An Exact Algorithm for Maximum Independent Set
in Degree-5 Graphs

MINGYU XIAO HIrROSHI NAGAMOCHI
School of Computer Science and Department of Applied Mathematics and
Engineering, University of Electronic Physics, Graduate School of Informatics,
Science and Technology of China, China, Kyoto University, Japan,
myxiao@gmail.com nag@amp.i.kyoto-u.ac. jp
Abstract

The maximum independent set problem is a basic NP-hard problem and has been extensively
studied in exact algorithms. The maximum independent set problems in low-degree graphs are
also important and may be bottlenecks of the problem in general graphs. In this paper, we present
an O*(1.1737™)-time exact algorithm for the maximum independent set problem in an n-vertex
graph with degree bounded by 5, improving the previous running time bound of O*(1.1895"). In
our algorithm, we introduce an effective divide-and-conquer procedure to deal with vertex cuts of
size at most two in graphs, and design branching rules on some special structure of triconnected
graphs of maximum degree 5. These result in an improved algorithm without introducing a large
number of branching rules.
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1 Introduction

In the line of research on worst-case analysis of exact algorithms for NP-hard problems, the mazimum
independent set problem (MIS) is one of the most important problems. It asks us to find a maximum
set of vertices in a graph such that no pair of vertices in the set are adjacent to each other. The
method of trivially checking all possible vertex subsets results in an O*(2")-time algorithm. In
the last half a century, great progresses have been made on exact exponential algorithms and their
worst-case analysis for MIS. In 1977, Tarjan and Trojanowski [13] published the first nontrivial
O*(Q"/ 3)-time algorithm. After this, many fast exact algorithms for MIS have been investigated. We
quote the O*(1.2346™)-time algorithm by Jian in 1986 [9], the O*(1.2278™)-time polynomial-space
and O*(1.2109")-time exponential-space algorithms by Robson in 1986 [12], the O*(1.2210")-time
algorithm by Fomin et al. in 2006 [5], the O*(1.2132")-time algorithm by Kneis et al. in 2009 [10]
and the O*(1.2114")-time algorithm by Bourgeois et al. in 2012 [2].

Most polynomial-space algorithms for MIS use the following simple idea to search a solution:
branch on a vertex of maximum degree by either excluding it from the solution set or including it
to the solution set. In the first branch we will delete the vertex from the graph and in the second
branch we will delete the vertex together with all its neighbors from the graph. When the vertex to
be branched on is of degree at lest 8, the simple branch is almost good enough to get the running
time bound of all published polynomial-space algorithms for MIS. Then MIS in graphs with degree
bounded by i (i € {3,4,5,6,7}) may be the bottleneck cases of MIS. For most cases the running
time bound for MIS-i (the maximum independent set problem in graphs with maximum degree i) is
one of the bottlenecks to improve the running time bound for MIS-(i+1), especially for small i. This
holds in the many algorithms for MIS [2, 3, 5, 10, 18]. We look at the most recent two algorithms
for MIS in general graphs. Kneis et al. [10] used a fast algorithm for MIS-3 by Razgon [11] and used
a computer-aided method to check a huge number of cases for MIS-4, and then these two special
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case will not be the bottleneck cases in their algorithm for MIS in general graphs. In Bourgeois et
al.’s paper [2], more than half is discussing algorithms for MIS-3 and MIS-4, and based on improved
running time bounds for MIS-3 and MIS-4 they can improve the running time bounds for MIS-5,
MIS-6 and then MIS in general graphs. We can see that MIS in low-degree graphs are important. In
the literature, we can find a long list of contributions to fast exact algorithms for MIS in low-degree
graphs [17, 1, 16, 11, 15, 8, 6, 18]. Currently, MIS-3 can be solved in O*(1.0836™) time [17], MIS-4
can be solved in O*(1.1376™) time [18], MIS-5 can be solved in O*(1.1895") time and MIS-6 can
be solved in O*(1.2050™) time [2]. In this paper, we will design an O*(1.1737")-time algorithm for
MIS-5, improving all previous running time bounds for this problem.

Our algorithm is mainly based on a branch-and-reduce paradigm, in each step of which we
will branch on the current graph G with measure w into | subgraphs G(;) with measure w; (i =
1,2,...,1). Let C(w) denote the worst-case size of the search tree in our algorithm when the measure
of the graph is w. Then we get the recurrence relation C'(w) < 22:1 C(w—t(), where t(;) = w—w
is the decrease of the measure in the i-th subinstance. Let 7(t(1),t(2),-..,t)) denote the unique
positive real root of the function f(z) = 1 — 22:1 '@, Then T(tay,t(2),---»t@)) is called the
branching factor of the recurrence. Let 7 be the maximum branching factor among all branching
factors in the search tree. Then the size C(w) of the search tree is at most 7. When designing
the exact algorithm, we need to make the worst branches in the algorithm as good as possible to
improve the running time bound. More details about the analysis of the size of the search tree can
be found in the monograph on exact algorithms [7].

To avoid some bad branches in the algorithm, we may need to reduce some special local structures
of the graph. First, we apply our reduction rules to find a part of the solution when the graph has
certain structures. Second, we design effective divide-and-conquer algorithms based on small cuts
of the graph. By reducing the local structures in the above two steps, we can apply our branching
rules on the graph to search a solution. In our algorithm, the divide-and-conquer methods are newly
introduced and they can effectively reduce some bottleneck cases, and we design effective branching
rules based on careful check on the structures of the graph and analysis of their properties. These
are crucial techniques used in the paper to get the significant improvement on this problem.

2 Notation System

Let G = (V, E) stand for a simple undirected graph with a set V' of vertices and a set E of edges.
Let n = |V|. We will use n; to denote the number vertices of degree ¢ in G, and a(G) to denote
the size of a maximum independent set of G. The vertex set and edge set of a graph G are denoted
by V(G) and E(G), respectively. For simplicity, we may denote a singleton set {v} by v and union
X U{v} of a subset X and an element by X + v.

For a subset X C V, let X denote the complement set V' \ X, N(X) denote the set of all vertices
in X that are adjacent to a vertex in X, and N[X] = X U N(X). Let §(v) = |N(v)| denote the
degree of a vertex v. For a subset X C V, §(X) denote the sum of degree of vertices in X and
0>3(X) denote the sum of degree of vertices of degree > 3 in X. We use Na(v) to denote the set
of vertices with distance exactly 2 from v, and let Na[v] = Na(v) U N[v]. Let G — X be the graph
obtained from G by removing the vertices in X together with any edges incident to a vertex in X,
G[X] = G — (V\X) be the graph induced from G by the vertices in X, and G/X denote the graph
obtained from G by contracting X into a single vertex (removing self-loops and parallel edges). For
a vertex v, let f, denote the number of edges between N[v] and Na(v). In a graph with maximum
degree 5, we define the gain g, of v to be

go="_, (5=0(1)+ (fo = Na(v)]),

teN2(v)



where the second term means the number of times two edges leaving N[v] meet at a same vertex in
Ns(v). We denote (fy, g») > (a,b) when f, > a and ¢, > b hold.

A partition (Vi, Z, V3) of the vertex set V(G) of a graph G is called a separation if V(G) is a
disjoint union of nonempty subsets Vi, Z and V5 and there is no edge between Vi and Vs, where
Z is called a vertexr cut. In this paper, a vertex cut is always assumed to be a minimal vertex cut,
i.e., no proper subset of a vertex cut is still a vertex cut. The line graph of a graph G is the graph
whose vertices correspond to the edges of G, and two vertices are adjacent iff the corresponding
two edges share a same endpoint in G. Throughout the paper we use a modified O notation that
suppresses all polynomially bounded factors. For two functions f and g, we write f(n) = O*(g(n))
if f(n) = g(n)poly(n) holds for a polynomial poly(n) in n.

3 Reduction Rules

First of all, we introduce the reduction rules, which can be applied in polynomial time and reduce
the graph by finding a part of the solution. There are many reduction rules for MIS and the related
vertex cover problem [3], from the simplest ones to deal with degree-1 and degree-2 vertices to the
somewhat complicated unconfined vertices and crown reductions. They can be found in almost all
exact algorithms and most of approximation and heuristic algorithms for MIS. We introduce some
reduction rules that will be used our algorithm.

Reduction by eliminating easy instances

For a disconnected graph G with a component H, we see that a(G) = a(H)+a(G—V(H)), and
solve instances H and G — V(H ) independently. We will solve two kinds of components H directly:
(1) H has at most p = 28 vertices; and
(2) H is the line graph of a bipartite graph H’ between the set of degree-3 vertices and the set of
degree-4 vertices, which are call a (3, 4)-bipartite graph.

Case (1) can be solved in constant time since the size of the graph is constant. Case (2) is
based on the following observation: if graph G is the line graph of a graph G’, then we obtain a
maximum independent set of G directly by finding a maximum matching M in G’ and taking the
corresponding vertex set Vjs in G as a solution. There are several methods to check whether a
graph is a line graph or not [14]. To identify a line graph L(G’) of a (3,4)-bipartite graph G’, we
need to check if L(H) is a union of 3-cliques and 4-cliques such that each vertex is a common vertex
of a 3-clique and a 4-clique.

Reduction by removing unconfined vertices

A vertex v in an instance G is called removable if a(G) = a(G —v). A sufficient condition for a
vertex to be removable has been studied in [17]. In this paper, we only use a simple case of the
condition. For a vertex v and its neighbor u € N(v), a vertex s € V' \ V[v] adjacent to u is called
an out-neighbor of u. A neighbor u € N(v) is called an extending child of v if u has exactly one
out-neighbor s, € V' \ N[v], where s, is also called an eztending grandchild of v. Note that an
extending grandchild s, of v may be adjacent to some other neighbor v’ € N(v) \ {u} of v. Let
N*(v) denote the set of all extending children v € N(v) of v, and I, be the set of all extending
grandchildren s, (v € N*(v)) of v together with v itself. We call v unconfined if there is a neighbor
u € N(v) which has no out-neighbor or I, \ {v} is not an independent set (i.e., some two vertices
in I, N Na(v) are adjacent). It is known in [17] that any unconfined vertex is removable.

