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Abstract

The limited-memory BFGS (L-BFGS) algorithm is a popular method
of solving large-scale unconstrained minimization problems. Since L-
BFGS conducts a line search with the Wolfe condition, it may require
many function evaluations for ill-posed problems. To overcome this diffi-
culty, we propose a method that combines L-BFGS with the regularized
Newton method. The computational cost for a single iteration of the pro-
posed method is the same as that of the original L-BFGS method. We
show that the proposed method has global convergence under the usual
conditions. Moreover, we present numerical results that show the robust-
ness of the proposed method.

1 Introduction
In this paper, we consider the following unconstrained minimization problem:

minimize f(z)

. (1.1)
subject to = € R",

where f is a smooth function from R™ into R.
We focus on the large-scale case. Standard solution methods for (1.1), such as
the steepest decent method, Newton’s method, and the BFGS method [5, 12],
are not suitable for large-scale problems. This is because the steepest decent
method generally converges slowly, while Newton’s method needs to compute
the Hessian matrix and solve a linear equation at each iteration. Furthermore,
the BFGS method requires O(n?) memory to store the approximate Hessian of
f

A popular method for large-scale problems (1.1) is the limited-memory
BFGS method (L-BFGS) proposed by Nocedal [9, 11]. The L-BFGS method
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uses m vector pairs, i.e., (Sx—i, Yr—i), ¢ = 0,---,m — 1, to compute a search
direction dj, where

Sk = Tk — Tk-1,

ye = Vf(rr)—Vf(rr-1),

and k denotes the iteration number. Whereas standard BFGS requires O(n?)
memory, the L-BFGS algorithm needs only O(mn) memory. Moreover, given
Vf(x1), we can compute the search direction dy = —HFV f(xy) in O(mn)
time. The L-BFGS method needs a line search to satisfy the Wolfe condition
to guarantee global convergence. However, the line search scheme may require
a large number of function evaluations for ill-posed problems. Since the main
burden of the L-BFGS method is function evaluation, it is preferable to reduce
the number of function evaluations as much as possible.

The trust region method (TR-method) can guarantee global convergence
without a line search. It is known that the TR-method needs fewer function
evaluations than the line search [2, 3, 10]. In fact, the L-BFGS method combined
with the TR~-method [2] produces good performance for many benchmark prob-
lems in terms of the number of function evaluations. However, the TR-method
must solve the nonconvex subproblem

1
minimize f(zy) + Vf(zx)Td+ 5dTH,;lcz (1.2)

subject to ||d|| < Ag

in each step, where Ay is a positive parameter called the trust region radius. It
takes a considerable amount of time to solve (1.2), even if Hj is given by the
L-BFGS scheme.

The regularized Newton method proposed by Ueda and Yamashita [19, 20,
21] implicitly solves (1.2). It computes the search direction dj by solving the
following linear equation:

(V2f () + pid)d = =V f(z), (1.3)

where i > 0 is called the regularized parameter. If uy is equal to the Lagrange
multiplier in the KKT condition of (1.2), then the search direction d given by
(1.2) is the solution to (1.2). Note that the linear equations (1.3) are much
simpler than the subproblem (1.2) of the TR-method. The regularized Newton
method [19] controls the parameter u;, instead of computing the step length to
guarantee global convergence. However, since the regularized Newton method
in [19] is based on Newton’s method, it must compute the Hessian matrix of f.
Until now, using the regularized Newton method with the L-BFGS method has
not been considered.

In this paper, we propose a novel approach that combines the L-BFGS
method with the regularized Newton method. We call this the regularized L-
BFGS method. It might be natural to adopt a solution of the linear equation
(B + pul)d = =V f(x) as the search direction, where By is the inverse of Hy



computed by the L-BFGS method. However, we cannot determine Bj, explic-
itly. Therefore, we construct an inverse approximate matrix of (By + ul)~! by
the L-BFGS method using (s, §x (1)), where §x (1) = yr + psk. The term psy
in §x(u) plays the role of regularization. Then, the search direction dj can be
computed in O(mn) time, as for the conventional L-BFGS method. We also
control the regularized parameter pu; for global convergence, as in the regular-
ized Newton method. To this end, we use the idea of updating the trust region
radius Ay in the TR-method. We show that the proposed algorithm ensures
global convergence. Furthermore, we conduct numerical experiments using the
CUTEst test environment [7].

