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Abstract. In this paper, we study the parameterized complexity of the problems of par-
titioning the vertex set of a graph into two parts V4 and Vp such that V4 induces a graph
with degree at most a (resp., an a-regular graph) and Vp induces a graph with degree at
most b (resp., a b-regular graph). These two problems are called UPPER-DEGREE-BOUNDED
BIPARTITION and REGULAR BIPARTITION respectively. First, we prove that the two prob-
lems are NP-complete with any nonnegative integers a and b except a = b = 0. Second, we
show the fixed-parameter tractability of constrained versions of these two problems with
parameter k = |Va| being the size of one part of the bipartition by deriving some problem
kernels for them.

1 Introduction

In graph algorithms and graph theory, there is a series of important problems that require us
to partition the vertex set of a graph into several parts such that each part induces a subgraph
satisfying some degree constraints. For example, the k-coloring problem is to partition the graph
into k parts each of which induces an independent set (a 0-regular graph). Most of these kinds
of problems are NP-hard, even if the problem is to partition a given graph into only two parts,
which is called a bipartition.

For bipartitions with a degree constraint on each part, we can find many references related
to this topic. Here is a definition of the problem:

DEGREE-CONSTRAINED BIPARTITION
Instance: A graph G = (V, E) and four integers a,a’,b and V.
Question: Is there a partition (Vy4, Vp) of V such that

o' <degy,(v) <a YveVy and b <degy, (v) <b Vue Vg,

where degy (v) denotes the degree of a vertex v in the induced subgraph G[X]?

There are three special cases of DEGREE-CONSTRAINED BIPARTITION. If there are no con-
straints on the upper bounds (resp., lower bounds) of the degree in DEGREE-CONSTRAINED BI-
PARTITION, i.e., a = b = oo (resp., a’ = = 0), we call the problem LOWER-DEGREE-BOUNDED
BIPARTITION (resp., UPPER-DEGREE-BOUNDED BIPARTITION). We call DEGREE-CONSTRAINED
BIPARTITION with a special case of a = @’ and b = V' REGULAR BIPARTITION.

LOWER-DEGREE-BOUNDED BIPARTITION has been extensively studied in the literature. The
problem with 4-regular graphs is NP-complete for «’ = ' = 3 [6] and linear-time solvable for
a’ = =2 [4]. More polynomial-time solvable cases with restrictions on the structure of given
graphs and constraints on «’ and b’ have been studied [2,3,7,13,17].
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For REGULAR BIPARTITION, when a = b = 0, the problem becomes a polynomial-solvable
problem of checking whether a given graph is bipartite or not; when ¢ = 0 and b = 1, the problem
becomes DOMINATING INDUCED MATCHING, a well studied NP-hard problem also known as
EFFICIENT EDGE DOMINATION [11,14]. However, not many results are known about UPPER-
DEGREE-BOUNDED BIPARTITION and REGULAR BIPARTITION with other values of a and b.

In this paper, we first show that UPPER-DEGREE-BOUNDED BIPARTITION and REGULAR
BIPARTITION are NP-complete with any nonnegative integers a and b except a = b = 0, and
then consider the parameterized versions of these two problems with a parameter k on the upper
bound of |V4|. The major contribution of this paper is to derive kernels for the parameterized
versions of UPPER-DEGREE-BOUNDED BIPARTITION and REGULAR BIPARTITION that imply
that these two problems are fixed-parameter tractable (FPT) with parameter k = |V4| when
a > b and fixed-parameter tractable with parameters k = |V4| and b when a < b. We also discuss
the fixed-parameter intractability of our problems with parameter only k = |V4| when a < b.

A special case of the parameterized version of UPPER-DEGREE-BOUNDED BIPARTITION has
been studied. BOUNDED-DEGREE DELETION asks us to delete at most k vertices from a graph to
make the remaining graph having maximum vertex degree at most b, where the problem with b =
0 is VERTEX COVER parameterized by the size of vertex covers. We see that BOUNDED-DEGREE
DELETION is a special case of UPPER-DEGREE-BOUNDED BIPARTITION where a > |V| —1 in
a graph G = (V, E). Fellow et al. [10] showed that BOUNDED-DEGREE DELETION is FPT with
parameters k and b and W[2]-hard with only parameter k. Betzler et. al. [5] also proved that
BOUNDED-DEGREE DELETION is FPT with parameters k£ and the treewidth of tw of an input
graph, and it is W[2]-hard with only parameter tw.

We also note some related problems, in which the degree constraint on one part of the bipar-
tition changes to a constraint on the size of the part. MAXIMUM REGULAR INDUCED SUBGRAPH
asks us to delete at most k vertices from a graph to make the remaining graph a b-regular graph.
The problem is FPT with parameters k and b and W[1]-hard with only parameter k [15,16]. The
parameterized complexity of some other related problems, such as MINIMUM REGULAR INDUCED
SUBGRAPH are studied in [1].

The remaining parts of the paper are organized as follows: Section 2 introduces our notation
system. Section 3 proves the NP-hardness of our problems. Section 4 gives the problem kernels,
and Section 5 shows the fixed-parameter intractability. Finally, some concluding remarks are
given in the last section.

