin (Hy ), Amin(Hg)I—QI HyQy, is singular. Thus /\min(Hk)I—diag(;\,(cl))—
QY (Hy — V2 f(24))Qy is also singular. On the other hand, A, (Hy)I — diag(j\,(cl)) is nonsingular, because
Amin(Hy) < 0 and 5\,(;) > 0.

Now let

_ -1 _ _ _
M i= (Auin(Hi)T = diagN)) (Auwin (Hi)T = ding() = QF (Hi, = V2 £(24))Q ).
Then, M is singular. It then follows from Lemma 5.1 that
1< 11— M|

- (1 — (i ()T — ding (W) QE (2 — V2 (“))Q’“) H

= | (vnin ()T = g (3)) @ (11— V(2021

<[ Ot - o)™ | 10 (- s

- (Amin(Hk)I - diag(x;“))_l H N Hy = V2 (28] (5.4)

10



We consider ||()\min(Hk)I—diag(X,(cl)))_l|| and ||Hy —V?f(Z)|| separately. Since A\pin(Hy) < 0 and 5\,(5) >0,
we have

H (Awwin (H)T = ding (X)) B H = max [Ain (1) — A ‘*1

1<i<
_ 1
minlglgn )\mln(Hk) - )\](.Cl)
< 1
= [Amin(Hy)|
1
= —. 5.5
N (5.5
Next, we consider ||Hy — V2f(Z)||. Since zy € B(z*,by/2), we have
12k — 2| < 1Ze — el + loe — 27| < 27 — 2l + [lak — 27 < b,
and hence Zy € B(z*,bs). It then follows from Assumption 3 (b) that
|Hy, — V2 f(@)|| < Lu |y — @]l = Ladist(zg, X*). (5.6)
Therefore, we have from (5.4) — (5.6) that
1 < Lydist(zg, X ),
ST AL
which is the desired inequality. O

Using this lemma, we can show the superlinear convergence in a way similar to [5] and [1]. For the
completeness, we give the proofs.

Lemma 5.3. Suppose that Assumption 8 holds. If x, € B(x*,ba/2), then
”dkH < ngdist(xk,X*),

where

H 1 1
= max .
2 2coK§ & e —1
Proof. First note that V f(Z)) = 0. From the definition (1.2) of dj we have
Idill = || (Hi + c1 AT + c2)|gill®T) " gx|
= || B+ extad + callgul 1) (g1 = V(@) — Hilar = 21) + Hilow = 20)) |

< ||+ ex Al + call g 1) (91 = VF @) — Hiloi = 7)) |
+ |(Hi + cr A + callgi|°1) " Hie (i — 1) |

< ||(Hy + es AT + callgi|°D) 7| - lgx — VF(2x) — Hiax — 21)]|
+ || (Hy + er Apd + col gl 1)~ Hy|| - |z — 2|
L
< THllﬂ?k — Z|” - || (He + ex A d + c2llgell®D) 7| + ok — @l - |(Hi + e A + collgell°T) ™ Hi|

Ly .. N _ . . _
2 dist(w, X | (Hi + ex AT + callgil| )7 + diston, X7) | (Hi + ex AT + eallgn|) 7 Hi |
(5.7)

11



where the last inequality follows from (5.1). First, we consider |(Hy 4+ ciAxl + ca||gxl|®T)7"||. Since
x € B(x*,b2/2), we have Ty, € B(z*,bs). It follows from Hj, + caAy = 0 and Assumption 3 (c¢) that

|(Hi + crAed + collgellD) 7] = Amax(<Hk + oAl + czwlgkwf)‘l)

1
© Amin(Hi, + 1A, I + c2|gx||°1)
_ 1
= collgrll?