The paper is organized as follows. In Section 2, we describe the proposed
regularized L-BFGS method that controls the regularized parameter at each
iteration. In Section 3, we demonstrate its global convergence under certain
conditions, and in Section 4, we discuss some implementation issues for practical
use. Section 5 presents a series of numerical results, and Section 6 concludes
the paper.

Throughout the paper, we use the following notation. For a vector x € R™,
|z|| denotes the Euclidean norm defined by ||z| := vzTz. For a symmetric
matrix M € R™"*" we denote the maximum and minimum eigenvalues of M
as Amax(M) and Apin(M). Moreover, ||M]| denotes the lo norm of M defined
by |M|| := /Amax(MTM). If M is a symmetric positive-semidefinite matrix,
then |M|| = Amax(M). Furthermore, if the matrix M € R™*" is positive-
(semi)definite, the minimum eigenvalue of M is positive (non-negative), i.e.,
/\min(M) > (Z) 0.

Next, we give a definition of Lipschitz continuity.

Definition 1.1 Let S be a subset of R™ and f: S — R.

(i) The function f is said to be Lipschitz continuous on S if there exists a
positive constant Ly such that

lf(z) — f(y)| < L¢llz —yl|, Vz,y € S.

(ii) Suppose that the function f is differentiable. V[ is said to be Lipschitz
continuous on S if there exists a positive constant Ly such that

IVf(z) = Vf(y)| < Lylz -y, Vz,y € S.

The constants Ly and L, are called Lipschitz constants.

2 The regularized L-BFGS method

In this section, we propose a regularized L-BFGS method that controls the
regularized parameter at each iteration. In the following, x; denotes the k-th
iterative point, By denotes the approximate Hessian of f(xy), and H,_ 1= B,.



We consider combining the L-BFGS method with the regularized Newton
method (1.3). For this purpose, we may replace the Hessian V2 f(x},) in equation
(1.3) with the approximate Hessian By. That is, we define a search direction dj,
as a solution of

(Bk + ,u])_ldk = —Vf(zg). (2.1)

However, since the L-BFGS method updates Hy, it is not easy to construct By
explicitly. Furthermore, even if we obtain By, it takes a considerable amount of
time to solve the linear equation (2.1) in large-scale cases.

Now, we may regard By +pul as an approximation of V2 f(z)+ul. Since By, is
the approximate Hessian of f(zy), the matrix B+ pl is an approximate Hessian
of f(z)+ 4|z||>. The L-BFGS method uses the vector pair (s, yx) to construct
the approximate Hessian, where s, = zx41 — 2 and yr = Vf(2p41) — Vf(zk).
Note that y; consists of the gradients of f. Therefore, when we compute the
approximate Hessian of f(z) + &||z||?, we use the gradients of f(z) + &||z|?.
That is, we adopt the following ¢ () instead of y:

Uk() = (Vf(@rt1) + pars1) — (VF(@r) + pok) = yr + psk.

Let Hj, (1) be the matrix constructed by the L-BFGS method with vector pair
(sk, Uk () and an appropriate initial matrix H Igo) (). Then, the search direction

di = —Hy (1) V f(21) is calculated in O(mn) time, which is the same as for the
original L-BFGS.

Note that the conditions that s%9x(u) > 0 and H ](CO) is positive-definite

are necessary for the positive-definiteness of H’k(u)’l. When the condition
st gx(p) > 0 is not satisfied, we may replace g (1) by gr(@):

~ _ _Sgyk
U (p) = yr + ( max <0, + ) sk

[lsk1?

Then, the condition sf () > 0 is satisfied, because
st (n) = max{0, sy yi} + pllsk(* > 0.

In the following, Hj, (1) is the matrix constructed by the L-BFGS method us-
ing the initial matrix ﬁ]go) (1) and the vector pairs (sg—i, r—i(p)), i =1, ,m,
and the search direction is di () = —Hy, (1) V f(x%). The L-BFGS method uses
I as the initial matrix H,go). Since (BI(CO))_1 = H]go) and ﬁlio) is an approxi-

mation of (B,(CO) + ul)™1, we can set the initial matrix ﬁéo) (1) as

-1
. _ 1 Tk
H (1) = (B + uD) ™" = (% +“) =t

The proposed method sets zy41 = z + di(p) without a step length. This
controls the parameter u to guarantee the global convergence, as in [19]. Note



that the regularized parameter p and dg(u) have the following relations:

{ di(p) = =B, 'V f(zx) (n—0)
dp (1) — —,%Vf(fk) (1 — 00).