2 Preliminaries

In this paper, a graph stands for a simple undirected graph. We may simply use v to denote the
set {v} of a single vertex v. Let G = (V, E) be a graph, and X C V be a subset of vertices. The
subgraph induced by X is denoted by G[X], and G[V \ X] is also written as G \ X. Let E(X)
denote the set of edges between X and V' \ X. Let N(X) denote the neighbors of X, i.e., the
vertices y € V'\ X adjacent to a vertex x € X, and denote N(X)UX by N|[X]. The degree deg(v)
of a vertex v is defined to be | N (v)|. A vertex in X is called an X -vertez, and a neighbor u € X of
a vertex v is called an X -neighbor of v. The number of X-neighbors of v is denoted by degy (v);
ie., degy(v) = |N(v) N X|. The vertex set and edge set of a graph H are denoted by V(H)
and E(H), respectively. When X is equal to V(H) of some subgraph H of G, we may denote
V(H)-vertices by H-vertices, V(H)-neighbors by H-neighbors, and degy )(v) by degy(v) for
simplicity. For a subset E/ C FE, let G — E’ denote the subgraph obtained from G by deleting
edges in E’. For an integer p > 1, a star with p + 1 vertices is called a p-star. The unique vertex
of degree > 1 in a p-star with p > 1 is called the center of the star, and any vertex in a 1-star is
a center of the star.

For a graph G and two nonnegative integers a and b, a partition of V(G) into V4 and Vg is
called (a, b)-bounded if degy,, (v) < a for all vertices in v € V4 and degy,, (v) < b for all vertices
in v € Vg. An (a,b)-bounded partition (V4,Vp) is called (a,b)-regular if degy,, (v) = a for all
vertices in v € V4 and degy,, (v) = b for all vertices in v € Vp. An instance I = (G,a,b) of
UPPER-DEGREE-BOUNDED BIPARTITION (resp., REGULAR BIPARTITION) consists of a graph G



and two nonnegative integers a and b, and asks us to test whether an instance (G, a,b) admits
an (a,b)-bounded partition (resp., (a,b)-regular partition) or not.

3 NP-hardness

Theorem 1. UPPER-DEGREE-BOUNDED BIPARTITION is NP-complete for any nonnegative in-
tegers a and b except a = b = 0.

Before proving Theorem 1, we first provide some properties on complete graphs in UPPER-
DEGREE-BOUNDED BIPARTITION. Without loss of generality we assume that a < band b > 1 in
this section.

An (a+1,b+1,a+1)-complete graph W is defined to be the graph consisting of two complete
graphs of size a + b+ 2 that share exactly b+ 1 vertices, where |[V(W)| =2(a+b+2)— (b+1) =
2a + b+ 3 holds and the set of b+ 1 vertices shared by the two complete graphs is denoted by
S(W).

Lemma 1. Let (G,a,b) admit an (a,b)-bounded partition (Va,Vp).

(i) If G contains a clique K of size a+b+2, then [V(K)NVy| =a+1 and |[V(K)NVg| =b+1;
and

(ii) Assume that G contains an (a+1,b+1,a+1)-complete graph W. Then {V(W)NV4, V(W)N
Ve} = {S(W), V(W) \ S(W)} (or V(W) N Va = V(W) \ S(W) and V(W) N Vp = S(W)
when a #b), N(VaN VW) \ V(W) C Vi and N(Vg N V(W) \ V(W) C V.

Proof. (i) Since K is a clique, it holds for any vertex v € V4 N V(K) that a > degy, (v) >
|[V(K)NVa| — 1. Similarly we have b+ 1 > |V(K) N Va|. These and |V(K)| = a + b+ 2 imply
that [V(K)NVal=a+1and [V(K)NVe|=b+1.

(ii) Now an (a+ 1,b+ 1,a + 1)-complete graph W is a union of two cliques K' and K? with
size a + b+ 2 sharing the b+ 1 vertices in S(W). Let A; = V(K*) NV4 and B; = V(K*) N V3,
i = 1,2. By (i), we have that |A;| = |43] = a+ 1 and |By| = |B2| = b+ 1, respectively.
To derive a contradiction, assume that By \ S(W) # 0 and By N S(W) # 0. This implies
that |By \ S(W)| = |B1 \ S(W)| > 0 since |B;| = |Bz| and By N S(W) = By N S(W). For
any vertex u € By N.S(W), we have that degy,, v (x1)(u) = b and degy,\ v (x1)(u) > 1, implying
degy,, v (w)(u) > b+1, a contradiction. Hence By = By C S(W) or B1N By = (). Analogously we
have Ay = A, C S(W) or AyNAy = 0. Hence {V(W)NV4, V(W)NV} = {S(W), V(W)\S(W)}.
Note that when a # b, we can have only V(W)NVy =V(W)\ S(W) and V(W)N Vg = S(W),
since V(W) NVy = S(W) would imply degy (v, (u) = [S(W)| -1 =10 # a.

Since for any vertex u € V(W) N Vy (resp., u € V(W) N Vp), it holds degy yny, (u) = a
(vesp., degy (wynv, () = b), any V/(G)\V (W)-neighbor of a VaNV (W)-vertex (resp., VNV (W)-
vertex) can only belong to Vg (resp., Va). O

We here construct a special graph that consists of an (a + 1,b + 1,a + 1)-complete graph,
several complete graphs with size a + b + 2 and some edges joining them. Given two positive
integers n and m, we first construct an (a + 1,b 4+ 1,a + 1)-complete graph W and (n 4+ m)
complete graphs X, Xo,..., X, and Cq,Cs,...,C), with size a + b+ 2. Next we choose a vertex
va € V(W) \ S(W) and a vertex vg € S(W) arbitrarily, and add edges between {v4,vp} and
{Xi,.. ., X, .., X} U{Ch,...,Cy, ... ,Cy} as follows:

1. For each X, join vp to arbitrary a vertices uq,...,u, € V(X;) via new edges, and join va
to arbitrary b vertices uf,...,u € V(X;) \ {u1,...,us} via new edges;

2. For each Cj, join vp to arbitrary a vertices u,...,u, € V(Cj) via new edges, and join v4 to
arbitrary (b— 1) vertices u),...,u;_, € V(C;)\ {u1,...,uq} via new edges, where b—12>0

since b > 1 is assumed; and
3. Let G, denote the resulting graph.