Lemma 1 [17] For an unconfined vertez v in graph G, it holds that



A vertex u dominates another vertex v if N[u] C N|v], where v is called dominated. We see that
dominated vertices are unconfined vertices.

Reduction by folding twins
The set {v1,v2} of two nonadjacent degree-3 vertices is called a twin if N(v1) = N(v2).

Lemma 2 [17] For a twin A = {v1,v2}, we have that
a(G) = a(G*) + 2,
where G* = G/NA] if N(A) is an independent set and G* = G — N|[A] otherwise.

Folding a twin A = {v1,v2} is to remove or contract N[A] in the above way. See Fig. 3 (a) and (b)
in Appendix for an illustration.

Reduction by folding short funnels
A degree-3 vertex v together with its neighbors N (v) = {a, b, c} is called a funnel if N[v]\{a} induces
a triangle for some a € N(v), and the funnel is denoted by a-v-{b,c}. Note that v dominates any
vertex in N(a) N N(v) if N(a) N N(v) is not empty. When we assume that there are no dominated
vertices anymore, then N(a) N N(v) = 0.

Folding a funnel a-v-{b,c} means that we add an edge between every non-adjacent pair (x,y)
of vertices x € N(a) \{v} and y € {b, c} and then remove vertices a and v.

Fig. 3(c) in Appendix illustrates the operation of folding a funnel. Let G' denote the graph after
folding a funnel a-v-{b,c} in G. Then we have the following lemma.

Lemma 3 [17] For any funnel a-v-{b,c} in graph G, it holds that
a(G) =1+ a(GH).

We call a funnel a-v-{b, ¢} in a graph with minimum degree 3 a short funnel if 6(a) = 3 (resp.,
0(a) =4) and between N (a) \{v} and {b, c} there is at least one edge (resp., there are at least two
edges meeting at the same vertex b or ¢). In our algorithm, we will reduce short funnels only and
leave some other funnels.

Definition 4 A graph is called a reduced graph if none of the above reduction operations is appli-
cable.

The algorithm in Figure 1 is a collection of all above reduction operations. When the graph is
not a reduced graph, we can use the the algorithm in Figure 1 to reduce it and find a part of the
solution.

4 Properties of vertex-cuts with size at most 2

For a disconnected graph G with a component H, we can solve instances H and G — V(H) inde-
pendently. Here we observe a similar property on graphs with vertex-connectivity 1 and 2.

Let v be a vertex cut in a graph G, which gives a separation (V1,{v},V2). Let G; = G[Vj],
i=1,2,and V{ = V1 \N(v). The induced graph G[V] is denoted by GY.

The following theorems provide a divide-and-conquer method for us to find a maximum inde-
pendent set in G.



Input: A graph G = (V,E) and the size s of the current partial solution (initially
s=10).

Output: A reduced graph G’ = (V' E’) and the size s’ of a partial solution S” with
N[SINV' =0 in G.

1. If {Graph G has a component H that is a graph with at most p = 28 vertices or the
line graph of a (3,4)-bipartite graph}, return (G, s') := RG(G -V (H), s+ «a(H)).

2. Elseif {There is an unconfined vertex v}, return (G',s’) := RG(G —v, s).

3. Elseif {There is a twin A = {u,v}}, return (G',s') :== RG(G*,s + 1) for G* =
G —NJ[A] if N(v) is an independent set, and G* = G/N[A] otherwise.

4. Elseif {There is a short funnel}, return (G’,s') := RG(GT,s +1).
5. Else return (G', ) := (G, s).

Figure 1: The Algorithm RG(G, s)

Theorem 5 For subgraphs G1 and GY defined on a separation (Vi,{v},V2) in a graph G, it holds
a(G@) = a(Gy) + a(GF),

where G* = G — V1 if a(G1) =a(GY), and G* = G2 otherwise. A maximum independent set in a
graph G can be constructed from any mazimum independent sets to G1, G and G*.
(See appendix for a proof of Theorem 5.)

For a separation (Vi, {u,v}, Va) of a graph G, let G; = G[V;] (i = 1,2), VI’ = Vi\IV (v), V{* = V1\N (u)
and V*' = V; \N({u,v}), i € {1,2}. The induced graphs G[V}"], G[V}"] and G[V}" ] are simply
denoted by G, G* and G respectively. Let G denote the graph obtained from G[VaU{u,v}] by
adding an edge uv if v and u are not adjacent.

Theorem 6 For subgraphs G1, GY, GY and GV defined on a separation (Vi,{u,v}, V2) in a graph
G, it holds

(
where G[VQ%U/U}] Zfa(quw) ( 1)7
G if a(GY") <a(GY)=a(GY)=a(G1),
o) Gt a(Gh<alGh)=a(Gy),
GVa+ul i a(GY)<al(GY)=a(Gy),

G/(ViU{u,v}) if a(GY)+1 = a(G1) and a(GY) <a(Gh),
G2 otherwise (a(GY")+2 < a(G1) and a(GY) <a(Gy)).

A maximum independent set in a graph G can be constructed from any mazimum independent sets
to G1, GY, G}, GY¥ and G*.
(See appendix for a proof of Theorem 6.)

Note that the above divide-and-conquer method can be used to deal with degree-1 and degree-2
vertices in the graph.



5 Branching Rules

We introduce our branching rules, which will only be applied on a graph that is reduced and
connected component of it is triconnected.

Branching on a vertex

The simplest branching rule is to branch on a single vertex v by considering two cases: (i) there is
a maximum independent set of G which does not contain v; (ii) every maximum independent set of
G contains v. In (ii), it is shown that I, is always contained in any maximum independent set of G
[17].

Branching on a verter v means creating two subinstances by excluding v from the independent
set or including I, to the independent set. In the first branch we will delete v from the instance
whereas in the second branch we will delete N[I,] from the instance. Selecting vertices to branch
on is important for efficiency of our algorithms.

A vertex cut Z of size |Z| = 3 is a good vertex cut if there is a separation (X1, Z, X2) such that

|X1] <24, 6(X1) > 17 and X induces a connected subgraph,

and X7 is maximal under the above two conditions. A pair of nonadjacent vertices v and v is called
a good pair if one of u and v is a degree-5 vertex, and u and v share at least three common neighbors.
A funnel a-v-{b,c} is called a good funnel if vertex a has a neighbor u such that (v,u) is a good
pair. The vertices on which we branch will be chosen as follows:

(i) the vertex is a vertex in a good vertex cut;
(ii) the vertex is a in a good funnel a-v-{b, c}; or
(iii) the vertex is a vertex of maximum degree d > 5.

When we branch on the vertex a of a funnel a-v-{b, ¢} in (iii), we generate instance by excluding
a or by including I,. In the first branch, after removing a, vertex v becomes dominated, and we
can include it in a solution. Therefore we get the following branching rule [17].

Branching on a funnel a-v-{b,c} in a reduced instance G by either including v or including I,
in the independent set. Hence we generate the two subinstances by removing either N[v] or N[I,]
from G.

Branching on a complete bipartite subgraph

Lemma 7 Let A and B be two disjoint verter subsets in a graph G such that every two vertices
a € A and b € B are adjacent. Then either SN A =0 or SN B = holds for any independent set
S in G.

Proof. Tt SN A = () then we are done. If S contains a vertex a € A, then SN N(a) (D SN B) is
empty. i

For a good pair {u,v}, we have a bipartite graph between A = {u,v} and B = N(u) N N(v).
Branching on a good pair {u,v} means branching by either excluding {u,v} from the independent
set or excluding N(u) N N(v) from the independent set.

6 The Algorithm and Results

6.1 Framework for Analysis

We apply the Measure and Conquer method [5] to analyze our algorithm. In this method, we
introduce a weight to each vertex in the graph according to the degree of the vertex, w: Zy — Ry



(where Z and R, denote the sets of nonnegative integers and nonnegative reals, respectively): we
denote by w; the weight w(v) of a vertex v of each degree i > 0 and let Aw; = w; — w;—; for i > 1.
We will assume that Aws < Aw; for i > 3. Then we adopt u(G) = ), win; as the measure of the
graph G. Usually, vertices of higher degree receive a larger weight (i.e., Aw; > 0), and the weight
of each vertex in the initial graph G is not greater than 1 (i.e., u(G) < n). We will construct a
recurrence related to the measure p = u(G) for each branch in our algorithm and analyze a bound
for the worst ones.

For each branch operation, we will generate two subinstances Gy and G2 by deleting some
vertices from the graph. After deleting some vertices, we can reduce the measure from two parts:
the weight of the vertices being deleted and partial weight of the vertices adjacent to the deleted
vertices since their degree will decrease. Let {(;) be a lower bound on the decrease of the measure
in the subinstance (i.e., u(G) — u(Gi) > t(;)). Then we get the recurrence

Cp) < Clp—t)) + Clp —te). (1)

The most important and complicated case in our algorithm is to branch on a vertex v of maximum
degree. Let Ayyu(v) and Ajy(v) to denote the decrease of the measure of p in the branches of
excluding v and including I, respectively. We get recurrence C(p) = C'(u—Aout(v)) +C(u—Ain (v)).
We give more details about lower bounds on A, (v) and Ay, (v). Let k; denote the number of
degree-i neighbors of v. Then d = Ef:3 k;. For the first branch, we get

d
Agut(v) = wg + Z k; Aw;.
=3

In the second branch, we will delete N[I,] from the graph. Let A(N[v]) denote the decrease of
weight of vertices in V(G) \ N[v] by removing N[I,] from G together with possibly weight decrease
attained by reduction operations applied to G —N[I,]. Then we have

d
Ain(v) = wg + Y kiw; + AN[]).
=3

We can branch on a vertex v of degree d with recurrence

C(p) Cp—=Bout(v)) + C(p—LAin(v))

Ol (wq + 3y ki) + Cu—(wa + Yy ks + AGNTO]))). @)

IA I

In our algorithm, we carefully select a vertex of maximum degree to branch on so that the worst
recurrence (2) is as good as possible. To do so, we need to analyze lower bounds on A(N[v]) when
the maximum degree of the graph is 5. If no vertex in Ny(v) is adjacent to two vertices in Ny (v),
then A(N[v]) > fuAws, since we assume that Aws < Aw; for i > 3. Otherwise, we have the
following lower bound based on our weight setting (a proof can be found in Appendix 7.1)

A(N[v]) > fUAwg, + gv(Aw4 — Aw5). (3)

When N*(v) # 0 (v has some extending children), the above bound may not be good enough since
fv may be small. For this case, N[N*(v)] will be removed from the graph and A(N]v]) can reach a
desired bound.