These directions correspond to the steepest decent direction and the L-BFGS
direction, respectively. Figure 2.1 shows the relation between these search di-
rections. Namely, a large p gives the descent direction of f, while a small y
gives the L-BFGS direction.

We exploit the idea of updating the trust region radius in the TR-method
to control g to find an appropriate search direction, that is, we use the ratio
of the reduction in the objective function value to that of the model function
value. We define a ratio function r(dg (1), 1) by

f(@g) — flog + di(p))
f@n) = qr(di(p), p)

where g : R™ x R — R is the following model function at xy:

ri(di(p), ) =

(2.2)

ae(di(p), 1) = fax) + Vf(ar) " di () + %dk(ﬂ)Tﬁk(N)_ldk(N)-

Note that we do not have to compute the matrix Hy ()" explicitly in gy (dg, ).
Since di(p) = —Hi (1) V f(wr), we have dy, ()" Hy (1) " di(n) = —di () "V f ().
If the ratio r(dk(u), p) is large, i.e., the reduction in the objective function f
is sufficiently large compared to that of the model function, we adopt dy(u)
and decrease the parameter u. On the other hand, if rg(dg, p) is small, i.e.,
f(zr) — f(ag + di) is small, we increase p and compute di(u) again.

Based on the above ideas, we propose the following regularized L-BFGS
method.

Algorithm 2.1 Regularized L-BFGS method

Step 0 Choose the parameters g, tbmin, Y1, Y2, M1, N2, M such that 0 < pmin, <
10,0 <71 <1< 7,0 <n <ne <1, and m > 0. Choose an initial point
zo € R™ and an initial matrix I:Iéo). Set k := 0.

Step 1 If some stopping criteria are satisfied, then terminate. Otherwise, go
to Step 2.

Step 2
Step 2-0 Set I := 0 and [, = pg.
Step 2-1 Compute di(fi;, ) using the L-BFGS method.

Step 2-2 Compute rg(d(ji,, ), iy, )- I ri(di (i), i) < m1,
then update fij, +1 = Yo, set I = lx + 1, and go to Step 2-1.
Otherwise, go to Step 3.
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Figure 2.1: Implementations of p and d(u).



Step 3 If n1 < ri(di(fu, ), fu,) <12, then update pue1 = fuy, -
If rk(dk(ﬂlk)a ﬁlk) > M2, then update ME+1 = maX[ﬂminaVIﬂlk]'
Update zp+1 = xx + di(4ii,,). Set k =k + 1, and go to Step 1.

In Step 2-1, we compute dj, (1) from (s, (1)) by the L-BFGS updating scheme
n [11]. The details of Step 2-1 are as follows.

Algorithm 2.2 Regularized L-BFGS update at kth iteration with
parameter u

Step 0 Set p + Vf(z).
Step 1 Repeat the following process with i =k — 1,k —2,--- [k —t:
ri 4 TiSIp
p < p—rilyr+ psk),
where 7; = (s¥'(yx + psi)) L.
Step 2 Set ¢ < H-}go) (1)p.
Step 3 Repeat the following process with ¢ =k —t,k—t+1,--- [k —1:

B+ Ti(@/k-l-usk)Tq
q < q+(ri—pB)s;.

Step 4 Obtain the search direction as d(p) = —q.

Note that, since pj may vary in each iteration, it is impractical to store yy(p)
for all pg. Fortunately, Algorithm 2.2 uses y; and si. Thus, we do not have
to store g (1). When the regularized parameter changes, we get g (1) from sg
and y; immediately.

3 Global convergence

In this section, we show the global convergence of the proposed algorithm. To
this end, we need the following assumptions.

Assumption 3.1
(i) The objective function f is twice continuously differentiable.

(il) The level set of f at the initial point xo is compact, i.e., & = {x €
R™| f(z) < f(xo)} is compact.



(iii) There exist positive constants My and My such that

M||z||> < 2TV2f(x)z < Myl|2||?, Vo € Q.

(iv) There exists a minimum fuin of f.
(v) There exists a constant vy such that v, >~ >0 for all k.

The above assumptions are the same as those for the global convergence of the
original L-BFGS method.
Under these assumptions, we have the following properties. First, we define

Gl) = V2f(z), Gr=Glxr), Gi= /0 Glan + Tsp)dr.

It then follows from Taylor’s theorem that

e+ de) = fax) + VH @) dul) + 5 [ Glaw + rduw)a ().