Verticesin X; (1 =1,2,...,n)or C; (j =1,2,...,m) not adjacent to v4 or vp are called free.
Each X; contains exactly two free vertices, denoted by v; and v}, and each C; contains exactly
three free vertices, denoted by v}, vjz and ’UJ?»’.
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QO : free vertices
O : non-free vertices to be included into V4

@ : non-free vertices to be included into Vg

Fig. 1. Constructing graph Gy,,m + Eo

Let Ey be an arbitrary set of new edges between free vertices in U;<;<,X; and free vertices
in Ui<j<mCj in Gy . Let Gy, + Ep be the graph obtained from G, ,, by adding the edges in
Ey. See Figure 1 for an illustration of constructing a graph G,, ,,,. We have

Lemma 2. Let (Va,Vp) be a partition of V(Gpn,m + Eo), where if a = b then we assume without
loss of generality that vy € V4. Then (Va,Vg) is an (a,b)-bounded partition of Gy, m + Eo if and
only if the following hold:

(1) Every subgraph H € {W,X1,...,X;,C1,...,Cp} satisfies that degy gy, (v) = a for all
vertices v € V(H) N Va and degy gy, (v) = b for all vertices v € V(H) N Vp;

(i) S(W) C Vi, VIW)\ S(W) € Vi, N(vp) \ V(W) € Va, and N(va) \ V(W) C Vis;

(iii) For each X;, exactly one of the two free vertices in X; is contained in V4 and the other is in
Vg; and

(iv) For each Cj, exactly one of the three free vertices in C; is contained in V4 and the other two
are in Vg; and

(v) For each uv € Ey, |[{u,v} NV4| = |{u,v} NVg| = 1.

Proof. Necessity: Assume that (Vy4, Vi) is an (a, b)-bounded partition of Gy, ,,,+Ep. By Lemma 1,
every subgraph H € {W, Xy, ..., X, C1, ..., Cp} satisfies that degy gy, (v) = a for all vertices
v € V(H)NVy and degy gyny, (v) = b for all vertices v € V/(H) N Vp, proving (i). Hence every
edge uv between two subgraphs H,H' € {W,Xy,...,X,,C4,...,Cp} joins V4 and Vg, ie.,
{u,v} NVy| = {u,v} NVg| = 1, proving (v). When a < b, we see that vy € V4 and vg € Vp
by Lemma 1(ii). When a = b, we have that vg € Vg by the assumption of v4 € V4. Hence
each non-free vertex v, which is adjacent to either v4 or vg, is contained in Vg (resp., Va) if
v € N(va) (resp., v € N(vp)), which proves (ii). Each X; contains a non-free vertices adjacent
to vp, which are in V4, and b non-free vertices adjacent to v4, which are in Vg, implying that
exactly one of the two free vertices in X; is contained in V4 and the other is in Vg, proving
(iii). Each C; contains a non-free vertices adjacent to vg, which are in V4, and (b — 1) non-free
vertices adjacent to v, which are in Vg, implying that exactly one of the three free vertices in
C; is contained in V4 and the other two are in Vg, proving (iv).

Sufficiency: Assume that (V4, V) satisfies conditions (i)-(v). By (i), we see that V4 (resp., V)

induces an a-regular (resp., b-regular) subgraph over each subgraph H € {W, Xy,..., X,,,Cy,...,Cp}.
By (ii) and (v), we see that each edge uv between two subgraphs H, H' € {W, X1,...,X,,,C4,...,Cn}

joins V4 and Vp. This means that every vertex v € Vy (resp., v € Vp) in each subgraph H €
{W, X1,..., X0, C1,..., O } satisties a = degy )y, (v) = degy, (v) (resp., b = degy (gynv, (v) =
degy, (v)). This proves that (V4,Vp) is an (a,b)-bounded partition of Gy, m + Eo. O



Now we are ready to prove Theorem 1. Clearly UPPER-DEGREE-BOUNDED BIPARTITION is
in NP. In what follows, we construct a polynomial reduction from the NP-complete problem
ONE-IN-THREE 3SAT [12].

ONE-IN-THREE 3SAT

Instance: A set C of m clauses ¢q,c¢a,...,¢,, on a set X of n variables x1,zs,..., 2, such that
each clause c; consists of exactly three literals Zjl, E? and E;’?.

Question: Is there a truth assignment X — {true, false}” such that each clause c; has exactly
one true literal?

Given an instance F' = (C, X') of ONE-IN-THREE 3SAT and nonnegative integers a < b (> 1),
we will construct an instance Ir = (Gp,a,b) of UPPER-DEGREE-BOUNDED BIPARTITION such
that Ir has an (a,b)-bounded partition if and only if F is feasible. Such an instance Ip is
constructed on the graph G, ,,, by setting Gr = G, 1, + o, where a set Fy of edges between
{X1,...,X;,..., X} and {C4,...,Cj,...,Cy} according to the relationship between X and C
in F' as follows:

For each clause ¢; = (Z}, E?J?) € C and the k-th literal f;?, k=1,2,3,if Zf is a positive (resp.,
negative) literal of a variable x;, then join free vertex v¥ € V(Cj;) to free vertex v; € V(X;)
(resp., v; € V(X;)) via a new edge.

