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Abstract

In this paper, we propose a new machine learning method, called adjustive linear
regression, which can be regarded as an ANN on an architecture with an input layer
and an output layer of a single node, wherein an error function is minimized by choosing
not only weights of the arcs but also an activation function at each node in the two
layers simultaneously. Under some conditions, such a minimization can be formulated
as a linear program (LP) and a prediction function with adjustive linear regression
is obtained as an optimal solution to the LP. We apply the new machine learning
method to a framework of inferring a chemical compound with a desired property
(i.e., inverse QSAR). From the results of our computational experiments, we observe
that a prediction function constructed by adjustive linear regression for some chemical
properties drastically outperforms that by Lasso linear regression.
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1 Introduction

In this paper, we design a new learning method, called “adjustive linear regression” in order to
construct a function that predicts a chemical property of a given chemical compound. We start
with the background and the recent results on the research.

Background Analysis of chemical compounds is one of the important applications of intelligent
computing. Indeed, various machine learning methods have been applied to the prediction of
chemical activities from their structural data, where such a problem is often referred to as quan-
titative structure activity relationship (QSAR) [1, 2]. Recently, neural networks and deep-learning
technologies have extensively been applied to QSAR [3].

In addition to QSAR, extensive studies have been done on inverse quantitative structure ac-
tivity relationship (inverse QSAR), which seeks for chemical structures having desired chemical
activities under some constraints. Since it is difficult to directly handle chemical structures in both
QSAR and inverse QSAR, chemical compounds are usually represented as vectors of real or integer
numbers, which are often called descriptors in chemoinformatics and correspond to feature vectors
in machine learning. One major approach in inverse QSAR is to infer feature vectors from given
chemical activities and constraints and then reconstruct chemical structures from these feature
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vectors [4, 5, 6], where chemical structures are usually treated as undirected graphs. However, the
reconstruction itself is a challenging task because the number of possible chemical graphs is huge.
For example, chemical graphs with up to 30 atoms (vertices) C, N, 0, and S may exceed 10% [7].
Due to this difficulty, most existing methods for inverse QSAR do not guarantee optimal or exact
solutions.

As a new approach, extensive studies have recently been done for inverse QSAR using artificial
neural networks (ANNs), especially using graph convolutional networks [8]. For example, recurrent
neural networks [10, 11], variational autoencoders [9], grammar variational autoencoders [12], gen-
erative adversarial networks [13], and invertible flow models [14, 15] have been applied. However,
these methods do not yet guarantee optimal or exact solutions.
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Figure 1: An illustration of a framework for inferring a set of chemical graphs C*.

Framework Akutsu and Nagamochi [16] proved that the computation process of a given ANN can
be simulated with a mixed integer linear programming (MILP). Based on this, a novel framework
for inferring chemical graphs has been developed and revised [17, 18], as illustrated in Figure 1. Tt
constructs a prediction function in the first phase and infers a chemical graph in the second phase.
The first phase of the framework consists of three stages. Stage 1 chooses a chemical property =
and a class G of graphs, where a property function a is defined so that a(C) is the value of 7 for a
compound C € G, and collects a data set D, of chemical graphs in G such that a(C) is available
for every C € D,. Stage 2 introduces a feature function f : G — R¥ for a positive integer K.
Stage 3 constructs a prediction function n with an ANN N that, given a vector z € R¥ | returns a
value y = n(x) € R so that n(f(C)) serves as a predicted value to the real value a(C) of = for each
C € D. Given two reals y* and ¥* as an interval for a target chemical value, the second phase
infers chemical graphs C* with y* < n(f(C*)) < 7" in the next two stages. After Stage 3, we have
obtained a feature function f and a prediction function . We can specify an additional constraint
on the substructures of target chemical graphs, called a topological specification before we infer a
target chemical graph. In Stage 4, the following two MILP formulations are prepared:

- MILP M(z,y;Cy) with a set C; of linear constraints on variables x and y (and some other

auxiliary variables) simulates the process of computing y := n(z) from a vector x; and
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- MILP M(g, x;Cs) with a set Cy of linear constraints on variable z and a variable vector g that
represents a chemical graph C (and some other auxiliary variables) simulates the process of
computing x := f(C) from a chemical graph C and chooses a chemical graph C that satisfies
the given topological specification o.

Given an interval with boundaries y*, 7" € R, Stage 4 solves the combined MILP M(g, z,y;C1,Cs)
to find a feature vector z* € R¥ and a chemical graph C' with the specification ¢ such that
f(Ch) = 2* and y* < n(z*) < F* (where if the MILP instance is infeasible then this suggests that
there does not exist such a desired chemical graph). Stage 5 generates other chemical graphs C*
such that y* < n(f(C*)) <7 based on the output chemical graph C'.

A modeling of chemical compounds together with an MILP formulation has been improved so
that a chemical compound with any graph structure can be treated (see Shi et al. [18]). Not only
ANNSs but also other machine learning methods have been used to construct a prediction function
n in Stage 3 recently. Tanaka et al. [19] (resp., Zhu et al. [20]) used a decision tree (resp., linear
regression) to construct a prediction function 7 in Stage 3 in the framework and derived an MILP
M(z,y;Cy) that simulates the computation process of a decision tree (resp., linear regression).

The novelty of the framework is based on the fact that a prediction process by linear regression
or ANNs can be modeled as an MILP, to which we can find a mathematically exact solution by
relying on the state-of-the-art solvers from Operations Research (OR). A sophisticated method has
been studied by Shi et al. [18] in order to formulate a sparse MILP instance even for a complicated
requirements in a topological specification. Currently an MILP instance in Stage 4 for inferring
a chemical compound with 50 non-hydrogen atoms contains around 10,000 variables and 10,000
linear constraints, and can be solved in a few seconds.

Contribution In this paper, we apply a mathematical programming in OR to Stage 3 in order to
design a new machine learning method for QSAR. Let us compare linear regression and ANNs. The
former uses a hyperplane to explain a given data set and the latter can represent a more complex
subspace than a hyperplane. Importantly a best hyperplane that minimizes an error function can
be found exactly in the former whereas a local optimum solution to an error function is constructed
by an iterative procedure in the latter and different local optimum solutions often appear depending
on how we have tuned many parameters in ANNs. Linear regression can be regarded as an ANN
on an architecture with an input layer and an output layer of a single node with a linear activation
function. We consider an ANN on the same architecture such that each node in the input and out
layers is equipped with a set ® of activation functions. Given a data set, we consider a problem
of minimizing an error function on the data set by choosing a weight of each arc, a bias of the
output node and a best activation function for each node simultaneously. With some restriction
on the set ® of activation functions and the definition of an error function, we show that such
an minimization problem can be formulated as a linear program, which is much easier than an
MILP to solve exactly. We call this new method “adjustive linear regression” and implemented it
in Stages 3 an 4 in the framework. We used the same MILP M(g, z; Cy) formulation proposed by
Zhu et al. [20] and omit the details in this paper. We compared adjustive linear regression with
Lasso linear regression in constructing prediction functions for several chemical properties. From
the results of our computational experiments, we observe that a prediction function constructed
by adjustive linear regression for some chemical properties drastically outperform that by Lasso



linear regression.

The paper is organized as follows. Section 2 reviews the idea of prediction functions based on
linear regression and ANNs and designs “adjustive linear regression,” a new method for construct-
ing a prediction function by solving a linear program to optimize a choice of weights/bias together
with activation functions in an ANN with no hidden layers. Section 3.1 introduces some notions
on graphs, a modeling of chemical compounds and a choice of descriptors. Section 4 reviews a
method, called a two-layered model for representing the feature of a chemical graph in order to deal
with an arbitrary graph in the framework. Section 5 reports the results on some computational
experiments conducted for the framework of inferring chemical graphs by using our new method
of adjustive linear regression. Section 6 makes some concluding remarks. Some technical details
are given in Appendices: Appendix A for all descriptors in our feature function; Appendix B for a
full description of a topological specification; and Appendix C for the detail of test instances used
in our computational experiment for Stages 4 and 5.

2 Constructing Prediction Functions

Let R, R, Z and Z . denote the sets of reals, non-negative reals, integers and non-negative integers,
respectively. For two integers a and b, let [a,b] denote the set of integers i with a < i < b. For a
vector x € RP, the j-th entry of z is denoted by x(j),7 € [1, p].

2.1 Linear Prediction Functions

For an integer K > 1, define a feature space R¥. Let X = {x1,2s,...,7} be a set of feature
vectors x € R and let a; € R be a real assigned to a feature vector z;. Let A = {a; | i € [1,m]}.
A function n : RE — R is called a prediction function. We wish to find a prediction function
n: RE — R based on a subset of {z1, s, ..., 7} so that n(z;) is closed to the value a; for many
indices i € [1,m].

For a prediction function 1 : RX — R, define an error function

Err(n; X) = Z (a: — n(x:))?,

1€[1,m]
and define the coefficient of determination R*(n, X) to be

Brr(; ) for a = Z a;.
Zz’e[l,m](ai —a)?