Furthermore, since sy = xp+1 — z and yr = Vf(zr11) — Vf(zk), we have

Y = Grsk. (3.1)

O (1) = yr + psi = (G + pl)sy,. (3.2)

It follows from Assumption 3.1 (iii) that Amin(Gx) > My and Apax(Gr) < M.
Therefore, we have that

A41||5H2 < Sgyk < 1\42||8k|‘27
1 2 T 1 2
< < 3.3

(Mi+@lsel® < sige(n) < (M + p)lsell.

Since the sequence {zj} is included in the compact set , and f is twice
continuously differentiable under Assumption 3.1 (ii), there exists a positive
constant L such that

IVf(zp)|| < Ly, forall k. (3.4)

Now, we investigate the behavior of the eigenvalues of By, (), which is the
inverse of Hy(u). Note that the matrix By(u) is constructed by the BFGS

formula with vector pairs (s, Jx(u)) and initial matrix B,io)(u) = H-}go) (u)~L.
Thus, we have

Bi(u) = B{™ (n)

A1 (1
B (n)s;,sT B () N Yy

B (w) = BY () - - Tsly
sTBY (1)sy, yhsii

1=0, - ,my—1



where My, = min{k + 1, m} and j; = kK —m + . Note that these expressions are
used in [4, 9].

We now focus on the trace and determinant of By, (p). First, we show that
the trace of B,il)(u) is O(p).

Lemma 3.1 Suppose that Assumption 3.1 holds. Then,

tr(Bl(cl)(M)) < Ms+(2m4+n)u, 1=0,---, my
where .
Mz = — +mMos.
9l

Proof We have from Assumption 3.1, (3.1), and (3.3) that

e (I lyell® + 2psgye + p2[ i

sk k(1) styk + plskl?
lyell? + psiye | pu(sEye + pllsel®)
sk yk + pill skl st Yk + |1sk]?
e ll* + pesi i
s{yk
PAR
a1 ok 12
- My +2u (3.6)

IN

+

< +2u

From the updating formula (3.5) of matrix By (1),

A 1B (s 2 i (o)1
tr(BY (B (1 . 7
o(BY () = +Z 75 ;;< Vo i) )

where 0
1B, ()53, 17

.8 (s,
It then follows from (3.6) that

> 0.

2
(B () + Z [ZA]

=0 S]ty]t (1)
te(B (1)) + 1(Ma + 2p)

1
n < +u> + (M +2p)
Yk

(B (1)

IN

IN

IN

1
n <7 +u) + m(My + 2p)

M3+ (2m + n)p.

IN

This completes the proof. O



The next lemma gives a lower bound for the determinant of By, (1).

Lemma 3.2 Suppose that Assumption 3.1 holds. Then,

det(By(p)) = Map",

1 m
M4:( ) |
2m+n

Proof Note that the determinant of the approximate matrix updated by the
BFGS updating scheme has the following property [14, 15]:

where

T ~
5 (1 5 (1 85,05, (1)
det(B{ ™ () = det(B{ (1) —L5"———.
SjLBk71(M)3jz
Then, we have
et Sﬁgjz (:U’)

det(Bi(p)) = det(B(n) [] 25—
=0 sTBY (w)s;,
m—1 T ~ T
(0 sT9n () sTs;
= det(B () [ 27—t
izo  SiSi s By (w)s;,

« m-1 Ty sTg.
> det(B]gO)(u)) H ngjl (:LL) A(]ll) Ji
550 Ama(BY (u)sL s
m—1 T ~
A s, 95, (1) 1
= det(B" (w) [ ==

2o il Ao (BO ()

Since B,(co) (1) is symmetric positive-definite, Lemma 3.1 implies that Anlax(éél) () >
sT g,
i (1) > M+ p from (3.3). Therefore,

lls5, 117

M3+ (2m~+n)p. Furthermore, we have
it follows that

derBu) > (B0 ) (37 s

det<1+vkuI> ( M +p )
Vi Ms + (2m +n)p

1 " 1 "
> —
B ('Yk - M) <2m + ”)
1 "o
2m+n H
— M4/,Ln.
This completes the proof. O

10



From the above two lemmas, we have Amax(Hr (1)) = 0 as @ — oc.