Let Gr = Gyn,m + Ep be the resulting graph. We remark that X; serves as a gadget for
variable z; € X and C serves as a gadget for clause ¢; € C.

This completes the construction of instance Ir = (G, a,b). We interpret conditions (iii) and
(iv) on free vertices in Lemma 2 as follows:

v; € Vg (resp., v; € V4) < true (resp., false) is assigned to z;, and

v;? € Va (resp., v;? eEVp) & K?f = true (resp., E;? = false).

Hence we see by Lemma 2 that Ip = (G = Gy,m + Eo, a,b) admits an (a, b)-bounded partition
if and only if F' is feasible. This completes a proof of Theorem 1.

By Lemma 2, F' is feasible if and only if Ir = (G = Gy, m + Eo, a, b) admits an (a, b)-regular
partition. Hence the problem of testing whether an instance (G,a,b) admits an (a,b)-regular
partition is also NP-complete for any nonnegative integers a and b except a = b = 0.

Corollary 1. REGULAR BIPARTITION is NP-complete for any monnegative integers a and b
except a = b= 0.

4 Kernelization

This section studies the parameterized complexity and kernels of our problems. For this, we
introduce the following constrained versions of the problems.

CONSTRAINED UPPER-DEGREE-BOUNDED BIPARTITION

Instance: A graph G, two subsets A, B C V(G), and nonnegative integers a, b and k.
Question: Is there an (a,b)-bounded partition (V4,Vg) of V(G) such that A C V4, B C Vp,
and |Vy| < k?

In the same way, we can define CONSTRAINED REGULAR BIPARTITION by replacing “(a, b)-
bounded partition” with “(a, b)-regular partition” in the above definition. Note that we do not
assume a < b in this section. In CONSTRAINED UPPER-DEGREE-BOUNDED BIPARTITION and
CONSTRAINED REGULAR BIPARTITION, we will always assume that

a<k-1 (1)

The reason for this follows from the following observations. Note that the degree degy, (v) of any
vertex v in the induced graph G[Vy4] is at most |V4| — 1, which is at most k —1 if |V4| < k. So we
see that if a > k — 1 in an instance of CONSTRAINED UPPER-DEGREE-BOUNDED BIPARTITION,



then we can simply reset a to be £ — 1 without changing the feasibility, and that no instance
of CONSTRAINED REGULAR BIPARTITION with a > k — 1 admits a solution. We call a partition
(Va, V) satisfying the condition in the definitions of CONSTRAINED UPPER-DEGREE-BOUNDED
BIPARTITION and CONSTRAINED REGULAR BIPARTITION a solution to the problem instance. An
instance (G, A, B, a,b, k) is called feasible if it admits a solution. A vertex in V(G) \ (AU B) is
called undecided, and we always denote V(G)\ (AUB) by U. Clearly each of the two problems can
be solved in 2IU!|V|9(1) time. We say that an instance (G, A, B, a, b, k) is reduced to an instance
(G,A’,B’,a,b,k) such that (G, A, B,a,b, k) is feasible if and only if so is (G, A’, B’,a, b, k). Note
that when it turns out that (G, A, B,a,b, k) is infeasible we can say that it is reduced to an
infeasible instance (G, A’, B, a,b, k) such as one with A’N B’ # ().

In this paper, we say that a problem admits a kernel of size O(f(k)) if any instance of
the problem can be reduced in polynomial time in n into an instance (G, A, B,a,b, k) with
[V(G)| = O(f(k)) for a function f(k) of k. The main results in this section are the following,.

Theorem 2. CONSTRAINED UPPER-DEGREE-BOUNDED BIPARTITION admits a kernel of size
O((b+ 1)%(b+ k)k).

Theorem 3. CONSTRAINED REGULAR BIPARTITION admits a kernel of size O((b+1)(b+ k)k?)
fora <b or of size O(k2k2) fora>b.

The above two theorems also imply

Theorem 4. Both of CONSTRAINED UPPER-DEGREE-BOUNDED BIPARTITION and CONSTRAINED
REGULAR BIPARTITION are fized-parameter tractable with parameter k when a > b and fized-
parameter tractable with parameters k and b when a < b.

4.1 Kernels for Constrained Upper-Degree-Bounded Bipartition

In this subsection, an instance always means the one of CONSTRAINED UPPER-DEGREE-BOUNDED
BIPARTITION. We have only five simple reduction rules to get a kernel to this problem.

Rule 1 Conclude that an instance is infeasible if one of the following holds: AN B # 0; |A| > k;
deg(v) > a for some vertex v € A; and degp(u) > b for some verter u € B.

Rule 2 Move to B any U-vertex v with deg,(v) > a, and move to A any U-vertex u with
degp(u) > b.

If we include to B a U-vertex v with deg(v) > b+ k, then the instance cannot have a solution,
because at least k + 1 neighbors of v need to be included to A, implying that |V4| cannot be
bounded by k.

Rule 3 Mowve to A any U-vertex v with deg(v) > b+ k.

Lemma 3. Let v be a UU B-vertez in an instance I = (G, A, B, a,b, k) such that deg(u) < b for
all vertices u € Nv]. Let I' = (G —{v}, A, B’,a,b, k) be the instance obtained from I by deleting
the vertex v, where B’ = B if v € U and B’ = B — {v} if v € B. The instance I is feasible if
and only if so is I'.