'Le[l m)|

RQ(U?‘)() = 1 -

Many methods have been proposed in order to find a prediction function n that minimizes the
error function Err(7,; X) possibly without using all elements in X

For the feature space R, a hyperplane is defined to be a pair (w,b) of a vector w € RX and
areal b € R. A prediction function 7 is called linear if n is given by nyp(z) = w -z + b,z €
RE for a hyperplane (w,b). The linear regression is to find a hyperplane (w,b) that minimizes

Err(nup; X) = D icp m(@i — (w -z + D)%



In many cases, a feature vector f contains descriptors that do not play an essential role in
constructing a good prediction function. When we solve the minimization problem, the entries
w(j) for some descriptors j € [1, K| in the resulting hyperplane (w,b) become zero, which means
that these descriptors were not necessarily important for finding a prediction function 7,,;. It
is proposed that solving the minimization with an additional penalty term to the error function
often results in a more number of entries w(j) = 0, reducing a set of descriptors necessary for
defining a prediction function 7,;. For an error function with such a penalty term, a Ridge
function 5= Err(n,; X) + AR jeps w(i)? + 0% [21, 22] and a Lasso function =Bt (1,5, X) +
AR e [w()] + [b]] [23] are known, where A € R is a given real number. As a hybridization
of Ridge linear regression and Lasso linear regression, a linear regression that minimizes an error
function defined to be 5=Err(n,,; X) + A2 jen g W)+ 0+ M e g [w(5)| + [b]] s called
elastic net linear regression [24], where A1, Ay € R are given real numbers.

Zhu et al. [20] used Lasso linear regression to construct a prediction function 7 in Stage 3 in
the framework.

2.2 ANNSs for Linear Prediction Functions

It is not difficult to see that a linear prediction function n with a hyperplane (w,b) can be repre-
sented by an ANN N with an input layer Ly, = {uj, us,...,ux} of K input nodes and an output
layer Loy = {v} of a single output node v such that the weight of an arc (u;,v) from an input
node u; to the output node v is given by w(j),j € [1, K]; the bias at node v is given by b; and
the activation function at node v is linear. See Figure 2(a) for an illustration of an ANN N that
represents a linear prediction function n with a hyperplane (w,b). Given a vector x € R, the
ANN N outputs y := 3.y g w(i)z(j) + b.

x(1) 2(1):= ¢1(x(1))

) 20):= ()

@O

2(K):= ox(x(K))
(b)

Figure 2: An illustration of the process in ANNs with no hidden layers: (a) An ANN A that
represents a linear prediction function n with a hyperplane (w, b); (b) an ANN N, with activation
functions ¢, j € [0, K] at all nodes.

We consider an ANN N, with the same architecture with the ANN A and introduce activation
functions ¢; at nodes u;, j € [1, K] and an activation function ¢ at node v. Given a vector z € R¥,



the ANN A, outputs y := ¢o(2(0)) for 2(0) := > jenr w()z()+band 2(j) == ¢;(x(5)),j € 1, K].

In a standard method of a prediction function 7y, with the above ANN N, we specify each
activation function ¢; and determine weights w and a bias b by executing an iterative procedure
that tries to minimize an error function between the real values a; and the predicted values n;, (z;).

2.3 Adjustive Linear Regression

In this paper, we design a new method of constructing a prediction function with the above ANN
N, so that (i) not only weights w and a bias b but also prediction functions ¢; are chosen so as to
minimize an error function and (ii) the minimization problem is formulated as a linear programming
problem.

We introduce a class ®; of functions for a choice of each activation function ¢;,j € [0, K.
When we choose a function ¢; € ®; for each j € [0, K] and a hyperplane (w,b), we define a
prediction function 7y, such that

Nwws(z) £ do( Y w(i)(@;(x(4))) — )

JE[LK]

for the set U = {¢; | j € [0, K]} of the functions.

In this paper, we use a function £(t) = ct+t*+ " (1— (t—1)?),0 < t < 1 for a function ¢;,j €
[1, K] or the inverse ¢, of a function ¢g, where ¢, ¢’ and ¢ are nonnegative constant constants with
¢+ 4" = 1 which will be determined for each j € [0, K] by our method. Note that, for a domain
0 <t <1, &(t) is a monotone increasing function and admits an inverse function £71(¢), where
Et) =t/(c+2") when ¢ = ¢ and £71(t) = (—c — 2" + \/(c+2")2 + 4(d — ")t) /(2 — 2c")
when ¢ # .

We introduce a class ®; of functions in the following way.

1. Normalize the set {x;(j) | @i € X},j € [1, K] and the set {a;(j) | z; € X'} so that the
minimum and maximum in the set become 0 and 1.

2. For each index j € [0, K], define a class ®; of functions to be

@ 2 {eo()t + ea()F + 21— (E= 12,0 << 1] e4(5) 2 0,0 € 0,2],
> se2 Cald) = 1},5 € [1, K].

Define
By 2 {co(0)t + c1(0)1% + ¢o(0)(1 — (£ —1)2),0 < ¢t < 1] ¢,(0) > 0,9 € [0,2],
qu[og] cq(0) = 1},
By £ {¢7(1),0 <t < TIE(1) € B}

To use linear programming, we measure an error of a prediction function 7 over a data set X
by the sum of the absolute errors:

SAE(n; X) £ Z la; — n(x)].

T, EX
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Now our aim is to find a prediction function 7y, that minimizes the sum of the absolute
errors SAE(ny p; X) or equivalently

D loet(a) = (Y w(i) (@) = b)] (1)

i€[1,m] Jj€[1,K]

over all functions ¢, € dy, ¢j € ©;,7 € [1, K] and hyperplanes (w, b).

To formulate this minimization problem as a linear programming problem, we predetermine
the sign of w(j) for each descriptor j in a hyperplane (w,b) that we will choose. Compute the
correlation coefficient o(X;, A) between X; = {x;(j) | ¢ € [I,m]} and A = {a; | 7 € [1,m]}
and partition the set of descriptors into two sets IT := {j € [1,K] | 0(X;,A) > 0} and I~ :=
{j € [LK] | 0(X;,A) < 0}. We impose an additional constraint that w( ) > 0,7 € I and
w(j) < 0,5 € I~. Then the objective function (1) is described as follows, where we rewrite each
term w(j),j € I'™ (resp., —w(j),j € I7) as w'(j):

Z ‘Co(O>CLZ‘ + CI(O)a? + CQ(O)(l - (az_1)2)

1€[1,m]
- Z [w'(7) (co(5)zi(5) + e1(D)zi(5)* + e2(5) (1 = (2:(7) = 1)*))]
2 () o) + () () + ()1~ (@) =17)] 1]

We minimize (1) over all nonnegative reals ¢,(j),q € [0,2],5 € [1, K], nonnegative reals w(j),j €
[1, K] and a real b € R such that }_ 4 c(j) = 1,7 € [1, K].

Before we derive a linear programming formulation to the above minimization problem, we
include a penalty term for the weights w(j), j € [1, K] analogously with the Lasso linear regression.
We consider the following problem which we call adjustive linear regression, where w'(j)c,(j), q €
[0, 2] is rewritten as wy(j).

Adjustive Linear Regression(X’, \)

Minimize: % Z ‘CO(O)CLZ‘ + c1(0)a? + c2(0)(1 — (a;—1)?)

1€[1,m]

= D lwo()rld) + wa () + wai)(1 ~ (a:(7)~1)°)]
+ Z wo()ai(7) +wi()2i(5)* +wa(5)(1 — (2:(5)—1)*)] — b (2)

subject to
Co(O) + Cl(O) + CQ(O) =1.

When the set S ={a; | i € [1,m]} (resp., S = {x;(j) | i € [1,m]} for an index j € [1,m]) is binary
(i.e., S =1{0,1}), we always set ¢;(0) = c2(0) = 0 (resp., ¢1(j) = c2(j) = 0).

We observe that adjustive linear regression is an extension of the Lasso linear regression except
that the error function is the sum of absolute errors in the former and the sum of square errors in
the latter.



We solve the above minimization problem (2) to construct a prediction function 7y .. Let
c;(0),q € [0,2], wi(j),q € [0,2],5 € [1, K] and b* denote the values of variables c,(0),q € [0,2],
wy(j),q € [0,2],5 € [1,K] and b in an optimal solution, respectively. Let K’ denote the number
of descriptors j € [1, K] with w{(j) > 0 and Ik denote the set of j € [1, K| with w{(j) > 0. Then
we set

w*(j) =0 for j € [1, K| with w{(j) = 0,

w*(5) = w5 (4)/ (wg(5) + wi(j) + w3(4)) for j € IT N Ixr,

w*(5) == —w5(7)/ (w5 (4) + wi(j) + w3 (5)) for j € I7 NIk,

c;() wy(j)/w*(j),q € [0,2] for j € Ix and

w* = (wo(l), wy(2), ..., wi(K)) € RE,

For a set U* of selected functions ¢;(t) = ¢§(4)t + ()2 + c5(5)(1 — (t —1)?),j € Ix with and
do(t) with ¢yt (t) = c5(0)t + ci(0)t2 + ¢5(0)(1 — (t — 1)?) and a hyperplane (w*, b*), we construct a
prediction function 1y« = p+-

We propose the following scheme of executing adjustive linear regression for constructing a
prediction function and evaluating the performance.