6.2 The Algorithm

Our algorithm is simple in the sense that it consists of branching on three kinds of vertices and
branching on good pairs except for how to select vertices of maximum degree 5 to branch on. A
reduced degree-5 graph is a proper graph if it has neither good vertex cuts nor good pairs and each
connected component of it has vertex connectivity at least 3. In fact, branching on a vertex v of
maximum degree 5 in a proper graph will be bottlenecks in the analysis for the running time bound
of our algorithms. We here identify degree-5 vertices v in proper graphs branching on which would
efficiently reduce the current instance in terms of the degrees of neighbors of v. These vertices are
called optimal vertices.

For a degree-5 vertex v in a proper graph, let k(v) = (ks, k4, k5), where k; is the number of
degree-i neighbors of v (i = 3,4,5). The vertex v is called effective if one of the following (a)-(f)
holds:

( ) (fv»gv) > (14 0)7 (12 3) or (10,5)7 for (k‘4,]€5) = (0’ 5);
(b) (fU7 v) > (13 0) (11,2)7 for (k4;k5) = (174);

(©) (for90) = (12,0) or (10,2), for (ks, ks5) = (2,3);

(d) (flh v) > (11 O)a for k47k5> (372);

(e) (fv,gv) = (12,0) or (10, 1), for (k4,ks) = (4,1); and
(f) (fv,9v) > (10,0), for (k4,ks) = (5,0).

Lemma 8 Let G be a proper graph with at least one degree-5 verter. Assume that N*(u) = (0 for
all degree-5 vertices in G and that no degree-5 vertex is adjacent to a degree-3 vertex. Then there
exists an effective vertex in G.

(See appendix for a proof of Lemma 8.)

A degree-5 vertex v in a proper graph is called optimal if either (1) ks > 1 or (2) there is no
degree-5 vertex adjacent to a degree-3 vertex, and v is effective or it holds N*(v) # (). Our algorithm
for MIS-5 is described in Figure 2.

6.3 The Result

In our algorithm, we set vertex weight as follows

( 0 for : =0,1 and 2

0.5091 fori=3

0.8243 fori =14

1 fori =5

Wi = 1.5091 for i = 6 (4)

1.7482 fori=17

1.9722 fori =28

wg + (i — 8)(ws —wy) fori>9.

Lemma 9 With the vertex weight setting (4), each recurrence generated by the algorithm in Figure 2
has an amortized branching factor not greater than 1.1737.

The proof of this analytical lemma is moved to Appendix. From the lemma we know that the
size of the search tree generated by our algorithm is not greater than 1.1737#, where p is not greater
than the number n of vertices in the initial graph since it has maximum degree 5.

Theorem 10 A maximum independent set in a degree-b graph of m wvertices can be found in
O*(1.1737") time.



Input: A graph G.
Output: The size of a maximum independent set in G.

1. If {Graph G has a vertex cut v with a separation (Vi,{v}, V2) such that d>3(V1) <
0>3(Va)}, return MIS5(G[V1]) + MIS5(G*).

2. Elseif {Graph G has a vertex cut {u, v} with a separation (V7, {u, v}, V2) such that
0>3(V1) < 6>3(Va)}, return MIS5(G[V1]) + MIS5(G*).

3. Else Let (G, s) := RG(G,0).

4. If {G has a vertex of degree > 6}, pick up a vertex v of maximum degree, and
return s + max{MIS5(G —v), |I,| + MIS5(G —N|[I,])}.

5. Elseif {G has a good vertex cut}, pick up a vertex v in a good vertex cut, and
return s + max{MIS5(G —v), |I,| + MIS5(G —N[I,])}.

6. Elseif {G has a good funnel a-v-{b, c}, return s + max{1 + MIS5(G —N|[I,]),1 +
MIS5(G —N[v])}.

7. Elseif {G has a good pair (u,v)}, return s + max{MIS5(G — {u,v}), MIS5(G —
N(u) N N(v))}-

8. Elseif {G has a degree-5 vertex}, pick up an optimal degree-5 vertex v, and return
s + max{MIS5(G —v), |I,| + MIS5(G —N|[I,])}.

9. Else {G is a degree-4 graph}, use an algorithm for MIS4 to solve the instance G
and return s + a(G).

Note: With a few modifications, the algorithm can deliver a maximum independent set.

Figure 2: Algorithm MIS5(G)
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Appendix

7 The Analysis and Proof of Lemma 9

In the part, we show the details of the analysis, from which we can see how we set the vertex weight
and prove Lemma 9.

7.1 Weight Setting

Let w; denote the weight of a vertex v of degree ¢ > 0, and define the measure of a graph G to be
w(G) = >, win;. We will use Aw; to denote w; — w;—q for i > 1. We set w; > 0 for ¢ > 3 and
wy = w1 = wg = 0, and

wg + (1 —8)Aws, i>9.

Values of w; > 0, 3 < ¢ < 8 will be determined after we analyze how the measure changes after each
step of the algorithm.

Then an instance G with u(G) = 0 can be solved in polynomial time, since such a graph has
only degree-0, degree-1 and degree-2 vertices and the maximum independent set problem can be
solved in linear time. We also set

O<ws<wyg<ws;<1 (5)
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G-NA] G/N[A]
(a) (b) (©)

Figure 3: (a) Removing set N[A] for a twin A = {v1,v2}; (b) Contracting set N[A] for a twin
A = {v1,v9}; (c) A short funnel b-a-{b, c}.

so that a given degree-5 graph satisfies 0 < p(G) < n. We allow weight w;, j > 5 to be larger than
1 as long as the entire weight p(G) never increases.

We here introduce several conditions on weights w;, 3 < ¢ < 8. To simplify our analysis, we
assume that

0 S Aw5 S Awi S Awg, ) Z 3. (6)
This and wg = w1 = we = 0 imply

Awi = Awy =0 and w; = Z Awyg > (i — 2)Aws, 1> 3.

1<k<i
For simplify argument, we assume
Aws < (5/9)Awy, (7)
0.507 < w3 < 3Aws < 0.525, (8)
and
w3 + Aws < w; + Aw;, ©> 3. (9)

By the above assumptions, we can easily prove (3).
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7.2 Weight Shift

To ease amortization on our analysis in this section, we introduce “shift” ¢ for some recurrence
which is not a bottleneck in a final set of recurrences. In general, when a branch rule A generates
two graphs G1 and G5 from a graph G, we get recurrence (1). Suppose that we know an instance G
for which the branch rule A is applied by our algorithm. In this case, we temporarily increase the
measure of G by ¢ > 0 (aiming to derive a better recurrence for the graph). Instead, we evaluate
the branch rule A with a worse recurrence

Clp) < C(p— (tay —0)) + Clp — ({2) —0))-
For analyzing the time bound of our algorithm, we introduce shift ¢ = Aws in the recurrences for

the divide-and-conquers on vertex cuts in Section 7.4 and branching on maximum degree > 6 in
Section 7.5.

7.3 Reduction Steps

We will show that the measure will not increase when we apply our reduction rules. This is important
for us to construct our recurrences.
To obtain the next lemma, we assume that

w; + Wy — Wigj_2 > 0, 3<4,7<T. (10)

w3 + w; — Wi41 ZO‘ZAwg,, 1 =3,4. (11)
Lemma 11 w; + w; > witj—2 holds for alli,j > 1, and w; + wj > wiyj—o + Aws if i +j —2 < 5.

Proof. If ¢ or j is at most 2, say ¢ < 2, then w; +w; = wj > wi4j—2. Let ¢, > 3. For 3 <4,5 <7,
we have w; +w; > w;yj—2 by (10). Let at least one of i and j, say i, be greater than 7. Then we
have that i +j —2 > 8 and w4 j—2 = wg + (i +j — 2 — 8) Aws = w; + (j — 2)Aws by the definition
of wy, (k>9). Since w; > (j — 2)Aws, this implies witj—2 = w; + (j — 2)Aws < w; + w;. Similarly,
when i 4+ j — 2 < 5, we see that w; + w; > wi4j—2 + Aws by (11). i

We are ready to show that the measure never increases in RG(G,s). Note that any graph G
after Step 2 is triconnected.

Lemma 12 The measure p of a graph G never increases in RG(G,s). Moreover p decreases by at
least o = Aws after any step in RG(G, s) if the maximum degree decreases by at least one after this
step.

Proof.  Obviously the measure never increases by Steps 1-2 in RG(G, s), which simply removes
some vertices from G. Furthermore, if the maximum degree of the graph decreases after Step 1 or 2,
then the measure decreases by at least min; Aw; = Aws. In Step 3 of RG(G, s), for a twin A, G* is
obtained from G — A by removing or contracting N(A). By Lemma 11, contracting N(A) does not
increase the measure. Hence the measure decreases by at least the weight in the twin 2wz (> Aws).