Lemma 3.3 Suppose that Assumption 3.1 holds. Then, for all k > 0,
- 1
)\max(Hk(,Uf)) < M5;a V:U' € [/ffminvoo)v

where

1 M3 n—1
My=-— (22 12 .
5 j\447’ln_1 (Hmin + ( m n))

Furthermore, lim,,_, o )\max(flk(u)) =0.
Proof We have from Lemmas 3.1 and 3.2 that

tr(Bi(p)) < Ms+(2m+n)p,
det(Be(u) > M

Since By (p) is symmetric positive-definite, we have

tI‘(Bfk(M)) > n mln(Bk(M)) )
det(By (1) < Amm(Bk(M)){)‘maX(Bk(M))}n_l'
Therefore, we have
A det(Bx (1))
)\min B ~
B = By
M4/,Ln

> .
{2 (M + 2m A+ n)p)}t
It then follows from Assumption 3.1 (v) that

X 1
Ml Be1) = s

1
/\Inin(Bk (N))
{5 (M3 + (2m + n)p)}" !

<
M4/J,n
B 1 Ms + (2m +n)p\ " 1 (37)
 Mynn—1 1 uw '
Since it > fimin, we have
Ms+ (2m+n M:
> (ﬂ Ju 73+(2m+n) qu)’ + (2m +n).

11



It then follows from (3.7) that

X 1 M; |

Amax (H, < — [ = 4+ (2 -
1
= Ms-—.
I

Hence, we have N
lim /\max(Hk’(M» =0.
JL—00

This completes the proof. O

Now, we give an upper bound for ||dx(u)].

Lemma 3.4 Suppose that Assumption 3.1 holds. Then,

|di ()|l < Ua,

where LM
U, = 2175,

Hmin

Proof From the definition of d(u), (3.4), and Lemma 3.3, we have that

lde ()| = 1)V £ (1)l

< N H WV f )l

= Amax(Hi () IV £ ()|

< max(Hk( ))

. LM
I

< LiMs _
Hmin

This completes the proof. O

Lemma 3.4 implies that
xp +vde(p) € Q+B(0,Uy), Yve[0,1], VYu € [tmin,00), Vk>0.

Moreover, since Q + B(0,U,) is compact and f is twice continuously differen-
tiable, V f(xy) is Lipschitz continuous on © + B(0,Uy). That is, there exists a
positive constant L, such that

IV2f(x)|| < Ly, Vg € Q+B(0,Uy). (3.8)
Next, we investigate the values of p that satisfy the termination condition

ri(di (1), ) > m in the inner iterations of Step 2-2 in Algorithm 2.1.

12



Lemma 3.5 Suppose that Assumption 3.1 holds. Then, we have

Flan) = flan+ di(w) = m(f (@) = au(di(m), 1) = 52 = 1) Amin (Hie(1) ™) = Lg) i (1) 1.

N | =

Proof We have from Taylor’s theorem that

f(xy + di(p))

1
flan) + /O V f(an + i (w) i (u)dr

1
@) + 90 + [ (o rdel)) = V@) o)
From the Lipschitz continuity of V f(zy) in (3.8), we get

flae) = flaoe+de(w) —m(f () — ar(di(p), 1))
= VI ~ [ (T ) = V) = ) () ()

_ R 1
= 0T ) i) = [ (7 et ) = 90 e
> BB Nl = [ LyrldetoPar
= (2= Aain(F ) ™) — L) s (1)

This completes the proof. O

From Lemma 3.5, if u satisfies

A L
Amin (H; 1 > 9 3.9
() = 5= (39)
then we have
ri(die (1), 1) = m, (3.10)

that is, the inner loops of Algorithm 2.1 must terminate.
Next, we give an upper bound for the parameter .

Lemma 3.6 Suppose that Assumption 3.1 holds. Then, for any k > 0,
ﬂz S Ulla

where I
= vo M, g_.
Uy = 1Ms 2

Proof If fi;, satisfies (3.9), then ry(dg (i, ), ) > m from Lemma 3.5. There-
fore, the inner loops must terminate, and we set pj = i, .

13



Now, we give the termination condition on p for the inner loop. We have
from Lemma 3.3 that

B0 =
i
e (3.11)

It then follows from (3.9) that the termination condition of the inner loop holds
when

L
> My —2—. 3.12
Bz 52_771 ( )

Note that, if the inner loop terminates at i, then (3.12) does not hold with
W= Ky -1, that iS)

L
[y, —1 < M; g,
:u’ k 1 5 2 _ ,'71
Since pj = fiy, = Yajii,—1, we have
* = LQ
P = V2hn -1 < 72Ms = U (3.13)
-
This completes the proof. O

Next, we give a lower bound for the reduction in the model function g.