1. Given a data set X = {z; € RX | i € [1,m]} of normalized feature vectors and a set
A ={a; € R| i€ [1,m]} of normalized observed values, we choose a real A > 0 possibly
from a set of candidates for A > 0 so that the performance of a prediction function 7y« ;= p+
obtained from an optimal solution (¥*, w*, b*) to the adjustive linear regression (X, \) attains
a criterion, where we may use cross-validation and the test coefficient of determination to
know the performance. Note that the reals ¢;(j),q € [1,2],j € Ik indicate the non-linearity
of a function ¢; and the resulting predlctlon function g« 4+ may easily cause overfitting
when the bounds c}(j) are unnecessarily large. To bound reals c;(j),q € [1,2], we also
penalize weights wy(7),q € [1,2],j € I with the same real \.

2. With the real A determined in 1, we evaluate the performance of a prediction function
obtained with adjustive linear regression based on cross-validation. We divide the entire set
X into five subsets X® k € [1,5]. For each k € [1,5], we use the set X \ X®) as a training
data to construct a prediction function 1y, with adjustive linear regression (X \ X®) ))
and compute the coefficient of determination R?(ng u,p; X (k).

2.4 An LP formulation for Adjustive Linear Regression

We formulate a linear programming problem to the adjustive linear regression (X', \).

LP(X, \):

constants:

- Aset X = {z; € RF | i € [1,m]} of feature vectors and a set A = {a; € R | i € [1,m]} of
observed values. Assume that each of the sets X; = {z;(j) | i € [1,m]}, j € [1, K] and A is
standardized;

- A positive real X € R: a coefficient for the penalty term;

variables:
- Nonnegative reals ¢,(0) € R, ¢ € [0, 2];



- Nonnegative vectors w, € R¥ ¢ € [0,2] and a real b € R;
- Nonnegative real b € R;
- Nonnegative reals A; > 0,4 € [1,m];

constraints:

c0(0) +¢1(0) + ¢2(0) = 1, (3)

A > Co(o)az’ + c1(0)a? 4 c2(0)(1 — (a;—1)?)
— Z 0(j)x +w1(J)$i(j)2+w2(j)(1—<5Uz'(j)_1)2)]

+Z wO xz +w1<.7) (]) +w2<])(1_<xi(j)_l>2)]_b2 _Aia (S [17m]’ (4)

objective function:

Minimize — Z JAVE SN Z wy(§) + Ab.

zelm] q€[0,2],5€[1,K]

We see that the numbers of variables and constraints in the linear program LP(X, \) are both
O(m + K).

Let w}(j),q € [0,2],7 € [1, K] and b* denote the values of variables w,(j),q € [0,2],5 € [1, K]
and b in an optimal solution to linear program LP (X', \), respectively. Let K’ denote the number
of descriptors j € [1, K] with wj(j) > 0 and Ik denote the set of j € [1, K| with w{(j) > 0.
Then we obtain an optimal solution to the adjustive linear regression (2) by setting w*(j) :=
Wi () (wg(7) + wi () + w3 (7)), G € I+ Vg, w*(§) = —wi () (i) +wi () + w3 (7)), 4 € I~ NI,
and ¢5(j) = wy () (7). € [1.2).5 € L.

3 Modeling of Chemical Compounds

This section introduces some notions and terminologies on graphs and reviews the modeling of
chemical compounds due to Zhu et al. [20].

Graph Given a graph G, let V(G) and E(G) denote the sets of vertices and edges, respectively.
For a subset V! C V(G) (resp., E' C E(G)) of a graph G, let G — V' (resp., G — E’) denote the
graph obtained from G by removing the vertices in V' (resp., the edges in E’), where we remove
all edges incident to a vertex in V' in G — V’. An edge subset E' C F(G) in a connected graph
G is called separating (resp., non-separating) if G — E' remains connected (resp., G — E’ becomes
disconnected). The rank r(G) of a graph G is defined to be the minimum |F| of an edge subset
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F C E(G) such that G — F contains no cycle, where r(G) = |E(G)| — |V(G)| + 1. Observe
that r(G — E') = r(G) — |E’| holds for any non-separating edge subset £/ C E(G). An edge
e = ujug € F(G) in a connected graph G is called a bridge if {e} is separating, i.e., G — e consists
of two connected graphs G; containing vertex u;, ¢ = 1,2. For a connected cyclic graph G, an
edge e is called a core-edge if it is in a cycle of G or is a bridge e = ujus such that each of the
connected graphs G;, i = 1,2 of G — e contains a cycle. A vertex incident to a core-edge is called
a core-vertexr of G. A path with two end-vertices u and v is called a wu, v-path.

A vertex designated in a graph G is called a root. In this paper, we designate at most two
vertices as roots, and denote by Rt(G) the set of roots of G. We call a graph G rooted (resp.,
bi-rooted) if |Rt(G)| =1 (resp., |Rt(G)| = 2), where we call G unrooted if Rt(G) = 0.

For a graph G possibly with roots a leaf-vertex is defined to be a non-root vertex v € V(G) \
Rt(G) with degree 1, call the edge uv incident to a leaf vertex v a leaf-edge, and denote by Vieas(G)
and Elear(G) the sets of leaf-vertices and leaf-edges in G, respectively. For a graph or a rooted
graph G, we define graphs G;,¢ € Z, obtained from G by removing the set of leaf-vertices ¢ times
so that

Go:=G; Gy =G, — Vieaf(Gi)a

where we call a vertex v € Vieat(Gr) a leaf k-branch and we say that a vertex v € Viear(Gy) has
height ht(v) = k in G. The height ht(T") of a rooted tree T' is defined to be the maximum of ht(v)
of a vertex v € V(T). For an integer k& > 0, we call a rooted tree T k-lean if T" has at most one leaf
k-branch. For an unrooted cyclic graph G, we regard that the set of non-core-edges in G induces
a collection 7T of trees each of which is rooted at a core-vertex, where we call G k-lean if each of
the rooted trees in T is k-lean.

3.1 Chemical Graphs

To represent a chemical compound, we introduce a set of chemical elements such as H (hydrogen),
C (carbon), 0 (oxygen), N (nitrogen) and so on. To distinguish a chemical element a with multiple
valences such as § (sulfur), we denote a chemical element a with a valence i by a(;, where we do
not use such a suffix (i) for a chemical element a with a unique valence. Let A be a set of chemical
elements a(;). For example, A = {H,C,0,N,P,S2),Su),S@)}. Let val : A — [1,6] be a valence
function. For example, val(H) = 1, val(C) = 4, val(0) = 2, val(P) = 5, val(S(3)) = 2, val(Sy)) = 4
and val(S(g)) = 6. For each chemical element a € A, let mass(a) denote the mass of a.

A chemical compound is represented by a chemical graph defined to be a tuple C = (H, «, 8) of
a simple, connected undirected graph H and functions « : V(H) — A and g : E(H) — [1,3]. The
set of atoms and the set of bonds in the compound are represented by the vertex set V' (H) and the
edge set E(H), respectively. The chemical element assigned to a vertex v € V(H) is represented
by a(v) and the bond-multiplicity between two adjacent vertices u,v € V(H) is represented by
B(e) of the edge e = uwv € E(H). We say that two tuples (H;, «;, 5;),i = 1,2 are isomorphic if
they admit an isomorphism ¢, i.e., a bijection ¢ : V/(H;) — V(H;) such that uv € E(H;), aq(u) =
a,a1(v) = b, fi(uv) = m < ¢(u)g(v) € E(Hy), ax(é(u)) = a,a2(¢(v)) = b, fa(d(u)p(v)) = m.
When H; is rooted at a vertex r;,i = 1,2, (H;, oy, 8;),1 = 1,2 are rooted-isomorphic (r-isomorphic)
if they admit an isomorphism ¢ such that ¢(r;) = 7.
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For a notational convenience, we use a function fc : V(H) — [0,12] for a chemical graph
C = (H, «, ) such that S¢(u) means the sum of bond-multiplicities of edges incident to a vertex
u; i.e.,
Be(u) = Z B(uv) for each vertex u € V(H).

weE(H)

For each vertex u € V(H), define the electron-degree eledege(u) to be

eledege(u) 2 Be(u) — val(a(u)).

For each vertex u € V(H), let deg¢(u) denote the number of vertices adjacent to the vertex u in C.

For a chemical graph C = (H,«, 3), let V,(C), a € A denote the set vertices v € V(H) such
that a(v) = a in C and define the hydrogen-suppressed chemical graph (C) to be the graph obtained
from H by removing all the vertices v € V4(C).

Figure 3: An illustration of a hydrogen-suppressed chemical graph (C) obtained from a chemical
graph C with r(C) = 4 by removing all the hydrogens, where for p = 2, V*(C) = {w; | ¢ € [1,19]}
and VI"*(C) = {u; | i € [1,28]}.

4 Two-layered Model

This section reviews the two-layered model introduced by Zhu et al. [20].