Finally we consider Step 4 in RG(G, s) for folding a short funnel a-v-{b,c}. Let 6(a) = 4 (the
case of 0(a) = 3 can be treated analogously). Let N(a) = {v,t1,t2,t3}, where ¢; and ts are adjacent
to b or ¢, say both of t; and ty are adjacent to b (the other cases can be treated analogously).
By folding the funnel, we remove v and a from the graph and add at most four new edges bts,
cty, cty and ct3. Removing vertices v and a decreases the weight of these vertices by ws + wy,
and adding the four edges increase the total weight at most by Aws,)41 + Wse)42 — Awsey <
max;>4 Aw; + max;>s3{wjio — Aw;} < ws + wy by (6) and (10), as required. Note that the degree
of some vertex u in {b,c,t1,t2,t3} decreases only when v = b and b is adjacent to all ¢1, o and t3.
In this case, the measure decreases by at least Aws;y > Aws. i

Next, we will analyze the recurrences created in each step of the algorithm MIS5(G).
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7.4 Divide-and-conquer on Vertex Cuts (Steps 1 and 2)

In fact, the number of instances generated by the divide-and-conquer procedures on vertex cuts in
Steps 1-2 of MIS5(G) is not exponentially large.

Let (Vi, Z,Va) be a separation with d>3(V1) < §>3(V2) in Step 1 or 2. By (6) and (8), we know
that u(V1) < 3u(Va2). Let x = u(Vy), then z < iu. If V1 contains only vertices of degree < 2,
then subinstances G, G, G} and G{¥ can be solved in constant time. The divide-and-conquer
procedure reduces the instance G to an instance G* in constant time, where clearly u(G*) < u(G).
Next, we assume that V; contains at least one vertex of degree > 3. Then w3 < z < i I

In Step 1, we need to solve three subinstances G, G} and G*, where p(GY) < u(G1) < u(Vy) —
w(Z) <z and p(G*) < p(G) —x = p— x. Then we get recurrence

C(p) <2C0(x) + C(p — ).
If we save shift 0 = Aws in the above recurrence, where Aws < 0.175 by (8), we get

Cp)<2C(x+0)+C(p—x+0) <2C(x+0.175) + C(u — = + 0.175). (12)

U

In Step 2, we need to solve five subinstances G1, GY, GY, GY* and G*, where max(u(G1), u(GY), u(GY),
w(GY¥)) < p(Vi) — p(Z) < x and pu(G*) < 1(G2) < u(G) — x = pu — & (note that we may add an
edge uv in @;, however the degrees of v and v in CA?E will not increase since the cut Z is minimal
and v and v are adjacent to at least one vertex in V] in G). Then we get recurrence

C(p) <4C(x) + C(p — ).
By saving shift 0 = Aws in the above recurrence, we still can get
Cp) <4C(x+o0)+C(p—x+0) <4C(x+0.175) + C(p — x + 0.175). (13)

We can easily verify that C'(u) = 1.17# satisfies the above two recurrences (12) and (13) by the
substitution method (note that ws < z < ).

We also analyze two special cases of applying the divide-and-conquer procedures.

Lemma 13 Let G be a graph containing at least one vertex of degree > 3. If G has a vertex cut of
size 1, then after iteratively applying Step 1 in MIS5(G) until the graph has no vertex cut of size 1,
the measure decreases by at least o = Aws.

Proof. Assume that the algorithm selects a vertex cut Z = {v} of size 1 with a separation (V1, Z, V3)
in Step 1. If V4 contains at least one vertex of degree > 3, then we can save o from (12). If v is a
vertex of degree > 3, the measure will also decrease by at least Aws(,) > Aw; from v. Otherwise
V1 U Z only contains vertices of degree < 2 and G[V; U Z] is a path. For this case, we reduce the
G to G* in constant time. We can see that either the measure decreases by at least Aws from the
neighbor of u in V5 (u is of degree > 3 in G) or G* has a degree-1 vertex u (u is of degree 2 in
G). For the later case, the graph still has a vertex cut of size 1. Therefore, the measure will finally
decrease by at least 0 = Aws after iteratively applying Step 1. i

Lemma 14 Let G be a graph containing at least one vertex of degree > 3. If G has a degree-2
vertex not adjacent to any other degree-2 vertices, then after iteratively applying Steps 1 and 2 in
MIS5(G) until the graph has no vertex cut of size 1 or 2, either the measure decreases by at least
o = Aws or the resulting graph has a vertex of degree > 6.
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Proof. 1If there is a vertex cut of size 1, then the measure can always decrease by ¢ by Lemma 13.
Next we assume that the algorithm selects a vertex cut Z of size 2 with a separation (Vi, Z, V5).
If V1 contains at least one vertex of degree > 3, then we can save o from (13). We only need to
analyze the case that V] only contains vertices of degree 2 (note that G after Step 2 in MIS5(G) is
biconnected).

Let v be a degree-2 vertex with two neighbors u; and us of degree > 3, where none of u; and
ug is a degree-1 vertex since the graph is biconnected. If one of u; and wug is reduced to a vertex
of degree < 2 by these steps, the measure decreases by at least Aws > Aws, since the operations
create no new vertices (unless contracting two vertices into a vertex). Otherwise, in Step 2 we
will finally select the separation (Vi = {v},Z = {u1,ua2},Va = V' \ {v,u1,us}). For this case, the
algorithm reduces the graph G to G* = G/{v,u1,us} (this is exactly the operation of folding a
degree-2 vertez in the literature [17, 3]). In this operation, we replace {v,u;, u2} with a new vertex
v* with §(v*) < §(u1) + d(uz2) — 2 in the graph. If 6(v*) < 5 then we can save o by Lemma 11;
otherwise the graph has at least a vertex of degree > 6. i

7.5 Branching on Vertices of Maximum Degree in Step 4

After Step 3 in MIS5(G), the current graph G is a reduced graph that is triconnected. In this step,
the algorithm will branch on a vertex of maximum degree d > 6 with the recurrence (2).

Now we derive a lower bound w3 +3Aws on A(Nv]) for d > 6. If no degree-0 or -1 vertex is
created in Ny(v) after deleting Nv], the decrease of weight of vertices in Na(v) is at least dAws,
since Aw; > Aws by (6). If a vertex t € No(v) becomes of degree-1 after deleting N[v], then at
least two edges incident to ¢ from N(v) are removed in G — N[v], and removing these two edges
decrease the weight of ¢ by ws, where 2Aws < w3 by (8). This implies that the weight decrease in
Ny(v) is minimized when no degree-1 vertex is created in Na(v). Let p be the number of vertices in
Ny (v) that become of degree-0 in G — N[v]. Since |N(Na[v])| > 3 by the triconnectivity, there are
at least three vertices in Na(v) that cannot become of degree-0 in G —N|v], and the weigh of them
decreases by at least Aws. Hence we have

A(Nv]) > Ogglgijri/g{pwg + max{ f, — 3p, 3}Aws}. (14)

For each vertex u € N(v), there is an edge between u and a vertex in Na(v), otherwise v would
dominate v. Hence we have f, > |N(v)| > d. Since A(N[v]) never increases as f, gets smaller,
it holds A(N[v]) > ming<p<q/3{pws + max{d — 3p, 3}Aws}, which is quws + (d — 3¢)Aws for ¢ =
|(d—3)/3] since wz < 3Aws by (8). We see that qws + (d — 3¢) Aws is at least w3 +3Aws for d > 6.

We also need the following inequality in the analysis. Using Aws; < Aw; and w3 + Aws <
w; + Aw; (1 > 3) by (6) and (9) and the property that C(u—(a+0))+C(p—(a+¢)) < C(p—(a+
b—e)+C(n—(a+c+e)for0<a,0<b<c¢,and 0 <e<a+b (cf. [7]), we obtain the inequality

Clp) < COlp—0+2 ex Awsw)) + Clp—(c+ 2 uex Wsw)))
< Op— b+ yex Aws)) +C(p—(c+3 e x (Ws(w) +Aws () — Aws)) (15)
< COlp— b+ ex Aws)) + C(p—(c+)_ e x (2ws—Aws)).

By (15), the recurrence (2) for d > 6 is given by

Clp) < Clu—(wa+ N8 s kidw;) + Cu—(wq + 355 kaw; + AN[])))

C(p—(ws+6Aws)) + C(p— (we+6(2w3 — Aws) +wsz + 3Aws)).

ININA

We here introduce shift o to the recurrence. Thus to save shift o = Aws, we use a weaker recurrence

C(p) <C(p—(we+6Aws—0))+C(u—(ws+6(2wsz — Aws) +ws+3Aws —0)). (16)
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7.6 Branching on Vertices in Good Vertex Cuts in Step 5

Let v be a vertex in a good vertex cut Z with separation (X1, Z, X2), where | X;| < 24, §(X;) > 17
and X7 is maximal under the first two conditions.

First, we assume that |X;| < 24. By the maximality of X;, we know that |N(u) N Xa| > 2
for any vertex w € Z. Our algorithm branches on a vertex u € Z by removing u or N[I,]. Note
that the vertices in X (resp., X1 — N[I,]) will be removed by Steps 1 and 2 in MIS5(G) on the
vertex cut of size at most 2. Note that at least two vertices from X5 will be removed in the
second branch of removing N[I,,] since |N(u) N Xa| > 2. Since §(X1) > 17 implies }_ v W) >
min{ws + 4ws, 2wy + 3ws} = ws + 4ws, where ws/3 < Aws < Aw; (i > 3) by (6) and (8), we have
recurrence

C(p) < C(M—(erxl Ws(z) + Ws(w) ZyeN(u)mxg A“)5(1/)))
FO(n=Qrex, Wox) + Wow) + 2oyeN@wnx, Wo(y))) (17)
< C(p—(ws + bws + 2Aws)) + C(p— (ws + dws + 2(2ws — Aws)))
(by (15)).

When |X;| = 24, in each branch the measure will decrease by at least » . ws(,) > 24ws. We can
get a recurrence covered by the above one.

Let N, (v) = N(N2[v]) be the set of vertices in Na(v) adjacent to at least one vertex in V' \ Na[v].
Then after Step 5, we see that

|N5"(v)] > 4 for all degree-5 vertices v,

since otherwise (|N; (v)| = 3) subset X1 = Na[v] \ N5 (v) satisfies |X1| < 26 — 3 = 23 and 6(X;) >
§(N[v]) > 20, and then N, (v) would be a good vertex cut.