Proof. It is clear that if I has a solution then I’ also has a solution, because deleting a vertex
never increases the degree of any of the remaining vertices. Assume that I’ admits a solution
(Va, Vp). We show that (Va, Ve U{v}) is a solution to I. Note that adding v to Vg may increase
the degree of a vertex only in N[v]. However, by the choice of the vertex v, for any vertex u € N|v]
it holds b > deg(u) > degy,, 1, (u). Hence (Va, Vs U {v}) is a solution to I. O

Rule 4 Remove from the graph of an instance any U U B-vertex v such that deg(u) < b for all
vertices u € N[v].

Lemma 4. An instance I = (G, A, B,a,b,k) is infeasible if G contains more than k vertex-
disjoint (b+ 1)-stars.



Proof. For a solution (V4,Vg) to I, if there is a (b+ 1)-star disjoint with V4, then a center v of
the star would satisfy degy,, (v) > b+ 1. Hence V4 must contain at least one from each of more
than k vertex-disjoint (b + 1)-stars. This, however, contradicts |Va| < k. O

Rule 5 Compute a mazimal set S of vertez-disjoint (b + 1)-stars in G of an instance I =
(G, A, B,a,b, k) (not only in G[U)). Conclude that the instance is infeasible if |S| > k.

Now we analyze the size |[V(G)] of an instance I = (G, A, B, a, b, k) where none of the above
five rules can be applied anymore. After Rule 5 is applied to a maximal set of vertex-disjoint
(b4 1)-stars S in G, it holds |S| < k. Let Sy be the set of all vertices in S, S; = N(Sy) and
Sy = N(S1USp) = N(S51)\So. We first show that V(G) = AUSyUS;USs. By the maximality of S,
we know that there is no vertex of degree > b+ 1 in the graph after deleting Sy. Then all vertices
u with deg(u) > b+ 1 are in SoU S1, and |Sz| < b|S1]| holds. Since Rule 4 is no longer applicable,
each UUB-vertex v with deg(v) < bis adjacent to a vertex u with deg(u) > b+1 that is in SoU.S;.
Then all U U B-vertices u with deg(u) < b are in S1 U Se. Hence V(G) = AU Sy U S1 U Sy. We
have that |A| <k, |So| < (b+2)|S] < (b+2)k, |S1]| < (b+k)|So| < (b+k)(b+2)k by Rule 3 and
|Sa| < bS] < b(b+k)(b+2)k. Therefore |V (G)| < |A|+ |So| + |S1] +|S2| = O((b+1)?(b + k)k).
This proves Theorem 2.

4.2 Kernels for Constrained Regular Bipartition

In this subsection, an instance always stands for the one in CONSTRAINED REGULAR BIPARTI-
TION. When we introduce a reduction rule, we assume that all previous reduction rules cannot
be applied anymore.

We see that an instance I = (G, A, B, a,b) is infeasible if one of the following conditions holds:

i) ANB #0or |A] > k;

There is a vertex v € V(G) with deg(v) < min{a, b};

There is a vertex v € A with degy )\ (v) < a or deg,(v) > a; and
There is a vertex v € B with degy gy, a(v) < b or degg(v) > b.

il
(iii

(iv

(

—_ T

Rule 6 Conclude that an instance is infeasible if one of the above four conditions holds.

Rule 7 Move to B any U-vertex v with degy )\ p(v) < a or degs(v) > a or adjacent to a
B-vertex u with degp(u) + degy (u) = b. Move to A any U-vertex v with degy gy a(v) < b or
degp(v) > b or adjacent to an A-vertex u with deg,(u) + degy (u) = a.

Let H be a b-regular component of the induced graph G[U U BJ. If the instance is feasible,
then there is a solution (V4, Vp) such that V(H) C Vp. This means that the feasibility remains
unchanged even if we remove H from the graph. Also removing any edges between A and B does
not affect the feasibility of an instance.

Rule 8 Remove from the graph of an instance any edges between A and B and delete the set
V(H) of vertices in any b-regular component H in the induced graph G[U U B].

If we include a U-vertex v with deg(v) > b+k to B, then the instance cannot have a solution,
because at least k + 1 neighbors of v need to be included to A, implying that |V4| cannot be
bounded by k.

Rule 9 Mowve to A any U-vertex v with deg(v) > b+ k.

We say that a vertex v is tightly-connected from a U-vertex w if there is a path P from u to
v such that each vertex w € V(P)\ {u} is a U-vertex with degy gy 4(w) = b. For each U-vertex
u, let T'(u) denote the set U-vertices tightly-connected from w, which has the following property:
when we include a U-vertex u to A, all the vertices T'(u) need to be included to A, because
the degree of each vertex v € T(u) \ {u} in G[U U B] will be less than b. Hence if we include
a U-vertex u with |T'(u)| > k, then |A| will increase by |T'(u)| > k and the resulting instance
cannot have a solution.



Rule 10 Move to B any U-vertex u with |T(u)| > k.

Lemma 5. Let I = (G, A, B, a,b) be an instance such that none of Rule 6 - Rule 10 is applicable.
If the vertex set B contains more than bk U-neighbors or the edge set E(B) contains more than
b(b+ 1)k edges, then the instance is infeasible.

Proof. Assume that I admits a solution (V4, Vp) to prove that |[BN N(U)| < bk and |E(B)| <
b(b + 1)k. For each edge wv € E(B) with v € N(B) and v € B, we see that degg(u) < b and
degy (v) > b—degp(v) by Rule 7. The former means that (i) each vertex u € U is adjacent to at
most b vertices in B. The latter means that for each vertex v € B,
(ii) at least one U-neighbor u of v must be in Vy; and
(iii) at least deg (v) — (b — degg(v)) (> 1) edges of the deg;(v) edges incident to v will not be
included to G[V3g].