Let C = (H,«, ) be a chemical graph and p > 1 be an integer, which we call a branch-
parameter.

A two-layered model of C is a partition of the hydrogen-suppressed chemical graph (C) into
an “interior” and an “exterior” in the following way. We call a vertex v € V({C)) (resp., an edge
e € E((C))) of C an exterior-vertez (resp., exterior-edge) if ht(v) < p (resp., e is incident to an
exterior-vertex) and denote the sets of exterior-vertices and exterior-edges by V*(C) and E*(C),
respectively and denote V"*(C) = V((C)) \ V*(C) and E™(C) = E((C)) \ E™(C), respectively.

We call a vertex in VI"*(C) (resp., an edge in E™(C)) an interior-vertex (resp., interior-edge).
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The set £(C) of exterior-edges forms a collection of connected graphs each of which is regarded
as a rooted tree T rooted at the vertex v € V(T') with the maximum ht(v). Let 7°*((C)) denote
the set of these chemical rooted trees in (C). The interior C™ of C is defined to be the subgraph
(V*(C), B™(C)) of (C).

Figure 3 illustrates an example of a hydrogen-suppressed chemical graph (C). For a branch-
parameter p = 2, the interior of the chemical graph (C) in Figure 3 is obtained by removing the set
of vertices with degree 1 p = 2 times; i.e., first remove the set V; = {wy,ws, ..., w4} of vertices of
degree 1 in (C) and then remove the set V2 {w1s, wie, . . ., wig } of vertices of degree 1 in (C) —V;,
where the removed vertices become the exterior-vertices of (C).

For each interior-vertex u € V™(C), let T,, € T**((C)) denote the chemical tree rooted at u
(where possibly T, consists of vertex u) and define the p-fringe-tree Clu] to be the chemical rooted
tree obtained from 7T, by putting back the hydrogens originally attached with 7, in C. Let 7(C)
denote the set of p-fringe-trees Clu],u € V™(C). Figure 4 illustrates the set T(C) = {Clu,] | i €
[1,28]} of the 2-fringe-trees of the example C with (C) in Figure 3.

2 ©
®] HH (? C? ? Clus] C[W (% Clus] Clun]

Clur

Vs Clusl Clol Clusl Clasl ¥ ¥ Clud 2 Cluel V! Clur]
Vit Ve Ve Vg U Ve Cluiz] VY11 Cluis]
Vis V19
[u14
V27
AR T R A
g#u Clus] g -
(C[ulé] Clurr]  Y' Clw] C [uzo uzz [uzs] (Cu26] Q
vir o Vi Ve Vi1 Cu21 Ve
@ @ © ®
Clu2s] (C u24] Clu27] Cluas]
W26 W24 W25 W30

Figure 4: The set T(C) of 2-fringe-trees Clu,|,i € [1,28] of the example C with (C) in Figure 3,
where the root of each tree is depicted with a gray circle and the hydrogens attached to non-root
vertices are omitted in the figure.

Feature Function The feature of an interior-edge ¢ = uv € E™(C) such that a(u) = a,
degcy(u) = d, a(v) = Db, deg,c,(v) = d' and [(e) = m is represented by a tuple (ad,bd’, m), which
is called the edge-configuration of the edge e, where we call the tuple (a,b,m) the adjacency-
configuration of the edge e.

For an integer K, a feature vector f(C) of a chemical graph C is defined by a feature function
f that consists of K descriptors. We call RE the feature space.

Tanaka et al. [19] defined a feature vector f(C) € R¥ to be a combination of the frequency of
edge-configurations of the interior-edges and the frequency of chemical rooted trees among the set
of chemical rooted trees Clu] over all interior-vertices w.

Topological Specification A topological specification is described as a set of the following rules
proposed by Shi et al. [18] and modified by Tanaka et al. [19]:
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(i) a seed graph G¢ as an abstract form of a target chemical graph C;
(ii) a set F of chemical rooted trees as candidates for a tree Clu| rooted at each interior-vertex
u in C; and
(iii) lower and upper bounds on the number of components in a target chemical graph such as
chemical elements, double/triple bonds and the interior-vertices in C.

------- : Eso={ay.ay,....as} i}@l i;@z i (\E,Z %;' ? (? Q% %7 (E? R R ;ST\ R

ul === Exn~{as) H H H H H HHHHHHHH
Orrenndl N Yo W7 ws Wo Wio vir V12 Vi3 Vi4

s Eony={a7} i
—: Ey=lagag.....a17} E\ E\ E I E JX@ @ﬁ@ A A

Vis  Vie V17 VYig Vi9
}X g%

\V28
(a) A seed graph Gc=(Vc,Ec) (b) A set F of chemical rooted trees

\V24 Y25

Figure 5: (a) An illustration of a seed graph G¢ with r(G¢) = 5, where the vertices in Vi are
depicted with gray circles, the edges in F(>9) are depicted with dotted lines, the edges in E(>1) are
depicted with dashed lines, the edges in E(g/) are depicted with gray bold lines and the edges in
E -1y are depicted with black solid lines; (b) A set F = {t1,9s,...,130} € F(D;) of 30 chemical
rooted trees v;,i € [1,30], where the root of each tree is depicted with a gray circle, where the
hydrogens attached to non-root vertices are omitted in the figure.

Figure 5(a) and (b) illustrate examples of a seed graph G¢ and a set F of chemical rooted
trees, respectively. Given a seed graph G, the interior of a target chemical graph C is constructed
from G¢ by replacing some edges a = uv with paths P, between the end-vertices v and v and by
attaching new paths @, to some vertices v. For example, a chemical graph C with (C) in Figure 3
is constructed from the seed graph G¢ in Figure 5(a) as follows.

- First replace five edges a1 = wujug,as = ujus,az = ugu7,ay = upur; and as = ujiue in
G¢ with new paths P,, = (u1,u3,us), Po, = (u1,u14,u3), Poy = (Ug,ur5,u16,u7), Py, =
(u10, Ur7, Urs, Utg, U11) and P, = (u1, U, U1, Uge, Ura), Tespectively to obtain a subgraph G,
of (C).

- Next attach to this graph G; three new paths Q.. = (us, u24), Qu;s = (u1s, Uss, g, Ugy) and
Quy, = (Ug2,u2g) to obtain the interior of (C) in Figure 3.

- Finally attach to the interior 28 trees selected from the set F and assign chemical elements
and bond-multiplicities in the interior to obtain a chemical graph C with (C) in Figure 3. In
Figure 4, ¢, € F is selected for Clu;], ¢ € {6,7,11}. Similarly ¢y for Clug], ¥4 for Clus], ¥
for Clu,), i € {3,4,5,10,19,22,25,26}, ¥5 for Clug], ¥11 for Clu;], i € {2,13,16, 17,20}, 115 for

Cluia], 119 for Cluys], 1heg for Clugy], 1hay for Clugy], 1has for Clugr], 1hag for Cluas], var for Cluy]
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and 5o for Clugs).

Our definition of a topological specification is analogous with the one by Tanaka et al. [19] except
for a necessary modification due to the introduction of multiple valences of chemical elements,
cations and anions (see Appendix B for a full description of topological specification).

5 Results

We implemented our method of Stages 1 to 5 for inferring chemical graphs under a given topological
specification and conducted experiments to evaluate the computational efficiency. We executed
the experiments on a PC with Processor: Core i7-9700 (3.0GHz; 4.7 GHz at the maximum) and
Memory: 16 GB RAM DDR4. We used scikit-learn version 0.23.2 with Python 3.8.5 for executing
linear regression with Lasso function or constructing an ANN. To solve an LP in Stage 3 or an
MILP in Stage 4, we used CPLEX version 12.10.

Results on Phase 1. We implemented Stages 1, 2 and 3 in Phase 1 as follows.

We have conducted experiments of adjustive linear regression and for 37 chemical properties of
monomers (resp., ten chemical properties of polymers) using the feature function [20] (resp., [25])
and we found that the test coefficient of determination R? of ALR exceeds 0.6 for the following 28
properties of monomers:
isotropic polarizability (ALPHA); boiling point (BP); critical pressure (CP); critical temperature
(CT); heat capacity at 298.15K (Cv); dissociation constants (Dc); electron density on the most
positive atom (EDPA); flash point (FP); energy difference between the highest and lowest un-
occupied molecular orbitals (GAP); heat of atomization (HA); heat of combustion (Hc); heat of
formation (HF); energy of highest occupied molecular orbital (HoMO); heat of vaporization (HV);
isobaric heat capacities in liquid phase (IHCL); isobaric heat capacities in solid phase (IHCS); KvI-
ats retention index (KvI), octanol/water partition coefficient (Kow); lipophilicity (LP); energy
of lowest unoccupied molecular orbital (LuMO); melting point (MP); optical rotation (OPTR);
refractive index (RF); solubility (SL); surface tension (SFT'); internal energy at 0K (UO); viscosity
(Vi1s); and vapor density (VD) and that the test coefficient of determination R? of ALR exceeds
0.8 for the following eight properties of polymers:
experimental amorphous density (AMD); characteristic ratio (CHAR); dielectric constant(DEC);
heat capacity liquid (HcL); heat capacity solid (HcS); mol volume (MLV); refractive index
(RFID); and glass transition (T'G), where we include the result of property permittivity (PrM) for
a comparison with Lasso linear regression and ANN.