7.7 Branching on Good Funnels in Step 6

For a degree-5 vertex v with N(v) = {u1,ug2,us,us,us}, let (v,t) is a good pair which has a good
funnel w;-t-{ug,us} for a degree-3 vertex t € Ny(v) such that N(¢) = {ui,u2,us}. Note that
up and ug are adjacent. If G[N(t)] contains two edges w;u; and wjuy, then ¢t would dominate
uj, a contradiction. Hence G[N(t)] contains no other edge than usus. Also §(u;) > 4, i = 2,3
(otherwise u; would dominate u3). Now there are two edges between v € N(u1) and {uga,us}.
Hence §(u1) > 4, since otherwise uj-t-{ug, u3} would be a short funnel. If 6(u1) > 5, then there is
a vertex z1 € (N(u1) \{v,t}) N Na(v).

We branch on good funnel wuj-t-{ug,us} by removing N|[I,,| or removing N[t]. In the first
branch of removing N[I,,| decreases pu by at least ZueN[ul] Ws(y) + er{u4,u5}\N(u1)Aw5($) +
2y fus,us} (Ws(y) — Wo(y)—2), which is at least ws +wy + 3wz + 2 min{ws — w3, ws} for 6(u1) = 4 and
ws + wyq + 4wz + 2 min{ws — ws, w3} for §(uy1) > 5, where min{ws — ws, w3} = ws — w3 by (8). The
other branch of removing N|t] decreases u by at least ZaeN[t] Ws(a) +ws + ZueN(ul)\{t,u} Awsiyy >
w3 + 3wy + w5 + 2Aws. We get recurrence

C(p) < Clp—(ws +wy + 3wz + 2(ws — w3)))

- +C(p— (w3 + 3wy + ws + 2(ws—wy))). (18)

7.8 Branching on Good Pairs in Step 7

In Step 5, our algorithm branches on a good pair. Let v be a degree-5 vertex such that (v,t) is
a good pair for a vertex ¢t € Na(v), where §(t) > 4 or G[N(t)] contains no edge (otherwise there
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would be a good funnel). We denote N(v) = {u1,ug, us,us,us}, di = 6(u;), i = 1,2,...,5 and
Nt)NNw) = {u; | i =1,2,...,r} (r > 3). We branch on the good pair (v,t) by removing
A=A{v,t} or B=N(t)N N(v) ={u1,us,...,u.}. We distinguish three cases.

Case 1. r = |[N(t)NN(v)| > 4: In the first branch of removing A, u decreases by at least w4 +ws +
ZuGN(t) Aw(;(u) + ZuéN(t) Aw5(u)_1 + ZZEN(U)\N(t) Aw(;(z) > wq + ws + ZuEN(t) Aw(;(u) + 5Aws.
In the other branch of removing N|[t], we can always remove us even when r = 4 since in this case
v will be a degree-1 vertex and us can be removed by the divide-and-conquer steps. Hence the
measure p decreases by at least wy + ws + EueN(t) Wg(y) T Ws(z) = W5 + wa + ZueN(t) Wg(y) + W3-
We have recurrence

Clp) < Clp—(wa~+ws + 3 ey Aws) + 5(ws—wa)))
+C(p—(ws + wy + ZuEN(t) W () + ws))
< C(p—(wg + ws + 4(ws —wy) + 5(ws —ws)))
i (ws + i + 42w — (w5 —wa)) + ws)) (by (15)).

(19)

Case 2. r = 3 and 0(t) > 4. Denote d; = 6(w;), i = 1,2,...,5, where we assume without loss of
generality that 3 < d; < dy < ds <5. Let £ be the number of degree-3 neighbors in N(t). For each
u; € N(t) with i < ¢, we let z; (# v,t) denote the third neighbor of u;. Note that z; ¢ B (otherwise
u; would dominate z; = u;), and for 1 <14 < j </, it holds z; # z; (otherwise {u;,u;} would be a
twin). We consider two subcases.

(a) 6(t) = 5: Let x1,29 € N(t) — B be the two neighbors of v, where x1,z2 ¢ N[v]. In the
first branch of removing A, the weight of vertices in X = {uy4,us, 21,22} decreases, and also u;
with ¢ < £ becomes a degree-1 vertex, whose neighbor z; will be removed by the divide-and-conquer
steps. Hence the first branch decreases p by at least ws + ws() + 212172’3(20(11 — wq,—2) + fws +
ZuEX\{Z1,...,2g} Awg(u) > 2ws + Zizl,Q,S(wdi — wq,—2) + fws + (4 — £) Aws.

In the other branch of removing B, the total weight in the vertices in {v,t,u1, us, ug} becomes
zero. There are at least two edges between B and G —{v,t,u;,us,usz} (otherwise a vertex in B
dominates some other vertex in B), and the decrease of weight in the vertices in G —{v, ¢, u1, ug, us}
is then at least 2Aws. The branch of removing B decreases u by at least ws 4w + Zi:1,273 wq, +
2Aw5.

Therefore we get recurrences:

Clp) < Clp—(6ws —4ws + 3,1 5 3(Wa, —Wd,-2) + {(wz+ws—ws)))

20
+C(p—(dws — 2w + >,y 9 3Wa;)) (20)

forall3§d1§d2§d3§5.

(b) 6(t) = 4: Let &1 € N(t) — B be the neighbor of v, where x1 ¢ N[v]. Note that z; & {u4,us}
(otherwise t-u;-{v, z;} would be a short funnel). In the first branch of removing A, the weight of
vertices in {x1, uyg, us} decreases, and u; with i < ¢ becomes a degree-1 vertex, whose neighbor z; will
be removed by the divide-and-conquer steps (possibly x; = z; for some ¢ < ¢). Hence the first branch
decreases p by at least ws + ws() + D1 9 3(Wa, — Wa;—2) + max{lwsz, Aws(z,)} + Awg, + Awgy >
ws + wyq + Zi:1,2,3<wd¢ — wq,—2) + max{fws, Aws} + 2Aws.

In the second branch of removing B, the total weight in the vertices in {v, ¢, u1, uz, us} becomes
zero, and ¢ becomes a degree-1 vertex, whose neighbor x; will be removed by the divide-and-conquer
steps. Hence the branch of removing B decreases u by at least ws + wgs(y) + Zi:1,2,3 W, + W(zy)-
Therefore we get recurrences:

Clp) < Clp—Bws —ws+ 21:1,2,3(“%11 —wg;-2) + max{lws, ws —wa}))

21
+C(p—(ws + wg + w3 + 21:1,2,3 wq,)) (21)
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forall3§d1§d2§d3§5.

Case 3. r = 3, N(t) C N(v) and G[N(t)] contains no edge: Denote d; = 6(u;), i = 1,2,...,5,
where we assume without loss of generality that 3 < d; < dy < d3 < 5. Let £ be the number of
degree-3 neighbors in N(t). For each u; € N(t) with i < /, we let z; (# v,t) denote the third
neighbor of u;, and let d; = d(z;). Note that z; ¢ N(v) (otherwise t-u;-{z;,v} would be a short
funnel), and for 1 <14 < j < ¢, it holds z; # z; (otherwise {u;,u;} would be a twin).

In the first branch of removing A, the weight of u4 and us deceases by at least 2Aws in to-
tal, and u; with ¢ < ¢ becomes a degree-1 vertex, whose neighbor z; will be removed by the
divide-and-conquer steps. Hence the first branch decreases p by at least ws + ws + Zi=1,2,3 (wq, —
Wa,—2) + Y i<y wi + 2Aws. In the other branch of removing B, the total weight in the vertices in
{v,t,u1,u2,us} becomes zero, and the weight of vertices z;, i < ¢ decreases by Zige Awd}' There
are p = y . 4 43(d; —2) edges between B and G —{v,t,u1,u2,us}, and three of them can meet
at the same vertex z of degree > 4 (otherwise {t,z} would be a twin). Since wy = Awy + wg >
Aws + 2Aws > 3Aws by (8), the decrease of weight in the vertices in G — {v,t,uy,ug,us} is
then at least max{zig Awd:_,pAw5}. The second branch of removing B decrease u by at least
Ws + W3 + Y ;g 95 wa, + max{} ., Awg,pAws}. Therefore we get recurrences:

Clp) < Clp—Bws —2ws + w3 + 32, 9 5(wa, —wa,—2) + ;<o wg))
+C(p—(ws + w3 + 32,1 o 3Wa; (22)
+ maX{Zige Awgi, Zi:1,2,3(di —2)(ws—wy)}))

forall3<d; <dy<ds<5and3<d; <5withi<F¢.

7.9 Branching on Optimal Vertices of Maximum Degree 5 in Step 8

After Step 7, if the graph still contains a degree-5 vertex, then the graph is a proper graph, and in
this step the algorithm will select an optimal degree-5 vertex v to branch on with the recurrence
(2) at least.

We consider the first branch of removing v such that k3 = 1 or N(v)\ N*(v) contains a degree-3
neighbor of v. In this case, we can further decrease the measure by o = Aws after the first branch
of removing v (see the following lemma).

Lemma 15 Let v be an optimal vertex in a proper graph G such that ks = 1 or N(v) \ N*(v)
contains a degree-3 neighbor of v. Then the measure decreases by at least ws + ZueN(v) We(y) + 0
in the branch of removing v when shift o is save from Lemma 14, reduction operations or (16) (in

the first four steps in MIS5(Q)).