1
= ) 5.8
corfdist(zy, X*)° (58)

Next, we consider ||(Hy + ciArI + callgr|/®T) " Hy|. Let )\,(j) be the I-th largest eigenvalue of Hy. Then,
the eigenvalues of (Hy, + c1 Al + colg||°T) "t Hy, are given by

AV
)\,(f) + A+ CzHng‘s,
)

Now we consider two cases: (i) )\g) >0 and (ii) )\,(cl < 0.

Case (i): This case implies that

Ry
1.

<
. <
‘A,i) + A+ CQHng(;’

Case (ii): In this case, since —Ap = Apin(Hg) < )\g) < 0, we have )\,(fl) — Amin(Hg) > 0 and |/\,(€l)| <
[Amin (Hg)|. Therefore, we have

() )
N A
A+ e+ eallgel?] O = Amin(HL) = (1 = Dmin () + a2l g
< |>‘min(Hk)|
T A = i (Hi) + (e1 = 1) Panin ()| + c2lgi]1®
1
< .
T c—1

Thus we have

By

1
0 §max(17 1), 1<I<E,
‘)\k + ey + CQHQkH(S‘ €=
and hence
1
| (Hi + c1 AkT + ca2|gr||°T) "  Hi || < max (1, c1> : (5.9)
1 —

From (5.7) — (5.9), we have

L 1
ldill < 3 L dist(zr, X*)2~° + max (1, p 1) dist(zg, X*)

N
VR
[\
Q
[
X
o
_|_
g
I
"
N\
\:—*
)
Al
|
N—
N——
=
o2}
=
8
T
b

which is the desired inequality. O
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From the above lemma, we can show that x, + 7d), € B(z*,by) for any 7 € [0, 1] if . is sufficiently close
to z*.

Lemma 5.4. Suppose that Assumption 8 holds. Let bs :=ba/(ka + 1). If x, € B(x*,bs), then
gk + 7d, € B(x™,by), V7 €]0,1].
Proof. Since b3 < by/2, we have xp € B(x*,by/2). Therefore, we obtain

|2k + 7dy — ™| < [|og — 2| + [|di |l
< |lzk — x*|| + kodist(zg, X™)
<z — 2| + r2lzr — 27|
< (k2 + 1)bg < by,

where the second inequality follows from Lemma 5.3. O

From the above lemma, I = 0 (that is, ¢, = 1) is accepted in Step 3 of the RNM if z is sufficiently
close to z*.

Lemma 5.5. Suppose that Assumption 3 holds. Let
1
2(1 — I\ 15
by = i (bg, (20—t ) |
KQLH

Proof. From Assumption 3 (b) and the inequality (4.4) we have

If 1. € B(x*,by), then ty, = 1.

Lt 2(1 — a)c g
Fle) = Flon + tedy) + otigldy > “(< _o)eallgi ti) .
2 L ||dgl

It then follows from Assumption 3 (¢) and Lemma 5.3 that

flan) = f(@p + tedy) + otrg) di >

EHtk _2(1 70&)621415 ,t2 ||dlc||3
2 ko Lgdist(zg, X*)1—9 k

< Lty _2(1 —)cak? _ 2 ) ldal?

- 2 koLpgl|lxp —x*||'=0  °F

Lyty,
2

%

(1 =),

where the last inequality follows from zj, € B(x*,bs). Therefore, we have ¢, = 1. O

Next, we show that dist(zx, X*) converges to 0 superlinearly, as long as {x} lie in a neighborhood of

*

T,

Lemma 5.6. Suppose that Assumption 3 holds. If xp, xp41 € B(x*,by), then
dist(vg41, X*) = O (dist(2g, X*)' 7).

Therefore, there exists a positive constant bs such that

1
dist(xg, X*) < bs = dist(xg41, X¥) < idist(xk,X*).