We used data sets are provided by HSDB from PubChem [27] for Cp, CT, Dc, Fp, Hc,
Hv, Kow, OpTR, RF and VD M. Jalali-Heravi and M. Fatemi [28] for EDPA and KvI, Roy
and Saha [29] for Bp, HA, HF and MP, Ramakrishnan et al. [30] for ALpHA, Cv, LUMO and
U0, Goussardet al. [31] for SFT, Goussard et al. [32] for Vis, R. Naef [33] for ITHCL and IHCS,
Xiao [34] for Lp and Delaney [35] for SL. Properties ALPHA, Cv, HOMO, Lumo and UOQ share a
common original data set D* with more than 130,000 compounds, and we used a set D, of 1,000
compounds randomly selected from D* as a common data set of these four properties 7 in this
experiment.

We used data sets of polymers provided by Bicerano [36], where we did not include any polymer
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whose chemical formula could not be found by its name in the book. For property CHAR (resp.,
RFID), we remove the following polymer as an outlier from the original data set:
ethyleneTerephthalate, oxy(2-methyl-6-phenyl-1_4-phenylene) and N-vinylCarbazole (resp., 2-decyl-
1_4-butadiene).

Stage 1. We set a graph class G to be the set of all chemical graphs with any graph structure,

and set a branch-parameter p to be 2.

For each of the properties, we first select a set A of chemical elements and then collect a data
set D, on chemical graphs over the set A of chemical elements. To construct the data set D, we
eliminated chemical compounds that do not satisfy one of the following: the graph is connected,
the number of carbon atoms is at least four, and the number of non-hydrogen neighbors of each
atom is at most 4.

Table 1 shows the size and range of data sets that we prepared for each chemical property in
Stage 1, where we denote the following;:

- A: the set of elements used in the data set D.; A is one of the following 12 sets: Ay =
{H,C,0}; Ay, = {H,C,0,N}; A3 = {H,C,0,8}; Ay, = {H,C,0,8iwg}; As = {H,C,0,N,S(),F};
A = {H,C )5 C3), Cay, 0, N2 } A = {H C,0,N,C1 Pb} Ag = {H C,0,N, 52, S(G,Cl}, Ag =
{H,C,0,N,8(2), 84, S() ,01}, Alo = {H,Ce ,C< > C)> C(5), 0, Ny, N2y, Nsy, F 5
A = {H,C2), C3), €y, 0, Ni2), Nis), S(2), Sa), S(6), €115 Avg = {H,C, 0, N P<2> 5),C1};

Ay = {H,C,001),02),N}; Ay = {H,C,0,N 01} A15 {H,C,0,N,C1, S5 }; and

A = {H,C,0( 0(2) N,C1,Si(4),F}, where ag; for a chemical element a and an integer ¢ > 1

means that a Chemlcal element a with Valence i.

|D,|: the size of data set D, over A for the property 7;

- n, m: the minimum and maximum values of the number n(C) of non-hydrogen atoms in com-
pounds C in D,;

- a, @ the minimum and maximum values of a(C) for 7 over compounds C in Dy;

- |I'|: the number of different edge-configurations of interior-edges over the compounds in Dy;

- |F|: the number of non-isomorphic chemical rooted trees in the set of all 2-fringe-trees in the
compounds in D, ; and

- K: the number of descriptors in a feature vector f(C).

Stage 2. We used the feature function defined in our chemical model without suppressing
hydrogen (see Appendix A for the detail). We standardize the range of each descriptor and the
range {t € R | a <t <@} of property values a(C),C € D,.

Stage 3. For each chemical property m, we select a penalty value A, for a constant A in ALR(X, \)
by conducting linear regression as a preliminary experiment.

We conducted an experiment in Stage 3 to evaluate the performance of the prediction function
based on cross-validation. For a property 7, an execution of a cross-validation consists of five trials
of constructing a prediction function as follows. First partition the data set D, into five subsets
DW |k € [1,5] randomly. For each k € [1,5], the k-th trial constructs a prediction function n®
by conducting a linear regression with the penalty term ), using the set D, \ D® as a training
data set. For each property, we executed ten cross-validations and we show the median of test
R2(n®™, D®) k€ [1,5] over all ten cross-validations. Recall that a subset of descriptors is selected
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in linear regression with ALR and let K’ denote the average number of descriptors selected by
ALR over all 50 trials.
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Table 1: Results in Phase 1 for monomers.

7T A Dy n, 7 a, a i |F K Ar K’ L-time ALR LLR ANN
ALPHA Ay 977 4,9 50.9,99.6 99 190 297 6.0e—4 834 3.00 0.953 0.961 0.888
Bp Ay 370 4,67 -11.7,470.0 22 130 184 53e—6 973 142 0.816 0.599 0.765
Bp Ag 444 4,67 -11.7,470.0 26 163 230 28e—6 1126 2.02 0.832 0.663 0.720
Cp Ay 125 4,63 4.7x107%552 8 75 112 59e—3 174 0.15 0.650 0.445 0.694
Cp A7 131 4,63 4.7x107%552 8 79 119 83e—3 123 0.12 0.690 0.555 0.727
Cr Ay 125 4,63 56.1,3607.5 § 76 113 3.1le—3 375 0.24 0.900 0.037 0.357
Cr A, 132 4,63 56.1,3607.5 § 81 121 26e—3 43.0 0.28 0.895 0.048 0.356
Cv Ay 977 49 19.2,44.0 99 190 297 2.1e—4 1439 4.57 0966 0.970 0.911
Dc Ag 161 5,44 0.5,17.11 25 69 130 2.5e—3 453 035 0.602 0.574 0.622
EDPA A 52 11,16 0.80,3.76 9 33 64 26e—3 190 0.06 0.999 0.999 0.992
Fp Ay 368 4,67  -82.99,300.0 20 131 183 6.0e—4 86.6 1.31 0.719 0.589 0.746
Fp Ag 424 4,67  -82.99,300.0 25 161 229 2.1le—4 1094 192 0.684 0.571 0.745
GAP Ay 977 4,9 0.15,0.41 59 190 297 1.6e—4 1452 477 0.755 0.784 0.795
Ha As 115 4,11 1100.6,3009.6 § 83 115 1l.le—3 56.5 0.29 0.998 0.997 0.926
Hc Ay 255 4,63  49.6,35099.6 17 106 154 1.0e—3 69.9 0.74 0.986 0.946 0.848
Hc Ag 282 4,63 49.6,35099.6 21 118 177 1.6e—3 69.8 0.84 0.986 0.951 0.903
Hr Ay 82 4,16 30.2,94.8 5 50 74 84e—4 58 0.05 0.982 0.987 0.928
Homo Ay 977 4,9 -0.11,0.10 59 190 297 1.0e—4 158.7 4.95 0.689 0.841 0.689
Hv Ay 95 4,16 19.12,5193.1 12 63 105 1.6e—3 40.7 0.19 0.626 -13.7 -8.44
ImcL A, 770 4,78 106.3,1956.1 23 200 256 3.6e—> 126.3 3.24 0.987 0.986 0.974
IncL.  Ag 865 4,78 106.3,1956.1 29 246 316 6.0e—4 642 1.98 0.989 0.985 0.971
IncS Ag 581 5,70 67.4,1220.9 33 124 192 1.1le-5 86.5 1.72 0971 0.985 0.971
IncS Ay 668 5,70 67.4,1220.9 40 140 228 1.0e—6 96.1 221 0974 0.982 0.968
Kvl Ay 52 11,16 1422.0,1919.0 9 33 64 59e—3 188 0.05 0.838 0.677 0.727
Kow Ay 684 4,58 -7.5,15.6 25 166 223 3.1e—4 119.2 3.13 0.964 0.953 0.952
Kow Ay 899 4,69 -7.5,15.6 37 219 303 b5.5e—4 1414 495 0.952 0.927 0.937
Lp Ay 615 6,60 -3.62,6.84 32 116 186 3.1le—4 856 181 0.844 0.856 0.867
Lp Ay 936 6,74 -3.62,6.84 44 136 231 1.0e—4 1084 3.37 0.807 0.840 0.859
Lumo Ay 977 4,9 -0.11,0.10 59 190 297 6.0e—4 81.1 2.75 0.833 0.841 0.860
Mp Ay 467 4,122 -185.33,300.0 23 142 197 8.0e—4 95.7 1.78 0.831 0.810 0.799
Mp Ay 577 4,122 -185.33,300.0 32 176 255 1l.le—4 136.6 299 0.807 0.810 0.820
OpTrR A, 147 5,44  -117.0,165.0 21 55 107 1.0e—3 30.2 0.24 0.876 0.825 0.919
OprR As 157 5,69 -117.0,165.0 25 62 123 1.le-3 323 0.27 0.870 0.825 0.878
Rr Ay 166 4,26 1.3326,1.613 14 98 142 3.5e—3 254 0.24 0.685 0.619 0.521
SL Ay 673 4,55 -9.332,1.11 27 154 217 1.0e—3 452 121 0.784 0.808 0.848
SL Ay 915 4,55 -11.6,1.11 42 207 300 6.0e—4 734 233 0.828 0.808 0.861
SFT Ay 247 5,33 12.3,45.1 11 91 128 1.0e-3 63.1 0.67 0.847 0.927 0.839
uo Ay 977 4,9 -570.6,-272.84 59 190 297 1.1le—3 69.7 240 0.995 0.999 0.890
VIS Ay 282 5,36 -0.64,1.63 1288 126 2.1e-3 23.2 037 0911 0.893 0.929
VD Ay 474 4,30 0.7,20.6 21 160 214 1.0e—4 119.1 224 0.985 0.927 0.912
VD Ao 551 4,30 0.7,20.6 24 191 256 6.0e—4 101.1 228 0.980 0.942 0.889