Lemma 3.7 Suppose that Assumption 3.1 holds. Then, we have

flae) — qr(di(p),p) = M|V f(zi)|?,
where
1

Mg = .
6 2(M3 + (2m + n)ﬂmin)

Proof It follows from the definition of the model function g (dg(u), 1) and
Lemmas 3.1, 3.6 that

14



1 r—1

f(ae) = qe(di(p),p) = —idk(u)T(H;g (1)di (1) =V f (ax) " di (1)

= V) )V ) + V() )V ()

- %Vf(:ﬂk)Tﬁk(N)vf(xk)

> D () [V £ )

IV f ()|
2 max (Hy (1)
[V f ()]
2 max (Br (1))
IV f (i) ||
2tr(By ()
IV f (zp)]?

2(Ms + (2m +n)p)

1

= 2(Ms + (2m +n)U,) IVl

= M|V £(ar)]*.

v

Y

This completes the proof. O

From this lemma, we can give a lower bound for the reduction in the objective
function value when zy, is not a stationary point.

Lemma 3.8 Suppose that Assumption 3.1 holds. If there exists a positive con-
stant e, such that ||V f(z1)|| > eq, then we have f(zi) — f(xr11) > pe., where
p=mbs.

Proof It follows from Lemmas 3.6 and 3.7 that

fler) = flarrr) = m(f(er) — ael(de(pr), 1)
> M|V f ()]
> peg.
This completes the proof. O

We are now in a position to prove the main theorem of this section.

Theorem 3.1 Suppose that Assumption 3.1 holds. Then, liminf,_, |V f(x)| =
0 or there exists K > 0 such that |V f(zx)|| = 0.

15



Proof Suppose the contrary, i.e., there exists a positive constant €, such that
|V f(zk)|| > €4 for all k> 0. It follows from Lemma 3.8 that

E

-1

f(wo) — flar) = (f(z5) = f(xj41))

Y
M

<
I
o

2
peg

k.

>
Q

Taking k — oo, the right-hand side of the final inequality goes to infinity, and
hence

lim f(zx) = —oc.

k— o0

This contradicts the existence of fpi, in Assumption 3.1 (iv). This completes
the proof. o

4 Implementation issues

In this section, we discuss some issues regarding the practical implementation
of the regularized L-BFGS method.

Scaling parameter v, in the initial matrix.
The regularized L-BFGS method uses the following initial matrix in each iter-
ation: 0 -

Hy (1) = 1+7k/i[-
The parameter -y, represents the scale of V2f(z). Thus, we exploit some prop-
erties of the scaling parameter v used in [1, 3, 11, 16, 17], that is, we set

v Sg_1yk71
k=g
lye—1l?

It is known that the L-BFGS method with this scaling in the initial matrix
has an efficient performance [3, 11]. Note that v > 0 to ensure the positive-

llsi—a?
lyr—1l12”

definiteness of ﬁ,&o)(p). If sT' yp—1 < allsk—1]|?, then we set 1, = «
where « is a small, positive constant.

Nonmonotone decreasing technique.

In Algorithm 2.1, we control the regularized parameter p to satisfy the descent
condition f(xgy1) < f(xr). However, p sometimes becomes quite large when
treating ill-posed problems. In this situation, we require a large number of
function evaluations. Therefore, we use the concept of a nonmonotone line
search technique [8, 18] to overcome this difficulty. We replace the ratio function
r(di (1), ) with the following new ratio function 7 (dy (1), p):

maxo< j<m(k) f(Tr—;) — (2 + di(p1))
fan) — ae(di(p), 1) ’

Te(dr(p), 1) =

16



where
m(0) =0, 0<m(k) <min{m(k—1)+1, M},

and M is a nonnegative integer constant. This modification retains the global
convergence of the regularized L-BFGS method.

In the numerical experiments reported in the next section, when k < M, we
use the original ratio function 7 (dk (1), 1), and if & > M, we use the new ratio
function 7 (d (1), p)-

Use of gradient information from rejected steps.

We focus on the rejected steps. These occur in Step 2-2 of the regularized L-
BFGS algorithm. Namely, if I}, satisfies 7 (dk (1, ), p1,,) < 11 in Step 2-2, then I,
is rejected, and we may exploit information about the gradient at this rejected
step. These gradients contain important information about the behavior of the
objective function. Therefore, we store (s;, , 1, ) at these rejected step to update
the approximate Hessian. We do not have to increase the number of pairs m.
Instead, when we store the new pair (s, , yi, ) at the rejected step, we discard the
oldest vector pair. It is known that the L-BFGS method with this modification
has good performance [2].