From |V4| <k, (i) and (ii), we have |[BN N(U)|/b < |V4| < k.

Since (degy (v)—(b—degp(v)))/degy (v) < 1/(b+1), we see from (iii) that at least |E(B)|/(b+
1) edges will be excluded from the induced graph G[Vg]. From (i), we see that at least | E(B)|/(b(b+
1)) vertices in N(B) will be excluded from Vg and included to V4. Hence |E(B)|/(b(b+ 1)) <
|Va| < k, as required. O

Rule 11 Conclude that an instance is infeasible if |B N N(U)| > bk or |E(B)| > b(b+ 1)k.

In what follows, we assume that b(b + 1)k > |E(B)| > |N(B)|. After Rule 10, it holds
that |T'(u)| < k for each vertex u € N(B). Let T* = N(B) U (Uyen(p)T(u)). Then |[T%| <
IN(B)|(k+1) <b(b+ 1)k(k + 1). We have

Lemma 6. When none of Rule 6-Rule 11 is applicable, it holds that |T*| = O(b*k?).

We compute a maximal set S of vertex-disjoint (b4 1)-stars in the induced graph G[U]. We
see that an instance I = (G, A, B, a,b) is infeasible if G[U] contains more than k vertex-disjoint
(b+ 1)-stars. This is because |V4| < k means that at least one (b + 1)-star must become disjoint
with V4 and a center v of the star would satisfy degy, (v) > b+ 1.

Rule 12 Conclude that an instance is infeasible if |S| > k.

Let So be the set of all vertices in the (b+ 1)-stars in S. For each integer i > 0, we denote by
S; the set UNN(S;—1) \ (T*U (U;;%)Sj)). Let S* = U;>095;. See Figure 2 for an illustration of
So, S1, Sz and so on.

Fig. 2. Illustration of sets Sp, S1 and S2

Lemma 7. When none of Rule 6-Rule 12 is applicable, every U-vertex u with degy(u) > b+ 1
is in So U S1. For each vertex v € U\ (I U So U S1), it holds degy ) a(v) = degy (v) =b.



Proof. By the maximality of S, we know that G[U \ Sy] contains no more (b + 1)-star, and

thereby any U-vertex with degy (1) > b+ 1 must be in Sy or adjacent to a vertex in Sp.
For each vertex v € U\ (T* U Sy U S1), it holds that degy; (v) < b by v & Sy US; by the above
property, and also degg(v) =0 by v & T 2 N(B); i.e., v satisfies degy gy, 4(v) = degy (v) = b.
O

Lemma 8. When none of Rule 6-Rule 12 is applicable, it holds that |S*| = O((b+1)(b+ k)k?).

Proof. After Rule 9, it holds that |S1| < (b+k)|So| < (b+k)(b+1)k. For each vertex v € S; with
i > 2, it holds that degy gy, 4(v) = degy (v) = b by Lemma 7. This implies that each vertex v € S;
with ¢ > 2 is tightly-connected from a vertex in S;. Therefore U;>25; C Uyes, T'(u), from which
we obtain that Y, [Si| < [Sol+[S1]+>,cq, T(w)| < (b4+1)k+(b+k)(0+1)k+(b+k)(b+1)k> =
O((b+1)(b+ k)k?). 0

Lemma 9. When none of Rule 6-Rule 12 is applicable, any U\ (T*US*)-vertex is in a component
H of GIU] such that V(H) CU\ (T*US*) and V(H)NN(A) # 0.

Proof. For any vertex U\ (T U S*)-vertex u, it holds degy gy a(u) = degy (u) = b by Lemma 7.
From this, we know that u is not adjacent to any vertex in 7™ U S*, otherwise u would be in
T* U S*. Hence each component H of G[U \ (T U S*)| has no neighbor in 7% U S* in the graph
G. Furthermore, each H must contain some vertex in N(A), otherwise H would be a b-regular
component of G such that V(H) C U, which must have been eliminated from the graph by
Rule 8. O

We call a component H of G[U] residual if V(H) C U\ (IT* U S*) and V(H) N N(A) # 0.
For a vertex u in a residual component H, it holds that degy gy a(u) = degy(u) = b for
u € V(H)NN(A), and deg(u) = degy(u) =b for u € V(H) \ N(A) by Lemma 7.

Lemma 10. Let H be a residual component in G[U] of an instance. Then any (a,b)-reqular
partition (Va,Vp) satisfies either V(H) C V4 or V(H) C Vp.

Proof. Note that degy gy 4(u) = b for each vertex in u € V/(H) by Lemma 7. Hence any two
vertices in V(H) are tightly-connected from each other, and if we include any vertex u € V(H)
to A, then all vertices in H need to be included in A. Hence any (a, b)-regular partition (Va4, V)
satisfies either V(H) C V4 or V(H) C Vp. O

Hence if a residual component H contains a vertex u € V(H) N N(A) with deg(u) # a or is
adjacent to an A-vertex v with degy (v) > a, then V(H) cannot be contained in a set V4 of any
(a,b)-regular partition (Va, Vpg).

Rule 13 Mowve to B all vertices in a residual component H that satisfies one of the following:

(i) There is a vertex u € V(H) N N(A) with deg(u) # a; and
(ii) There is an A-vertexr v with degy (v) > a.

By Lemma 9, we know that each U-vertex is either in T U S* or a residual component.
Note that for any vertex u € V(H) N N(A) in a residual component H, it holds deg(u) =
degy (u) + degy (u) > b+ 1, which indicates that deg(u) > b+1 > a if a < b. Hence when a < b,
after Rule 13 is applied, there is no residual component. We get the following lemma by Lemma 6
and Lemma 8.