Tables 1 and 2 show the results on Stages 2 and 3 for the properties on monomers and polymers,
respectively, where we denote the following:
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- A\ the penalty value in the Lasso function selected for a property m, where a e b means a x 10°;

- K': the average of the number of descriptors selected in the linear regression over all 50 trials
in ten cross-validations;

- L-time: the average time (sec.) to construct a prediction function with ALR by solving an LP
with O(|D,| 4+ K) variables and constraints over all 50 trials in ten cross-validations;

- ALR: the median of test R? over all 50 trials in ten cross-validations for prediction functions
constructed with ALR;

- LLR: the median of test R? over all 50 trials in ten cross-validations for prediction functions
constructed with Lasso linear regression; and

- ANN: the median of test R? over all 50 trials in ten cross-validations for prediction functions
constructed with ANN (see [26] for the details of the implementation).

Table 2: Results in Phase 1 for polymers.

T A |Df nom a, @ Il 7| K As K L-time ALR LLR ANN

AMD A, 86 4,45 0.838,1.34 28 25 & 1.5E-3 222 0.09 0933 0914 0.885
AMD Ay 93 4,45 0.838,145 31 30 94 25E-3 244 0.10 0917 0918 0.823
CuaR Ay 24 4,18 9.5,13.2 15 15 56 5.0E-5 150 0.02 0904 0.650 0.616
CHaR A, 27 4,18 9.5,13.2 22 17 67 bHI9E-3 178 0.03 0.835 0.431 0.641
DEC Ay 37 4,22 2.13,34 22 19 72 31E-3 182 0.04 0918 0.761 0.641
HcL A, 52 4,25 105.7,677.8 22 17 67 21E-3 193 0.06 0.996 0.990 0.969
HcL  Ag 55 4,32 105.7,678.1 27 20 81 2.6E-3 173 0.05 0.992 0.987 0.970
HcS A, 54 4,45 84.5,7205 26 20 75 1.0E-3 235 007 0963 0.968 0.893
HcS  Ag 59 4,45 84.5,7205 32 24 92 41E-4 307 0.09 0983 0.961 0.880
MLV A, 86 4,45 60.7,466.6 28 25 83 1.0E-3 222 010 0.998 0.996 0.931
MLV Ay 93 4,45 60.7,466.6 31 30 94 56E—4 275 0.09 0997 0.994 0.894
PrM Ay 112 4,45 2.23,4.91 25 15 69 26E—-4 145 0.09 0.505 0.801 0.801
PrM Ay, 131 4,45 2.23,4.91 25 17 73 59E-3 139 0.09 0489 0.784 0.735
RFID Ay 91 4,29 1.4507,1.683 26 35 96 3.1E—-4 329 0.15 0.953 0.852 0.871
RrID Ay 124 4,29 1.339,1.683 32 50 124 21E-3 375 0.21 0.956 0.832 0.891

Ta Ay 204 4,58 171,673 32 36 101 25E-3 269 023 0923 0.902 0.883

Ta As 232 4,58 171,673 36 43 118 1.1E-3 386 0.54 0.927 0.894 0.881

From Tables 1 and 2, we see that ALR performs well for most of the properties in our experi-
ments, The performance by ALR is inferior to that by LLR or ANN for some properities such as
Gapr, Homo, Lumo, OpTR, SL, SFT and PRM, whereas ALR outperforms LLR and ANN for
properties Bp, C1, Hv, KvI, VD, CHAR, RFID and TG. It should be noted that ALR drastically
improves the result for properties CT and Hv.

Results on Phase 2. To execute Stages 4 and 5 in Phase 2, we used a set of seven instances I,
I.i €[1,4], I. and I4 based on the seed graphs prepared by Zhu et al. [20]. We here present their
seed graphs G¢ (see Appendix B for the details of I, and Appendix C for the details of I}, 7 € [1, 4],
I. and I,). The seed graph G¢ of I, is given by the graph in Figure 5(a). The seed graph G{, of
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I} (vesp., G&,i=2,3,4 of I, i = 2,3,4) is illustrated in Figure 6.

PSR . i “a S L7 - a ~
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() GC (i) GC (iii) G& (iv) Gc

Figure 6: Seed graphs: (i) G for I} and Iy; (ii) G for I2; (i) G for I?; (iv) G¢ for Ik

Instance I, has been introduced in order to infer a chemical graph C' such that the core of CT
is equal to the core of chemical graph C,4: CID 24822711 in Figure 7(a) and the frequency of each
edge-configuration in the non-core of C' is equal to that of chemical graph Cg: CID 59170444 in
Figure 7(b). This means that the seed graph G¢ of I, is the core of C4 which is indicated by a
shaded area in Figure 7(a).

Instance I4 has been introduced in order to infer a chemical monocyclic graph C' such that the
frequency vector of edge-configurations in C' is a vector obtained by merging those of chemical
graphs C4: CID 10076784 and Cpg: CID 44340250 in Figure 7(c) and (d), respectively. The seed
graph Gc of I, is given by G, in Figure 6(i).

Stage 4. We executed Stage 4 for two properties 7 € {CT, Hv}.

For the MILP formulation M(z,y;C;) in the framework, we use the prediction function 7,
constructed in Stage 3. Tables 3 and 4 show the computational results of the experiment in Stage 4
for the two properties, where we denote the following:

- y*, 7" lower and upper bounds y*,7* € R on the value a(C) of a chemical graph C to be
inferred;

#v (resp., #c): the number of variables (resp., constraints) in the MILP in Stage 4;
I-time: the time (sec.) to solve the MILP in Stage 4;
n: the number n(C") of non-hydrogen atoms in the chemical graph C' inferred in Stage 4;

n'": the number n™(CT) of interior-vertices in the chemical graph C' inferred in Stage 4; and
- 1: the predicted property value n(f(C")) of the chemical graph C' inferred in Stage 4.

From Tables 3 and 4, we observe that an instance with around 50 non-hydrogen atoms is solved
in at most around 1000 seconds. Instances with the size in Stage 4 were solved at most around 100
seconds in the experiments due to Azam et al. [26]. The computation time for Stage 4 increased
possibly because we included a new set of constraints for representing activation functions ¢; in
the MILP M(z,y;Cy) of the framework (see Appendix D.11 for the details). Note that for the
properties 7 € {CT, Hv}, no prediction functions constructed for the framework [20, 26] performed
well.

Stage 5. We executed Stage 5 to generate a more number of target chemical graphs C*, where
we call a chemical graph C* a chemical isomer of a target chemical graph C' of a topological
specification o if f(C*) = f(C') and C* also satisfies the same topological specification o. We
computed chemical isomers C* of each target chemical graph C' inferred in Stage 4. We execute
an algorithm for generating chemical isomers of C' up to 100 when the number of all chemical
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Figure 7: Chemical compounds: (a) CID 24822711; (b) CID 59170444; (¢) CID 10076784; (d)

-

(c) C4: CID 10076784

CID 44340250, where hydrogens are omitted.

(b) Cp: CID 59170444

(d) CB: CID 44340250

Table 3: Results of Stages 4 and 5 for CT.

inst. v, T #v #c  I-time n  n™ n D-time C-LB #C
I, 1180,1220 16190 16895 84 42 25 1197.0 0.0619 1 1
[é 1080,1120 86470 85993 119.2 35 14 1118.0 0.266 84 84
IZ 1980,2020 113055 114138 365.5 45 30 1986.9 2.62 4.4x105 100
I} 1930,1970 112745 114086 555.4 45 25 1950.9 457 1.1x10% 100
I} 1630,1670 112455 114054 661.2 47 29 1663.8 0.171 5.5x10° 100
1. 1980,2020 14794 15226 7.2 50 34 2011.0 0.0161 1 1
Iy 1430,1470 12790 14104 119 45 23 14475 0.164 5184 100

isomers exceeds 100. Such an algorithm can be obtained from the dynamic programming proposed
by Tanaka et al. [19] with a slight modification. The algorithm first decomposes C' into a set of
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Table 4: Results of Stages 4 and 5 for Hv.

inst.  y*, 7 Hv #c  Itime n n™  p  D-time C-LB #C
I, 145,150 16190 16879 249 37 23 147.3 0.0632 2 2
Ié 190,195 14179 13334 146.6 35 12 190.2 0.121 30 30
Ig 290,295 17986 18547 188.8 46 25 294.2 0.154 604 100

B 165,170 17683 18495 1167.2 45 25 166.8 36.8 7.5x105 100
I} 250,255 17400 18463  313.7 50 25 251.8 0.166 2208 100
I. 285,290 14838 15254 1025 50 32 286.8 0.016 1 1
Iy 245,250 12828 14126  351.9 40 23 249.2 5.53 3.9x10° 100

acyclic chemical graphs, next replace each acyclic chemical graph 7" with another acyclic chemical
graph 7" that admits the same feature vector as that of 7" and finally assemble the resulting acyclic
chemical graphs into a chemical isomer C* of C'. The algorithm can compute a lower bound on
the total number of all chemical isomers C! without generating all of them.