Proof.  In this case, each degree-3 neighbor u becomes a degree-2 vertex in G — v in which
is not adjacent to any other degree-2 vertex. By Lemma 14, we know that after Steps 1 and 2,
either the measure decreases by at least o = Aws or the resulting graph contains a vertex of degree
> 6. If the maximum degree of the graph decreases in Step 3, then the measure will decrease by
at least 0 = Aws by Lemma 12. Otherwise our algorithm branches on a vertex of degree > 6 with
recurrence (16) in Step 4 wherein shift o = Aws is already saved. Therefore, for a degree-5 vertex v
with k3 = 1 or N(v)\ N*(v) contains a degree-3 neighbor of v, we can further decrease the measure
i by o = Aws. i

The following lemma provides a lower bound on A(N[v]) in the recurrence (2) when branching
on a degree-5 vertex in a proper graph, The proof of which is delayed to Appendix 8.3.
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Lemma 16 Let v be an optimal degree-5 vertex in a proper graph G. Then it holds

A(N[v]) = Alks, ks, ks),

where
( 14Aw5 Zf ]{33, k‘4, ]{75

( ) = (
9Aw5+2Aw4 ’lf (kg, k4, 5) (
8Aws+2Awy  if (k:g, k4, 5) = (
9Aws+ Awy if (kg, k4, /{?5) (

11Aws if ( ) = (
10Aw5 Zf (kg, k4, k‘5) (
2wz + 6Aws  if k3 > 2 and N (v ) \ N*(v) contains
no degree-3 neighbor of v
10Aws if ks =1 or N(v) \ N*(v) contains
\ a degree-3 neighbor of v.

ks, k4, ks) =

By applying Lemma 15 and Lemma 16 to the weight decreases in the first and second branches
of (2) for d =5, we get recurrence

Cp) < C(p—(ws + ksws + ka(wy — ws) + ks(ws —wy) + €0))

< 23
+C(p— (w5 + kaws + kaws + ksws + A(k3, ka, k5))) (2

for all nonnegative integers (ks, k4, k5) with ks + k4 + ks = 5, where 0 = Aws, and e = 1 if k3 =1
or N(v) \ N*(v) contains a degree-3 neighbor of v and € = 0 otherwise.

7.10 Reducing to Degree-4 Graphs in Step 9

When the maximum degree of the current graph is at most 4, we invoke an exact algorithm [18] that
runs in O*(1.137567# (%)) time for a degree-4 graph G with measure y/(G) = 3, <., win; where n;
is the number of degree-i vertices in G, and w} is a weight of a degree-i vertex defined by wy = w) =
why = 0, wh = 0.62225 and w) = 1. Then it holds C(u(G)) = O(1.137567+(%)). Since 1/ (G)/u(G) =
Y oacica Wini) > g cicq winy < max{ws/ws, wy/wa}, we have C'(u(G)) = 0(1.137567+'(G))

= 0(1.137567max{0'62225/ ws,1/ ”“"4}“(G)). Hence we only need to consider the following two cases.

C(p) = 0(1.1375670/w)r), (24)
and

C(p) = O(1.137567(0:62225/wa)uy (25)

7.11 Final Solution to Weights

Recurrences (16) to (25) generate the constraints in our quasiconvex program. By solving the
quasiconvex program under conditions (5) to (11) and (24), and (25) according to the method
introduced in [4], we get a bound 1.17367 of the branching factor for all recurrences by setting
ws = 0.50906, wy = 0.82426, ws = 1, wg = 1.509050, w; = 1.748217 and wg = 1.972241. This
verifies Lemma 9.

Now recurrences (23) with (k4,ks5) = (1,4) and (2,3) and constraints Aws < (5/9)Awy in (7),
wg < ws + ws in (10) and (24) attain the tight branching factor 1.1737.
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8 Some proofs

8.1 Proofs of the theorems in Section 4
Theorem 5 For subgraphs G and GY defined on a separation (Vi,{v}, V2) in a graph G, it holds
a(GQ) = a(Gy) + a(GF),

where G* = G — V1 if o(G1) =a(GY), and G* = G2 otherwise. A maximum independent set in a
graph G can be constructed from any maximum independent sets to G1, G} and G*.

Theorem 5 follows from the next lemma and its proof.
Lemma 17 It holds that o(G1) > o(GY) and

a(G) = { a(GY)+a(G[Va + v)) zf a(Ghr)=a(GY)

(G)+a(Ga)  if alGh) > a(GY).
Proof. Since GY is an induced subgraph of G, we know that o(G1) > «(GY) holds. Let S be a
maximum independent set of G. Then we have |S N V| < a(G1) and |S\V1| < a(G[Va + v]).

First assume that a(G1) = a(GY). Then we have |S N Vi| < a(G1) = a(GY) = |S7] for any
maximum independent set S{ of G}. Then a(G) = |SN V1| +|S\V1| < a(GY) +a(G[Va2 + v]). On
the other hand, [S7 U(S\V1)| < a(G) since S7 U(S \V1) is an independent set of G since G[Va + v]
and G} are separated by cut V3 \ V. Therefore, a(G) =a(GY) +a(G[Va2 + v]).

Next, we consider the case of a(G1) > a(GY). Let S; be a maximum independent set of
G[Vi + v]. We have that |S;| < min{a(GY) +1,a(G1)} < a(G1). We have that |S N Va| < a(Go)
and |S\Va| < |81 < a(Gy). Then a(G) = |S N Va| +|S \Va| < a(G2) +a(G1). On the other
hand, a(G) > [(SNV2) USi| = |S N Va| +a(Gy) for any maximum independent set Sp of G, since
(SN V,)US; is also an independent set of G since G2 and G, are separated by cut {v}. Therefore,
Oé(G) :Oé(Gl) +04(G2). |

Theorem 6 For subgraphs Gi, GY, G} and G{" defined on a separation (Vi,{u,v}, V2) in a graph
G, it holds
a(G) = a(Gy) + a(G™),

where
( G[‘/Q%U,’U}} if a(GYY)=a(G1),
Go if a(GYY) <a(GY)=a(GY)=a(G1),
) Gt ifa(G)<a(Gh)= a(G)).
G[Vz\—i— u] if a(GY) <a(GY)= a(Gr),
G2 if o(GY)+1 = a(G1) and a(GY) <a(Gy),
Ga otherwise (a(GY")+2 < a(G1) and a(GY) <a(G1)).

A maximum independent set in a graph G can be constructed from any maximum independent sets
to G1, GY, GY, G}¥ and G™.

Theorem 6 follows from the next lemma and its proof.

Lemma 18 Assume without loss of generality that a(GY) < a(GY). Then it holds that a(GY}Y) <
a(GY) < a(GY) < a(Gh) and

a(G¥) +a(GVaU{uw}]) if «

(G1")=a(Gy (i)

a(G1)+a(G) ifa(G“”)<a(Gi‘)= (GY)=a(Gh), (i)

a(G)= a(Gi’)—i—a(G[Vz\—i— v))  if a(GY) <a(GY) = a(Gy), (iii)
a(G1)+a(G2) if o(GY¥Y)+1 = a(G1) and o(GY) <a(Gr), (iv)

a(Gh)+a(G9) if a(GY)4+2 < a(Gy) and a(GY)<a(G1), (v)



where Go is the graph obtained from G[VaU{u,v}]| by adding an edge wv if v and u are not adjacent
and Go = G/(ViU{u,v}) is the graph obtained from G by contracting ViU{u,v} into a single vertex
z and deleting multi-edges and self-loops.

Proof. Since GY" is an induced subgraph of GY (resp., GY), and GY} (resp., GY) is an induced
subgraph of G, we know that a(G}’) < a(GY) < a(Gi) and o(GY’) < o(GY) < a(Gy). We
consider the other five possible relations among a(GY), a(GY), a(GY) and «(G1). In the following,
S (resp., S}, S, S{ and S7) denotes an arbitrary maximum independent set of G (resp., G}*, GY,
GY and GY).

Case (i). a(GY") = a(G1): We partition V(G) into Vi*¥, Z = V3 \V{*¥ and V5 U {u, v} so that
there is no edge between V*¥ and Vo U {u,v}. Hence we have a(G) > a(GY) + a(G[Va U {u, v}]).
The converse can be obtained by

a(@) =S| =I[SnVi|+[Sn(Vau{u,v})] <a(G)+[SN(VaU{u,v})
<a(Gy) + SN (VaU{u,0h)| =[S+ SN (V2 U {u, v})]
<

a(G1") + a(G[Va U {u, v}]).

Case (ii). a(GY") < a(GY)=a(GY) = a(G1): This holds because Vo U{u, v} is a subgraph of Gs.
We first show that G has a maximum independent set S containing at most one vertex in {u,v}.
If u,v € S, then can replace SN (V3 U {u}) with S{ in S to get another maximum independent set
S' =5y U{v}U (SN (Va\N({u,v}))) of G, since

a(G) =S| =[S0V + Ku, v} + |50 (Va \N({u, v}))]
(GY") + {u, v} + 150 (V2 \N({u, v}))|
(G1) = 1+ Hu, v} + [SN (Va \N({u, v}))]
I+ {o + 150 (Ve AN ({u, 0}))]

Q

IA I IAIA
wm e

2
>

Hence G has a maximum independent set S such that [{u,v} N S| = 1. Now we observe that

a(G) =S| \SﬁVﬂ—i—\SQ(VQU{u,v})]
SN V1| + a(Gs) .
max{a(GY), o(GY), o(G1)} + a(Ga)

min{a(GY), o(GY), «(G1)} + (Ga)
a(G),

IA A IAIA

indicating that a(G) = a(G1) + a(Ga).

Case (iii). a(GY) < a(GY) = a(G1): We partition V(G) into V¥, Z = {u} U (V1 \V}?) and Vo + v
such that there is no edge between V" and V5 +v. Hence a(G) > a(GY) + a(G[Va +v]). If u ¢ S,
then |SN (Vi+uw)| = [SNVi| < a(G1) = a(GY). If w € S, then |SN (Vi+u)| = [SNVH# +1 <
a(GY) +1 < a(GY). In any case we have

a(G) = 8] =|SN(Vit+u)|+ SN (Va+v)| < a(GY)+]SN (Va4 v)|
=|S71+]S N (Vo +v)| < aG).

Case (vi). a(GY}")+1 = a(G1) and a(GY) < a(Gy): We first observe that assumption a(GY) <
a(GY) < a(G1) implies that G has a maximum independent set S with [{u,v} N S| =0 or 2. If
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{u,v} NS = {u}, then we can replace S N (V1 U {u,v}) with S; in S to get another maximum
independent S’ = S; U (S N Va) set of G, where

a(G) =S| 1SN VA + S N {u, v} +|S N Vs
al(GY)+1+1SN Vs
a(Gh) + 1SN V|

|S1]+ S N Vs < a(G).