13



Proof. We have from Assumption 3 (c)
: X 1
dist(2g+1, X*) < ;1||9k+1||

1 Ly
< —||Hpdk + grll + || di|?
K1 2:‘4',1

1 L
= —[lertud + eallgul " | + 32 a1

K1 2’11

g . o s Ly 9
< a5l + = gellPlldell + =2 Nl di||?, 5.10
< SR+ 2 gl il + e ] (5.10)

where the second inequality follows from (5.1) and Lemma 5.5, the first equality follows from the definition
(2.3) of di.. From (5.3), we have

lgll® = llgs = V£ (@)II° < Lodist (zx, X*)°. (5.11)
Therefore, we obtain from (5.10), (5.11), Lemma 5.2 and Lemma 5.3 that
L cokoLd 2L
dist (21, X*) < L2 it (g, X)2 + 229 dist(ay, X )0 4 220 digh (2, X )2
K1 K1 2/61
k2(2¢1Lgr + 2co L + koL
< 2(2e1 L 2 2y T2 H)dist(xk,X*)H‘s.
K1

O

Lemma 5.6 shows that {dist(x, X*)} converges to 0 superlinearly if x; € B(z*,bs) for all k. Now we
give a sufficient condition for z, € B(z*,bs) for all k.

Lemma 5.7. Suppose that Assumption 3 holds. Let bg; = min(bg, bs) and by := ﬁbg. If xg € B(z*,b7),
then xy, € B(x*,bg) for all k.
Proof. We prove the lemma by induction. First we consider the case k = 0. Since by < bg < by < bz < by /2,
we have xg € B(x*,by/2). Therefore, from Lemma 5.3, we obtain
1 — 27| = [lzo + todo — =]

< [lzo — 2™ + [|dol|
< lzp — «*|| + Kadist(xg, X*)
< (1 + ro)llwo — =]
< (1 + k2)by

1+ ko

<
T 14 2k9

b6 S b67

which shows that 1 € B(z*, bs). Next, we consider the case where k > 1. Suppose that z; € B(z*,bs), j =
1,...,k. It follows from Lemma 5.6 that

_ o1 . 1\’ \ 1)’ \ 1’
dlst(xj,X)gidlst(mj,hX)g---g 3 dist(zg, X™*) < 5 |lzo — ¥ < 5 br.

Therefore,
1 J

l[d;j |l < radist(z;, X*) < (2> Kobr. (5.12)

Thus we obtain
k
kg — 2| < llwo — & + Y lld;]| < (1 4 262)br = bs,
j=0

which shows that x4, € B(z*,bg). This completes the proof. O
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By using Lemmas 5.6 and 5.7, we give the rate of convergence of the E-RNM.

Theorem 5.1. Suppose that Assumption 3 holds. Let {xy} be a sequence generated by the E-RNM with
xo € B(x*,b7). Then, {dist(zy, X*)} converges to 0 at the rate of 1 + . Moreover, {z} converges to a
local optimal solution & € B(x*,bg).

Proof. The first part of the theorem directly follows from Lemmas 5.6 and 5.7. So we only show the second
part. For all integers p > ¢ > 0, we obtain

p—1
lzp — 24l <D lldsll

Jj=q

AN
=
[\v]
>
N
7N
N =

IN

X

[\v]

o>

N
7N
N =
N~
9

where the second inequality follows from (5.12). Thus {z} is a Cauchy sequence, and hence it converges. [

Remark 5.1. Note that by using techniques similar to [3], we can prove that ||xp — &|| converges to 0 at
the rate of 14 9.

6 Concluding Remarks

In this paper, we have considered the RNM extended to the unconstrained nonconvex optimization. We
have shown that the E-RNM has a global convergence and a superlinear convergence under appropriate
conditions. Moreover, we have shown that the global complexity bound of the E-RNM is O(e~2) when V2 f
is Lipschitz continuous. To our knowledge, this complexity is best for RNMs.

For future work, we may consider to improve the global complexity bound of the E-RNM when f is
convex. Moreover, it would be important to investigate how to calculate a search direction dy, efficiently or
how to choose the parameters 6, ¢y, co.
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