Lemma 11. If a < b, then the number |U| of undecided vertices in the instance after applying
all above rules is O((b+ 1)(b+ k)k?).

Lemma 12. Assume that there is a residual component H in G[U]. Then a > b, V(H) C N(A),
|[V(H)| <k, and every vertez in uw € V(H) satisfies degy(u) = b and deg,(u) = a —b.



Proof. Since Rule 13 is not applicable, each vertex u € V(H) N N(A) satisfies deg(u) = a and
degy (u) = b. Hence a > b. If there is a vertex v € V(H) \ N(A) then deg(v) = degy(v) =b<a
holds and such a vertex v must have been included to B by Rule 7. Hence V(H) C N(A). It
holds that |V (H)| < k since Rule 10 is not applicable. This proves the lemma. O

Next we consider the case that a > b. Let all the vertices in A be indexed by wy,wa, ..., w4,
and define the code c(H) of a residual component H in G[U] to be a vector

(degH(wl)a degH(w2)7 EERE) degH(w\A\))v

where 0 < degy (w;) < a for each i. We say that two residual components H and H' are equivalent
if they have the same code ¢c(H) = ¢(H'), where we see that |V (H)| = |V(H’)| since each vertex
u in a residual component has the same degrees in A and U by Lemma 12. Hence the feasibility
of the instance is independent of the current graph structure among equivalent components.
Moreover, if there are more than a equivalent components, then one of them is not contained in
V4 of some (a,b)-regular partition when the instance is feasible.

Rule 14 If there are more than a equivalent residual components for some code, choose arbi-
trarily one of them and include the vertices of the component to B.

Lemma 13. The number of vertices in all residual components is O((ak)@0F+1),

Proof. Now there are at most a equivalent residual components with the same code. Every
residual component H satisfies |V (H)| < k and |E(H)| < (a—b)|V(H)| < (a—b)k by Lemma 12.
Hence the number of different kinds of codes is at most 3y << (441 (“‘;:”) = O((ak)(@=b)k). Then

there are most O(a(ak)(@~®*) residual components, and the number of vertices in all residual
components is O(ka(ak)@=0F). O

By Lemma 6, Lemma 8, and Lemma 13, we have the following.

Lemma 14. If a > b, the number |U| of undecided vertices in any instance after applying all
above rules is O((b+1)(b+ k)k? + (ak)e=0k+1),

Note that in Lemma 14, (b+ 1)(b+ k)k2 + (ak)(@=DF+1 < k26 1y (1),

We finally derive an upper bound on the size of B in an instance I. Let By = BN N(U) and
B; = B\ By, where degp(u) < b for each vertex u € By by Rule 6, and degg(u) = b for each
vertex u € Bs. Note that if b < 1 then By = 0 by Rule 8, and that if |E(B1, B2)| is odd then
b is also odd since b|Bs| — |E(B1, Ba)| = 2|E(G[Bz])|. Observe that the feasibility of I will not
change even if we replace the subgraph G[Bs] with a smaller graph G’ of degree-b B-vertices as
long as each vertex u € B; has the same degree degy () (u) = degp,(u) as before. The next
lemma ensures that there is such a graph G’ with O(|B;| + b?) vertices.

Lemma 15. Let b > 2 be an integer, Vi = {uy,ua,...,u,} be a set of n vertices, and § =
(d1,da,...,d,) be a sequence of nonnegative integers at most b — 1 such that b is odd if d =
> icicndi s odd. Then there is a graph G' = (Va, Eo) with [Vo| < n+b*>+b+1 and a set
E(V1,Va) of d edges between Vi and Vo such that after adding E(Vy,Vs) between Vi and Va, it
holds that degy, (u;) = d; for each u; € Vi and degy, v, (vi) = b for each v; € Va. Such a pair of
graph G' and edge set E(V1,Va) can be constructed in polynomial time in n.

Proof. We show how to construct G’ and E(V7, V»). Initialize d[u;] := d; for each i =1,2,...,n
and j:= 1.

Step 1: We create h vertices vi,vs,...,v, of degree b by repeating the next as much as
possible: select b vertices u € V; with d[u] > 1, and create a new vertex v; adjacent to each of
the b vertices, updating j := j + 1 and d[u] := d[u] — 1 for the b vertices u € V3.

The above set of vertices v, vs,...,v, can be created until the number of vertices u € Vi
with d[u] > 1 becomes less than b. Then now it holds that t = 3_, . d[u] < (b — 1)?, where if
t =) .cv, dlu] is odd, then b is odd by assumption. Clearly h < n, since d; < b — 1 for all i.
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Step 2: For the remaining degrees t = > . d[u], we create [(t+b)/(2b)] b-regular complete
bipartite graphs Kj; of 2b vertices, where there is a matching M of at least (t + b — 1)/2
independent edges in the union of these complete bipartite graphs. We repeatedly select an edge
e € M and two vertices u,u’ € Vi with dfu],d[u/] > 1 (or a vertex u € Vi with d[u] > 2), and
replace the edge e = ww’ with two edges wu and w'u’ (or wu and w'u), updating d[u] := d[u] — 1
and d[u'] := d[u'] =1 (or d[u] := d[u] —2). After the maximal repetitions, if ¢ is even then we have
Y ey, dlu] = 05 if ¢ is odd then . d[u] = d[u;<] = 1 for some u; € Vi, for which we choose
(b—1)/2 more edges f;, i =1,2,...,b—1 from the remaining M, and create another vertex vj 11
adjacent to u;«, updating d[u;~] := 0 and replacing each edge f; = z;z; with two edges z;u;» and
AT

After Step 2, we attain ) .. dlu] = 0. Now we let V5 be the set of all vertices created in
the above two steps. Then |Va| < h+ [(t +b)/(2b)] - (2b) + 1 < n + b? + b + 1. Clearly after
above operations, each vertex u; € Vi and each vertex v € V5 satisfy the degree condition of the
lemma. O

Rule 15 When b > 2, remove the subgraph G[Bs], and add a graph G' = (Va, Ey) with edge
set E(Vi = By, Va2) according to Lemma 15, where n = |By|, Vi = By = {uy,us,...,u,} and
0 = (degp, (u1),degp, (u2),...,degg, (un)).