IRVAN VAN

Symmetrically if {u,v} NS = {v}, then a(GY) < a(G1) implies that we can replace SN (Vi U{u,v})
with S1 in S to get another maximum independent set S’ = S; U (S N Vz2) of G. Hence G has a
maximum independent set S with [{u,v} NS| =0 or 2.

When [{u,v} NS| = 2, we have a(G) = a(G¥) + 1S N (V2 U {u,v})| < a(GY’) + a(é\g) + 1.
When [{u,v} N S| =0, we have o(G) G1) + SN (Vau{u,v})| < a(Gr) + oz((/}\g). In any case,

—

= af
we have a(G) < a(GY’) + 1 + a(G2) = a(G1) + a(G2). We show the converse. For a maximum
independent set S* of Ga, if z € S* (resp., z € S*) then we have an independent set S’ of G such
that S = S U (S* \{z}) U {u,v} (resp., S’ = S1 US*) and a(G) > |5'| = a(G}) + a(G2) — 1+ 2

(resp., a(G) > |9’ = a(G1) + a(G2)), where a(GY) + 1+ a(G2) = a(G1) + a(G2) by assumption.

Case (v). a(GY) < a(Gi) and a(GY’) +2 < a(Gy): As in Case (iv), assumption a(GY) <
a(GY) < a(Gp) implies that G has a maximum independent set S with [{u,v} N S| =0 or 2. If
{u,v} N'S| = 2, then we can replace S N (Vi U {u,v}) with S1 in S to get another maximum
independent set S = S; U (S N V2) of G with {u,v} NS" =0, where

a(G) =S| =[Sn V™[ +[SN{u, v} +[SN V2
a(GY) +2+ SN Vs
a(G1) + SNV,
151+ |S N Vo] < a(G).

I IAIA

Hence G has a maximum independent set S with S N {u,v} = 0, indicating that This means that
a(G) = a(G1) + a(Ga). |

8.2 The proof of Lemma 8

Lemma 8 Let G be a proper graph with at least one degree-5 vertex. Assume that N*(u) = 0 for
all degree-5 vertices in G and that no degree-5 vertex is adjacent to a degree-3 vertex. Then there
exists an effective vertex in G.

Proof. Note that any degree-5 vertex v with N*(v) = () satisfies f, > 26(v) = 10, and we are done
if there is a degree-5 vertex with (k4, ks) = (5,0) or (k4,ks) = (3,2) (note that for (k4,ks) = (3,2)
it holds f, > 2d(v) + 1 = 11 by parity condition). To prove the lemma, we assume that G' contains
no degree-5 vertex v with (k4,k5) = (5,0) or (3,2) (also no degree-5 vertex with k3 > 1 by the
assumption in the lemma).

In G, we choose a degree-5 vertex v so that (ky4,k5) = (4,1) or (1,4) holds (if any) before a
degree-5 vertex v with (k4, k5) = (2, 3) is selected. Let N(v) = {u; | 1 < i < 5}. Since N*(v) =0,
each u; € N(v) has at least two neighbors in N3(v), which we denote by x; and ;.

We distinguish three cases.

(1) (ka,ks) = (4,1): Assume (fy,g») < (10,0) (otherwise (fy,g,) > (12,0) or (10,1) and we
are done). Since N*(v) = (), it holds f, = 2§(v) = 10 and each neighbor u; € N(v) has exactly
two neighbors z;,y; € Nao(v). Also Na(v) contains only degree-5 vertices since g, = 0. Hence the
induced graph G[N(v)] consists of an edge ujus and a path ususus with §(us) = 5. Then vertex
a = up is a degree-5 vertex with k(a) = (0,2, 3), where the two neighbors =5, y5s € N(a) \ N[v] have
no neighbors in N[v]. Hence f, > 12 holds and a is an effective vertex.
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(ii) (ka,ks) = (1,4): Assume (fy,9,) < (11,1) (otherwise (fy,g,) > (13,0) or (11,2) and we
are done). Since N*(v) = 0, it holds f, = 26(v) + 1 = 11 by parity condition, and one neighbor
u' € N(v) has exactly three neighbors in Na(v) and each of the other neighbors in N(v) — «’ has
exactly two neighbors in Na(v). In this case, v’ cannot be the degree-4 vertex, since otherwise
G[N(v)] contains a 4-cycle usugusus, where nonadjacent degree-5 vertices ug and us would be a
good pair. Hence G[N(v)] is a single path ujususugus from the degree-4 vertex uy to v’ = us. We
show that ug or uy is an effective vertex. Since g, < 1, there is at most one vertex t € Na(v) such
that 6(¢) = 4 or ¢ has two neighbors in N (v). If each of x4 and y4 has no other neighbor in N(v) than
u4, then a = uy is an effective vertex with k(a) = (0,0,5) and f, > 14 (when §(x4) = d(ya) = 5) or
k(a) = (0,1,4) and f, > 13 (when §(z4) or 6(y4) is 4).

Now assume that one of x4 and y4 has a neighbor u; € N(v) other than us. Then all other
vertices in Na(v) \ {x4,ys} are degree-5 vertices (otherwise g, > 2). Note that u; # us, since
otherwise (u2,us) would be a good pair. Then a = us is an effective vertex with k(a) = (0,1,4) and
Ja = 13.

(ili) (k4, ks) = (2,3): Assume (fy, g») < (10,1) (otherwise (fy, gv) > (12,0) or (10,2) and we are
done). Since N*(v) = 0, it holds f,, = 26(v) = 10 by parity condition, and each neighbor u; € N(v)
has exactly two neighbors x;,y; € Na(v). We see that the configuration of G[N(v)], which is either
(type-1): a single path; or
(type-2): a union of an edge and a triangle.

Since g, < 1, there is at most one vertex ¢t € Na(v) such that §(¢) < 4 or ¢ has two neighbors in
N (v). We distinguish two subcases on the configuration of G[N(v)].

(1) G[N(v)] is a path ujusugugus from a degree-4 vertex u; to the other degree-4 vertex us: We
show that ug or uy is an effective vertex. If each of x4 and y4 has no other neighbor in N(v) than
uy, then a = uy is an effective vertex with k(a) = (0,1,4) and f, > 13 (when §(x4) = d(ya) = 5) or
k(a) = (0,2,3) and f, > 12 (when §(z4) or 0(y4) is 4).

Now assume that one of x4 and y4 has a neighbor u; € N(v) other than u4, and all other
vertices in Na(v) \ {x4,ys} are degree-5 vertices (otherwise g, > 2). Note that u; # us, since
otherwise (u2,us4) would be a good pair. Then a = ug is an effective vertex with k(a) = (0,1,4) and
Ja = 13.

(2) G[N(v)] is a union of edge ujuz between two degree-4 vertices and a triangle ususus on three
degree-5 vertices. Without loss of generality let x9 = ¢ whenever there is a vertex ¢t € Ny(v) with
0(t) <4 or |[N(t)N N(v)| = 2. Hence each of z1 and y; is a degree-5 vertex which has only one
neighbor in N (v). By the choice of v, we know that N(z1) contains at most two degree-4 vertices. If
N (z1) contains no other degree-4 vertex than uj, then x; is a degree-5 vertex with k(xz1) = (0,1,4),
which contradicts our choice of vertex v.

Assume that N(x;) contains two degree-4 vertices u; and ¢. In this case, u; and ¢ cannot
be adjacent since y; is of degree 5 now, and z; is a degree-5 vertex with k(z;) = (0,2,3) such
that G[N(z1)] is not of type-2. This means that G[N(z1)] is of type-1 or (fy,g,) > (10,1) (i.e.,
(fusgv) = (12,0) or (10,2)), since N*(y) = () for all degree-5 vertices y in G. We are done in the
latter. In the former, we can apply the argument in (iii)-(1) to obtain an effective vertex.

We next consider the case where G is 5-regular. Choose a vertex v in G. Let N(v) = {u; | 1 <
i < 5}. Each u; € N(v) has at least two neighbors in Na(v), which are denoted by z; and y;. Also
assume that f, < 12, since otherwise we are done with f, > 14. In this case, G[N(v)] has three
possible configurations:

(type-1): f, =10 and G[N(u)] is a 5-cycle;

(type-2): fu, = 12 and G[N(u)] is a path of length 4; and

(type-3): fu =12 and G[N(u)] is a union of an edge and a triangle.

Note that for f,, = 12, G[N(u)] cannot be a union of an isolated vertex and a 4-cycle, since otherwise
some nonadjacent degree-5 vertices in the 4-cycle would be a good pair.

We fist claim that G always contains a type-2 degree-5 vertex. If GG consists of only type-1
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degree-5 vertices, then each pair of adjacent neighbors u;,u;+1 € N(v) share a common vertex in
N3 (v) and this implies that g, = 5 and v is an effective vertex with (fy, g») = (10,5). If G consists
of only type-3 degree-5 vertices, then it is the 5-regular line graph L(H) of a (3,4)-bipartite graph
H, again contradicting that G is a reduced graph. However, we easily check that a type-1 degree-5
vertex u cannot be adjacent to a type-3 degree-5 vertex v, since u will be of degree 1 or 3 in
G[N (u')]. Therefore, the 5-regular graph G contains a type-2 degree-5 vertex.

Let v be a type-2 degree-5 vertex, where w; (i = 1,5) has three neighbors x;,v;,2; € Na(v)
and u; (i = 2,3,4) has three neighbors x;, y;, z; € Na(v) each of the other three has two neighbors
zi,yi € Na(v). Assume that g, < 2 (otherwise we are done). We show that one of vertices
U2, U3, Ug, r3 and ys will be an effective vertex.