Tables 3 and 4 show the computational results of the experiment in Stage 5 for properties CT
and Hv, where we denote the following:

- D-time: the running time (sec.) to execute the dynamic programming algorithm in Stage 5 to
compute a lower bound on the number of all chemical isomers C* of CT and generate all (or up

to 100) chemical isomers C*;

- C-LB: a lower bound on the number of all chemical isomers C* of C'; and
- #C: the number of all (or up to 100) chemical isomers C* of C generated in Stage 5.

From Tables 3 and 4, we observe that the running time for generating up to 100 target chemical
graphs in Stage 5 is less than around 5 second for many cases. For some chemical graph C', no
chemical isomer was found by our algorithm. For such a case, we may use a method of generating
other chemical graphs C' in Stage 4 by solving the MILP again with additional linear constraints
in a systematical way (see [26] for the details).

6 Concluding Remarks

In this paper, we proposed a new machine learning method, adjustive linear regression (ALR),
which has the following feature: (i) ALR is an extension of the Lasso linear regression except for
the definition of error functions; (ii) ALR is a special case of an ANN except that a choice of
activation functions is also optimized differently from the standard ANNs and the definition of
error functions; and (iii) ALR can be executed exactly by solving the equivalent linear program
with O(m+ K) variables and constraints for a set of m data with K descriptors. Even though ALR
is a special case of an ANN with non-linear activation functions, we still can read the relationship
between cause and effect from a prediction function due to the simple structure of ALR.

When the size of the original data set is large, we can choose a smaller subset for constructing
a prediction function. For example, we chose 1,000 compounds from the data set of 130,000
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compounds provided by Ramakrishnan et al. [30] for conducting experiments in Stage 3.

In this paper, we used a quadratic function for a set ¥ of activation functions ¢. We can use

many different functions such as sigmoid function and ramp functions, where the non-linearity of

a function does not affect to derive a linear program for ALR.
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Appendix

A A Full Description of Descriptors

Associated with the two functions « and f in a chemical graph C = (H,«, ), we introduce
functions ac : V(E) — (A\ {H}) x (A\{H}) x [1,3], cs: V(F) — (A\{H}) x [1,6] and ec : V(F) —
((A\ {H}) x [1,6]) x ((A\ {H}) x [1,6]) x [1,3] in the following.

To represent a feature of the exterior of C, a chemical rooted tree in 7 (C) is called a fringe-
configuration of C.

We also represent leaf-edges in the exterior of C. For a leaf-edge uv € E((C)) with degc,(u) =
1, we define the adjacency-configuration of e to be an ordered tuple (a(u), a(v), B(uv)). Define

Fgc 2 {(a,b,m) | a,b € A,m € [1,min{val(a), val(b)}]}

as a set of possible adjacency-configurations for leaf-edges.

To represent a feature of an interior-vertex v € V**(C) such that a(v) = a and deg¢,(v) = d
(i.e., the number of non-hydrogen atoms adjacent to v is d) in a chemical graph C = (H, a, ),
we use a pair (a,d) € (A\ {H}) x [1,4], which we call the chemical symbol cs(v) of the vertex
v. We treat (a,d) as a single symbol ad, and define Ay, to be the set of all chemical symbols
p=ade (A\{H}) x [1,4].

We define a method for featuring interior-edges as follows. Let e = uv € E™(C) be an
interior-edge ¢ = uv € E™(C) such that a(u) = a, a(v) = b and B(e) = m in a chemical graph
C = (H,«, ). To feature this edge e, we use a tuple (a,b,m) € (A\ {H}) x (A\ {H}) x [1, 3],
which we call the adjacency-configuration ac(e) of the edge e. We introduce a total order < over
the elements in A to distinguish between (a,b,m) and (b,a,m) (a # b) notationally. For a tuple
v = (a,b,m), let 7 denote the tuple (b, a,m).

Let e = uv € E™(C) be an interior-edge e = uv € E™(C) such that cs(u) = pu, cs(v) = ¢/ and
f(e) = m in a chemical graph C = (H,a, ). To feature this edge e, we use a tuple (u, ', m) €
Agg X Agg % [1, 3], which we call the edge-configuration ec(e) of the edge e. We introduce a total order
< over the elements in A4, to distinguish between (yu, 1/, m) and (¢, g, m) (p # i) notationally.
For a tuple v = (p, i/, m), let 7 denote the tuple (y/, , m).

Let m be a chemical property for which we will construct a prediction function 7 from a feature
vector f(C) of a chemical graph C to a predicted value y € R for the chemical property of C.

We first choose a set A of chemical elements and then collect a data set D, of chemical com-
pounds C' whose chemical elements belong to A, where we regard D, as a set of chemical graphs
C that represent the chemical compounds C' in D,. To define the interior/exterior of chemical
graphs C € D, we next choose a branch-parameter p, where we recommend p = 2.

Let A™(D;) C A (resp., A(D,) C A) denote the set of chemical elements used in the set
Vnt(C) of interior-vertices (resp., the set V*(C) of exterior-vertices) of C over all chemical graphs
C € D,, and I'"(D,) denote the set of edge-configurations used in the set E™(C) of interior-
edges in C over all chemical graphs C € D,. Let F(D,) denote the set of chemical rooted trees ¢
r-isomorphic to a chemical rooted tree in 7 (C) over all chemical graphs C € D,, where possibly a
chemical rooted tree ¢ € F(D,) consists of a single chemical element a € A\ {H}.
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We define an integer encoding of a finite set A of elements to be a bijection o : A — [1,|A]],
where we denote by [A] the set [1, |A]] of integers. Introduce an integer coding of each of the sets
A™(D,), A™(D,), T™(D,) and F(D,). Let [a]™ (resp., [a]®™) denote the coded integer of an
element a € A™(D,) (resp., a € A™(D,)), [y] denote the coded integer of an element ~ in T (D,)
and [¢)] denote an element ¢ in F(D,).

We assume that a chemical graph C treated in this paper satisfies deg ) (v) < 4 in the hydrogen-
suppressed graph (C).

In our model, we use an integer mass*(a) = |10 - mass(a)], for each a € A.

We define the feature vector f(C) of a chemical graph C = (H,«,3) € D, to be a vector
that consists of the following non-negative integer descriptors dcp;(C), i € [1, K|, where K =
14+ [AM(D,)] + [A(Dy)| + [T (D) + | F(Dp)] + T,

1. dep(C): the number |V (H)| — |Vi| of non-hydrogen atoms in C.
2. dcpy(C): the rank r(C) of C.
3. deps(C): the number |V"*(C)| of interior-vertices in C.

4. dep,(C): the average ms(C) of mass* over all atoms in C;

i.e., ms(C) £ ﬁ > vev ey mass™(a(v)).

5. dep,(C), i =4+ d,d € [1,4]: the number dg¥(C) of non-hydrogen vertices v € V(H) \ Vi of
degree degcy(v) = d in the hydrogen-suppressed chemical graph (C).

6. dep;(C), i = 8 +d,d € [1,4]: the number dg’*(C) of interior-vertices of interior-degree
degeine(v) = d in the interior C™* = (V™*(C), E™(C)) of C.

7. dep,(C), i = 124+ m, m € [2,3]: the number bd™*(C) of interior-edges with bond multiplicity
m in C; i.e., bd2"(C) £ {e € E™(C) | B(e) = m}.

8. dep;(C), i = 14+ [a]™, a € A™(D,): the frequency na™(C) = |V,(C) NV (C)| of chemical

a

element a in the set V™ (C) of interior-vertices in C.

9. dep,(C), i = 14 + |A™(D,)| + [a]*™, a € A*(D,): the frequency na®™(C) = |V,(C) N V=(C)|
of chemical element a in the set V*(C) of exterior-vertices in C.

10. dep,(C), i = 14 + [A™(D,)| 4+ |A™(D,)| + [7], v € '™ (D,): the frequency ec,(G) of edge-
configuration 7 in the set E™(C) of interior-edges in C.

11. dep,(C), i = 14+ |A™(D,)| + |A™(Dy)| 4+ [T™(Dy)| + [¢], ¥ € F(Dx): the frequency fcy(C)

of fringe-configuration ¢ in the set of p-fringe-trees in C.