5 Numerical results

In this section, we report some numerical results for the proposed algorithm.
We consider the following.

1. The influence of parameters contained in Algorithm 2.1.
2. Comparison of the proposed algorithm with the original L-BFGS method [13].

For each experiment, benchmark problems were chosen from CUTEst [7]. All
algorithms were coded in FORTRAN90 and run on a machine with an Intel
Core i5 1.7 GHz CPU and 4 GB RAM. We used the original L-BFGS algorithm
coded by Nocedal [13] with the default settings. We adopted an initial point zg
given by CUTESst, and set the termination criteria as

1S ()

— 0 < ¢ and ns > 10000,
max(L, [[zx]]) !

where ny is the number of function evaluations. These criteria are similar to
those in [13]. We consider trials in which ny > 10000 to have failed.

We compared the algorithms using the following distribution function, which
was proposed in [6]. Let S be a set of solvers, and let Pgs be a set of problems
that can be solved by all methods in S. We denote a measure for the number of
evaluations required by solver s for problem p as t, s, and the best ¢, ; for each
p is written as ¢y, i.e., t;; := min{t, ;|]s € S}. Then, the distribution function
F$(r) for a method s is defined by

_ Hp e Psltps <713}

FS(T) - |7)S| y T 2 1

S
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The algorithm for which F¥(7) is closest to 1 is considered to be superior to
the other algorithms in S.

5.1 Influence of various parameters in Algorithm 2.1

The proposed algorithm has several parameters. Therefore, we investigated
their influence, and identified favorable values.

First of all, we focused on v; and 2, which are used to control the regularized
parameter pu. The other parameters were set as follows:

m =0.01, 72 =0.9, fmin = 1.0x 1073, m = 5.

The nonmonotone parameter M was set to 8. We compare the parameter sets
Py, .-+, Py in Table 5.1. The table also shows the number of successes and the
success rate for all 313 test problems.

Table 5.1: Number of successes and success rate at each (y1,72).

" ~v2 | Number of successes | Success rate (%)
P | 0.1 2.0 266 85.0
P || 0.1 ] 5.0 267 85.3
P || 0.1 ] 10.0 268 85.6
Py 02] 20 268 85.6
P | 0.2 5.0 267 85.3
Ps || 0.2 | 10.0 266 85.0
P; | 0.5 2.0 267 85.3
Py || 05| 5.0 268 85.6
Py || 0.5 | 10.0 265 84.7

Figure 5.1 shows the distribution function of these parameter sets in terms
of the CPU time.
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Figure 5.1: Comparison of (y1,72).

We can see that the parameter set P3 gives the best results. Therefore, we set
v1 = 0.1 and 2 = 10.0 in the subsequent experiments.

Next, we focused on the number of memories m. In the original L-BFGS
method, we usually set m in the range 3 < m < 7 [11]. Thus, we compare
m =3, 5, 7. The other parameters were set as follows:

1 =0.1, 42 = 10.0, 7y = 0.01, 72 = 0.9, fimin = 1.0 x 1073, M =38.

Table 5.2 shows the number of successes and the success rate for all 313 test
problems.

Table 5.2: Number of successes an

d success rate at each m.

m || Number of successes | Success rate (%)
3 267 85.3
5 268 85.6
7 266 85.0

Figure 5.2 shows the distribution function of the number of memories in

terms of the CPU time.
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Figure 5.2: Comparison of m = 3,5, 7.

We can see that m = 5 gives the best results. Therefore, we set m = 5 in the
subsequent experiments.

Next, we focused on the nonmonotone parameter M. We compared M =
4, 6, 8, 10, 12 and M = 0, which corresponds to the usual monotone decreasing
case. The other parameters were set as follows:

y1 = 0.1, 45 = 10.0, 71 = 0.01, 73 = 0.9, pimin = 1.0 x 1072, m = 5.

Table 5.3 shows the number of successes and the success rate for all 313 test
problems.

Table 5.3: Number of successes and success rate at each M.

Number of successes | Success rate (%)
Monotone (M=0) 225 71.9
4 263 84.0
6 265 84.7
8 265 84.7
10 268 85.6
12 268 85.6

Figure 5.3 shows the distribution function of the nonmonotone parameter in
terms of the CPU time.