For each ¢ = 2,3,4, if x; and y; are not adjacent or both z; and y; have no other neighbor in
N (v) than u;, then we see that a = u; is an effective vertex with f, > 14. Hence assume that, for
each i = 2,3,4, x; and y; are adjacent and one of z; and y; has a neighbor u; € N(v) than u;, Note
that {xo,y2} N {x4,y4} = 0, since otherwise (ug,us) would be a good pair. Now N(v) contains
exactly two vertices t,t' € Ny(v) which have two neighbors in N(v) (otherwise g, > 3), where
{zi,yi} N {t,t'} # 0 for i € {2,3,4}. Without loss of generality let t = yo = x3 and t' € {x4,y4}.
Since u; is not adjacent to x2 or yo (otherwise g, > 3), we have f,, = 12, where we assume that

uy; < 2 (otherwise we are done).

Now gy, > 3, and we assume that f,, < 10 and g,, < 4 (otherwise ug is an effective vertex).
We see that f,, < 10 can hold only when ¢ = y3 = x4 (recall that x5 cannot be adjacent to uy) and
that gy, > 4 holds only when the last neighbors z; and 23 of x3 and y3 must be distinct.

Finally we show that ¢ = y2 = x3 is an effective vertex. Since g; > 2, it suffices to show that
ft > 12. Note that g,, < 2 implies that x9 and z; are not adjacent and u; and y2 = x3 are not
adjacent. Also z9 and y3 = x4 are not adjacent (otherwise (z2,u3) would be a good pair). These
indicate f; > 14. 1

8.3 The proof of Lemma 16
Lemma 16 Let v be an optimal vertex in a proper graph G. Then it holds
A(N[v]) = A(ks, ka, ks),
where
( 14Aw5 Zf ( ) (
9Aws+2Awy  if (k:g, k4, 5) (
8Aws+2Awy  if (kg,k4, 5) = (
9Aw5+Aw4 Zf (k:g, k4, kj5) (
11Aws if (k3,ka,ks) = (
1OAUJ5 Zf (1{33, k4, k5) = (
2ws + 6Aws  if ks > 2 and N(v) \ N*(v) contains
no degree-3 neighbor of v
10Aws if ks =1 or N(v) \ N*(v) contains
\ a degree-3 neighbor of v.

ks, ka, ks) =

Lemma 16 is proven via the following two lemmas, one for optimal vertices v with N*(v) = ()
and the other for those with N*(v) # (. The first lemma for optimal vertices v with N*(v) = 0 is
as follows.

Lemma 19 Let v be an optimal vertex with N*(v) = 0 in a proper graph G. Then it holds
A(Nv]) > A(ks, ka, ks),
where if ks > 1, then N(v)\ N*(v) contains a degree-3 neighbor of v and A(ks, ky, ks) = 10Aws.
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Proof.  Since N*(v) = (), there are at least 2|N(v)| = 10 edges between N(v) and Ny(v) and
then A(N[v]) > fyAws > 10Aws. Note that when k3 > 1, then N(v) \ N*(v) contains a degree-3
neighbor of v and A(ks, k4, k5) is defined to be 10Aws. Therefore, the lemma holds for the cases of
ks > 1 and (ks, k4, k5) = (0,5,0). The other cases are proved by used (3) and the property of optimal
vertex (v is an effective vertex since N*(v) = ). For k(v) = (0,0,5), it holds (fy, g») > (14,0),
(12,3) or (10,5) by the lower bounds on f, and g, in the definition of effective vertices, and we have
min{14Aws, 12Aws + 3(Aws — Aws), 10Aws + 5(Aws — Aws)} = 14Aws = X(0,0,5) by (7). The
other cases can be treated analogously. i

The second lemma for optimal vertices v with N*(v) # 0 is as follows. We easily see by (7)
and (8) that A(0,0,5) = 14Aws < wy + 2ws + 4Aws, N(0,1,4) = 9Aws + 2Aw, < 3ws + 4Aws,
A(0,5,0) = 10Aws < 2ws + 5Aws and max{9Aws + Awy, 8Aws + 2Awy, 2ws + 6Aws, 11Aws} <
2ws + 6 Aws. Hence the next lemma and Lemma 19 imply Lemma 16.

Lemma 20 Let v be an optimal vertex with N*(v) # 0 in a proper graph G. Then it holds

(wa +2w3 +4Aws  if k(v) = (0,0,5)
3ws + 4Aws if k(v) = (O, 1,4)
2ws + SAws if k(v) = (0,5,0), v has exactly one degree-3

neighbor (i.e., ks = 1), or N(v) \ N*(v)
contains a degree-3 neighbor of v
2ws + 6 Aws otherwise.

Proof. ~ Without loss of generality let N(v) = {ui,u2,...,us}, No(v) = {t1,ta,..., 6} (r >
|N(Nz[v])| > 4), and u; € N*(v) and t1 € N(u1) N Na(v). For each vertex t € Na(v), let e(t) be the
number of neighbors of ¢ in N(v), where e(t) < 2 since otherwise (v,t) would be a good pair.

For X = NJ[I,], it holds |N(X)| > 4 since there is no good vertex cut, where N(X) C NJv].
Hence if |[N[I,] \ N[v]| > 3, then we have

AN > > 9t A’wzs(y

ZEN[I,)\N[v ] yeEN(X

which is at least ws + 2ws + 4Aws for k(v) = (0,0,5) (note that t; € N[I,] \ Nv] is a vertex
adjacent to a degree-5 vertex u; and then §(¢1) > 4 by the choice of the optimal vertex v) and
3ws + 4Aws (> 2ws + 6Aws by (8)) otherwise.

Then assume that |N[I,]\ N[v]| < 2. In this case {t1} = I, — {v}, since |I, — {v}| = 2 means that
each vertex ¢t € I, —{v} has a neighbor in V —N (v) — I, (recall that e(t) < 2 and I, is an independent
set), implying a contradiction that |N[I,] \ N[v]| > 2. Also ¢; is adjacent to two neighbors uj, ug €
N(v) and 0(t1) = 3 (otherwise |[N[I,] \ N[v]| > 3). Hence k(v) € {(0,1,4), (0,0,5)}, since otherwise
uyp or ug would be a degree-5 vertex adjacent to degree-3 neighbor ¢; and such a vertex u; should
have been chosen as an optimal vertex instead of v). Let u; and ug be the neighbors of ¢; in N(v).
We show that none of u; and us is a degree-3 vertex in N*(v). If one of them, say u; € N*(v) is a
degree-3 vertex, then ¢1-uj-{v,u*} is a short funnel for the third neighbor u* € N(v) of u, since t;
is a degree-3 vertex and there is an edge ugv between N(¢1) \ {u1} and {v,u*}. Then, no degree-3
vertex is in N*(v). Hence |I, — {v}| = 1 implies that if k3 > 1 then N(v)\ N*(v) always contains a
degree-3 neighbor of v. This indicates that we do not need to show A(N[v]) > 2ws + 6Aw; for the
case where k3 > 2 and N(v) \ N*(v) contains no degree-3 neighbor of v. So we only have to show
that

A(N[v]) > 2wz + 5Aws for the case where k(v) = (0,5,0) or k3 > 1,
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and
A(N[v]) > 2ws 4+ 6Aws otherwise (k(v) & {(0,5,0),(0,1,4),(0,0,5)}).

Then each u; € N(v) with ¢ = 3,4,5 has at least two neighbors in Ny(v), since otherwise u;
would be adjacent to another vertex in I, — {v} (note that ¢; can be adjacent to only u; and us
since e(t1) = 2).

Let x be the third neighbor of ¢;.

At least six edges between {us, w4, us} and Na(v) \{t1} are removed in G —N[I,].

(i) x & Na(v): In this case, we have

A(N[U]) > Ws(ty) + W5 () + 6Aws > 2ws + 6Aws,

as required.

(ii) z € N(NazJv]): Analogously with (i), the degree of x; decreases in G — N|[I,], where 1 €
(N2[v]) is a neighbor of x and we have A(N[v]) > wg(,) + Ws(z) + Aws(g,) + 5Aws if e(z) < 15 or
A(N[v]) > ws(,) + Ws(z) + Aws(a,) + 4Aws if e(z) = 2 (where §(x) > 4). In any case, we obtain

A(N[v]) > 2wz + 6Aws.

Now assume that x € No(v) \ N(Na[v]).

(iii) # = to € Na(v) \ N(Nz[v]) and to has a neighbor t3 € Na(v): Now when d6(tg) < 4 — €
(e =0,1), there are at least 4 + € edges between {us, u4,us} and Na(v) \{t1,t2}. Note that ¢3 may
receive two of these edges, and in this case, §(t3) > 4 or |Na(v) \{t1,t2,t3}| > |N(Na[v])| > 4 holds.
In any case, the weight decrease in Na(v) \{t1,%2} is at least (6 — €)Aws. By we,) > w3 + eAws,
we have

A(Nv]) > w3 + ws(y) + (6 — €)Aws > w3 + w3 + 6Aws.

(iv) & = tg € Na(v) \ N(N2[v]) and t2 has no neighbor in Na(v): In this case, §(t2) = 3 since
e(tz) < 2. Let h be the number of edges between {us, us, uyg, us} and No(v) \{t1,t2}, where h > 4,
since there are six edges between {us,u4,us} and Na(v) \{t1} and to can receive at most two of
them. We have

A(m) > ws + w3 + hAws.
Since we are done if h > 6, we assume h < 5.

If h <4, then g is not adjacent to any vertex in Ny \{t1,t2}, then Z = {us, uq,us} is a vertex
cut that separates X = {v,u1, ug,t1,t2} from G, where | X| < 24 and §(X) > 17, contradicting that
G has no good vertex cut. Therefore h = 5 holds, and in this case, us is adjacent to t; and some
vertex t; € No(v) with j > 3, and ¢, is adjacent to two vertices in {ug, us,us}, say ug and ua.

Since h = 5 holds, we have obtained A(N[v]) > 2ws + 5Aws for k(v) = (0,5,0) and k3 > 1.

Next, we assume that k3 = 0 and k(v) # (0, 5,0). In this case, no degree-5 neighbor of v can be
adjacent to degree-3 vertex t; or to by the choice of optimal vertex v, and we have §(u1) = d(u2) =
0(ug) = 6(ua) = 4. We see that for k(v) = (0,4, 1), it cannot hold f, =4+ h =9 due to the parity
condition, a contradiction. |

25