Lemma 16. After applying all above rules, the number of vertices in A is at most k and the
number of vertices in B is O(bk + b?).

Proof. After Rule 6, the number of vertices in A is at most k. After Rule 15, all new vertices
added in Rule 15 will form the new vertex set Bs. Then |B| = |Bi| + |Bs| = |Bi| + |Va| <
2|By| + 6% +b+1=2bk+b*>+b+1. O

Lemma 11, Lemma 14, Lemma 16 and a < k — 1 in (1) establish Theorem 3.

5 Fixed-Parameter Intractability

This section discusses the fixed-parameter intractability of our problems. We have mentioned in
the introduction that BOUNDED-DEGREE DELETION is W][2]-hard with parameter k and it is
also a special case of UPPER-DEGREE-BOUNDED BIPARTITION where a > k — 1. Then UPPER-
DEGREE-BOUNDED BIPARTITION is W[2]-hard with parameter k = |V4|. Here we prove a slightly
stronger result containing a case where a < k — 1.

Theorem 5. UPPER-DEGREE-BOUNDED BIPARTITION is W[2]-hard with parameter k = |Va4|
even if a = 0.

We give a reduction from INDEPENDENT DOMINATING SET, a well-known W[2]-hard prob-
lem also known as MINIMAL MAXIMUM INDEPENDENT SET [9], to UPPER-DEGREE-BOUNDED
BIPARTITION with ¢ = 0. INDEPENDENT DOMINATING SET asks us to test whether a graph G
admits a set D C V(G) of at most k vertices such that there is no edge between any two vertices
in D and each vertex in V(G) \ D is adjacent to at least one vertex in D. Given an instance
I = (G, k) of INDEPENDENT DOMINATING SET with a graph G of maximum degree d > 2, we
augment G to G’ = (V(G) U V1, E(G) U Eq) so that each vertex v € V(G) will be of degree d by
adding d — deg(v) new vertices of degree 1 which are adjacent to only v, where V; and FE; are the
sets of newly added vertices of degree 1 and edges, respectively. Let I' = (G',a = 0,b =d — 1,k)
be an instance of UPPER-DEGREE-BOUNDED BIPARTITION defined on this graph G’. We prove
that I is an yes-instance if and only if so is I’.

Assume that G has a solution D of size at most k. Then (V4 = D, Vg = V(G')\ D) is a
solution to I’, because V4 = D satisfies |V4| = |D| < k and the upper bound with a = 0,
whereas Vp satisfies the upper bound with b = d—1, where all vertices v € V1 C V(G’')\ D are of
degree 1 (< d—1) in G’ and all the other vertices v € Vg N'V(G) are of degree degy /) p(v) <
d—|Nw)nD|<d-1.
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Assume that I" admits a solution (Vy4, Vg), where we choose (V4, Vi) so that |Va|+ |[VaN V]|
is minimized. We first show that |V4 N V3| = 0 holds and then prove that D = V} is a solution to
I. Assume that there is a vertex v € V4 N'Vy, whose unique neighbor w is in V/(G) NV, since V4
is an independent set in G’. If u has a neighbor v" in V4 in G’, then (Va\{v}, Vs U{v}) is another
solution to I’ with a smaller size |V4|+ |Va N V1], contradicting the choice of solution. Then v is
the unique neighbor of w in V4 in G/, and (V4 \ {v}) U{u}, (Vs \ {u})U{v}) is another solution
to I with a smaller size |V4| + |Va N V4|, again contradicting the choice of solution. Therefore
Va4 CV(G) holds. Let D = V4, where D = V, is an independent set with |D| = [V4| < k. Each
vertex v € V(G) \ V4 of degree d has at least one neighbor in V4 in G’ by the upper bound with
d— 1. This implies that D is an independent and dominating set of size at most k, i.e., a solution
to I.

For REGULAR BIPARTITION, we will show that a special case of this problem is equivalent
to PERFECT CODE in d-regular graphs. PERFECT CODE asks us to test whether G admits a set
S C V(G) of at most k vertices such that for each vertex v € V(G) there is precisely one vertex
in N[v]NS. It is W[1]-hard when k is taken as the parameter [8]. It is easy to see that an instance
(G, k) of PERFECT CODE in a d-regular graph G is yes if and only if the instance (G,0,d — 1, k)
of REGULAR BIPARTITION is feasible. It is quite possible that PERFECT CODE with parameter
k remains W[1]-hard even if input graphs are restricted to regular graphs.

6 Concluding Remarks

In this paper, we established the NP-hardness of UPPER-DEGREE-BOUNDED BIPARTITION and
REGULAR BIPARTITION for any nonnegative integers a and b except a = b = 0. We also studied
kernelization and parameterized complexity of these two problems by considering the size k of
one part of the bipartition as the parameter. For further studies, we can consider the problem of
partitioning a graph into more than two parts with degree constraints on each part.
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