20



—M=12
—M=10
—M=8
—M=6
—M=4
Monotone

1 15 2 25 3 35 4 4.5 5

Figure 5.3: Comparison of M = 4, 6, 8, 10, 12 and monotone decreasing
(M =0).

We can see that M = 8 produces the best results. Therefore, we set M = 8 in
subsequent experiments.

Finally, we compared the algorithm using the rejected information (Reject)
with the basic one (Basic) introduced in Section 4. The other parameters were
set as follows:

v = 0.1, 75 =10.0, 7, = 0.01, 73 = 0.9, pmin =1.0x 1073, m =5, M =8.

Table 5.4 shows the number of successes and the success rate for all 313 test
problems.

Table 5.4: Number of successes and success rate of Reject and Basic.
Algorithm || Number of successes | Success rate (%)
Reject 268 85.6
Basic 270 86.3

Figure 5.4 shows the distribution function of these two algorithms in terms
of the CPU time.
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Figure 5.4: Comparison of Reject and Basic.

We see that the algorithm using the rejected information outperforms the
basic algorithm. Therefore, we used the algorithm that utilizes rejected informa-
tion to compare the regularized L-BFGS method and the conventional L-BFGS
method.

5.2 Comparison of the regularized L-BFGS method and
the conventional L-BFGS method

We compare the regularized L-BFGS method (RL-BFGS) and the L-BFGS
method in terms of the number of function evaluations and CPU time.

Table 5.5 shows the number of successes and the success rate for all 313 test
problems. Figures 5.5 and 5.6 show the results for Pg, and Figures 5.7 and 5.8
show the results for large-scale problems. Here, we define a large-scale problem
as one in which the dimension of the decision variables is greater than 1000.
There are 147 large-scale test problems. Ps'®®° denotes the set of large-scale
problems extracted from Pg. Table 5.6 shows the number of successes and the
success rate for these 147 large-scale test problems.

The success rates in Tables 5.5 and 5.6 show that RL-BFGS solves 85% in
each case. However, the L-BFGS method only solves 71.9% of all test problems
and 68.7% of the large-scale test problems. Therefore, we argue that the RL-
BFGS method is superior to the L-BFGS method.

Figure 5.5 shows that RL-BFGS requires fewer function evaluations than
L-BFGS. Furthermore, Figure 5.7 illustrates that the results for large-scale test
problems show a slight improvement over those for all test problems. Figure 5.6
shows that the RL-BFGS method is slightly faster than the L-BFGS method.
However, from Figure 5.8, we can see that the results for large-scale test prob-
lems do not show such an improvement. As some large-scale problems are
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comparatively easy to solve, we can infer that the line search technique in the
L-BFGS method has good performance for these easy problems.

Table 5.5: Number of successes and the success rate of RL-BFGS and L-BFGS
for all 313 problems.

Algorithm || Number of successes | Success rate (%)
RL-BFGS 266 85.0
L-BFGS 225 71.9

0.4

0.3,

—RLBFGS
0.2 —LBFGS

Figure 5.5: Comparison of RL-BFGS and L-BFGS in terms of ny for Ps.
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Figure 5.6: Comparison of RL-BFGS and L-BFGS in terms of CPU time for
Ps.

Table 5.6: Number of successes and success rate of RL-BFGS and L-BFGS for
147 large-scale problems.

Algorithm || Number of successes | Success rate (%)
RL-BFGS 125 85.0
L-BFGS 101 68.7

0.4]

0.3]

—RLBFGS
0.2 —LBFGS

Figure 5.7: Comparison of RL-BFGS and L-BFGS in terms of ns for Pg'*8°.
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Figure 5.8: Comparison of RL-BFGS and L-BFGS in terms of CPU time for
zPSlarge.

6 Conclusion

In this paper, we proposed a regularized L-BFGS method for unconstrained
minimization problems, and demonstrated its global convergence under some
appropriate assumptions. From the numerical results, we saw that the regu-
larized L-BFGS method is able to solve more test problems than the original
L-BFGS. This result indicates that the proposed method is robust.

In future work, we will consider solving the following boxed constrained
optimization problems:

minimize f(z)

subject to [ <z < u,
where [ and u are vectors such that I; € [—00,00), u; € (—o0,00] and I; <
u; for all ¢. It is known that boxed constrained optimization problems play

an important role in the development of algorithms for general constrained
problems.
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