12. dep;(C), i = 14+ [A(D,)| + |[AX(D,)| + [T™(D,)| + | F(Dx)| + [v], v € T: the frequency

ac(C) of adjacency-configuration v in the set of leaf-edges in (C).
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B Specifying Target Chemical Graphs

Given a prediction function 1 and a target value y* € R, we call a chemical graph C* such that
n(xz*) = y* for the feature vector z* = f(C*) a target chemical graph. This section presents a set of
rules for specifying topological substructure of a target chemical graph in a flexible way in Stage 4.

We first describe how to reduce a chemical graph C = (H, «, 5) into an abstract form based
on which our specification rules will be defined. To illustrate the reduction process, we use the
chemical graph C = (H, a, ) such that (C) is given in Figure 3.

R1 Removal of all p-fringe-trees: The interior H™ = (V*(C), E™(C)) of C is obtained
by removing the non-root vertices of each p-fringe-trees Clu] € T(C),u € V™(C). Figure 8
illustrates the interior H™ of chemical graph C with p = 2 in Figure 3.

R2 Removal of some leaf paths: We call a u, v-path Q) in H'™ a leaf path if vertex v is a leaf-
vertex of H™ and the degree of each internal vertex of Q in H™ is 2, where we regard that
Q is rooted at vertex u. A connected subgraph S of the interior H™ of C is called a cyclical-
base if S is obtained from H by removing the vertices in V(Q,,) \ {u},u € X for a subset X
of interior-vertices and a set {Q, | u € X} of leaf u, v-paths @, such that no two paths @,
and @, share a vertex. Figure 9(a) illustrates a cyclical-base S = H™ —J, . (V(Qu) \ {u})
of the interior H™ for a set {Qu, = (us, u24), Quis = (Uss, Uas, Uag, Ua7); Quyy = (Usz, Usg)} Of
leaf paths in Figure 8.

R3 Contraction of some pure paths: A path in S is called pure if each internal vertex of
the path is of degree 2. Choose a set P of several pure paths in S so that no two paths
share vertices except for their end-vertices. A graph S’ is called a contraction of a graph
S (with respect to P) if S’ is obtained from S by replacing each pure u,v-path with a
single edge a = uv, where S” may contain multiple edges between the same pair of adjacent
vertices. Figure 9(b) illustrates a contraction S’ obtained from the chemical graph S by
contracting each uv-path P, € P into a new edge a = uv, where a; = ujus, ay = ujusz, az =
Ugliy, ay = upouyy and as = upuie and P = {P,, = (uy, w13, uz), Pay, = (u1,u14,u3), Poy =
(U4,U15,u16,u7),Pa4 = (U107U177U187U197U11),Pa5 = (un,u20,u21,u22,u12)} of pure paths in
Figure 9(a).

We will define a set of rules so that a chemical graph can be obtained from a graph (called
a seed graph in the next section) by applying processes R3 to Rl in a reverse way. We specify
topological substructures of a target chemical graph with a tuple (G¢, o, 0ce) called a target
specification defined under the set of the following rules.

Seed Graph

A seed graph Ge = (Vio, E¢) is defined to be a graph (possibly with multiple edges) such that the
edge set Ec consists of four sets E(>9), E>1), Eo/1) and E(—y), where each of them can be empty.
A seed graph plays a role of the most abstract form S’ in R3. Figure 5(a) illustrates an example
of a seed graph G¢ with r(Gc) = 5, where Vo = {u1,ug, ..., ui2, U3}, E>2) = {a1,a2,..., a5},
E(Zl) = {a6}, E(O/l) = {CL7} and E(zl) = {ag, ag, . . . ,CL16}.
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Shunz

(a) A cyclical-base S of Hint (b) A contraction S’ of S

Figure 9: (a) A cyclical-base S = H™ —U ¢ us ursum} (V (Qu) \{u}) of the interior H™ in Figure 8;
(b) A contraction S’ of S for a pure path set P = {P,,, P,,,..., P,;} in (a), where a new edge
obtained by contracting a pure path is depicted with a thick line.

A subdivision S of G¢ is a graph constructed from a seed graph G¢ according to the following
rules:

- Each edge e = uv € E(>9) is replaced with a u,v-path P, of length at least 2;

- Each edge e = uv € E(>) is replaced with a u,v-path P, of length at least 1 (equivalently e is
directly used or replaced with a u,v-path P. of length at least 2);

- Each edge e € E/1) is either used or discarded, where E,1) is required to be chosen as a
non-separating edge subset of E(G¢) since otherwise the connectivity of a final chemical graph
C is not guaranteed; r(C) = r(G¢) — |E’| holds for a subset £’ C Eg1) of edges discarded in a
final chemical graph C; and
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- Each edge e € E(_;) is always used directly.

We allow a possible elimination of edges in E(g/1) as an optional rule in constructing a target
chemical graph from a seed graph, even though such an operation has not been included in the
process R3. A subdivision S plays a role of a cyclical-base in R2. A target chemical graph
C = (H,a, ) will contain S as a subgraph of the interior H™* of C.

Interior-specification

A graph H* that serves as the interior H™ of a target chemical graph C will be constructed as
follows. First construct a subdivision S of a seed graph G¢ by replacing each edge e = uu’ €
E>9) U E(>1) with a pure u,v-path P.. Next construct a supergraph H* of S by attaching a leaf
path @, at each vertex v € Vi or at an internal vertex v € V(FP,) \ {u, '} of each pure u, w'-path
P, for some edge e = uu' € E(>9) U E(>1y, where possibly Q, = (v), E(Q,) = 0 (i.e., we do not
attach any new edges to v). We introduce the following rules for specifying the size of H*, the
length |E(P.)| of a pure path P., the length |F(Q,)| of a leaf path @,, the number of leaf paths
@, and a bond-multiplicity of each interior-edge, where we call the set of prescribed constants an
interior-specification Tig:

- Lower and upper bounds n{%, ni% € Z, on the number of interior-vertices of a target chemical

graph C.

- For each edge e = uu' € E>9) U E(>1),

a lower bound /5(e) and an upper bound fyg(e) on the length |E(P.)| of a pure u,u'-path
P.. (For a notational convenience, set f1g(e) := 0, fug(e) := 1, e € Eg1) and {1p(e) := 1,
KUB(e) =1,e€ E(:l).)

a lower bound blyg(e) and an upper bound blyg(e) on the number of leaf paths @, attached
at internal vertices v of a pure u, «’-path P,.

a lower bound chyg(e) and an upper bound chyg(e) on the maximum length |E(Q,)| of a leaf
path @, attached at an internal vertex v € V(P,) \ {u,u'} of a pure u,u'-path P..
- For each vertex v € V¢,
a lower bound chpg(v) and an upper bound chyg(v) on the number of leaf paths @, attached
to v, where 0 < chpp(v) < chyg(v) < 1.
a lower bound chyg(v) and an upper bound chyg(v) on the length |E(Q,)| of a leaf path @,
attached to v.

- For each edge e = uu' € E¢, a lower bound bd,, g(e) and an upper bound bd,, yg(e) on
the number of edges with bond-multiplicity m € [2,3] in w,u/-path P,, where we regard P.,
e € F/yU E<r as single edge e.

We call a graph H* that satisfies an interior-specification oy, a oy, -extension of Go, where the
bond-multiplicity of each edge has been determined.
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Table 5: Example 1 of an interior-specification ojy.

nit = 20 ‘ nih = 28

a; ay az a4 as Gg
lre(a;) 2 2 2 3 2 1
EUB(ai) 3 4 3 5) 4 4
blyp(a;) | 1 1 0 2 1 0
chig(e;)) | O 1 0 4 3 0
chyp(a;) | 3 3 1 6 5 2

Uy Uz U3 Ug Us Us U7 U U9 Ulp Ul Uiz U23
blig(w;) {0 0 0 0 0 0 O 0 0O 0 0 0 0
blyp(u;)) | 1 1 1 1 1 0 0 0 0 0 0 0 0
chig(w;) ] O 0 0O O 1 0O 0 0 O 0 0 0 0
chyp(us) | 1 0 0 0 3 0 1 1 0 1 2 4 1

ap azx a3z a4 as ae ay dag a9 aip darx a2 Az a4 Az A A17
bdaip(a;) |0 0O 0 1 0 0 0 0 O 0 0 1 0 0 0 0 0
bdyyg(a;) |1 1 0 2 2 0 0 0 O 0 0 1 0 0 0 0 0
bdsig(a;) | O O 0 0 O 0O 0 0 O 0 0 0 0 0 0 0 0
bdsyg(a;) | O 0 0O 0O 1 0 0 0 O 0 0 0 0 0 0 0 0

Table 5 shows an example of an interior-specification oy, to the seed graph G¢ in Figure 5.
Figure 10 illustrates an example of an oy-extension H* of seed graph G in Figure 5 under

the interior-specification oy, in Table 5.

Figure 10: An illustration of a graph H* that is obtained from the seed graph G¢ in Figure 5
under the interior-specification oy, in Table 5, where the vertices newly introduced by pure paths
P,, and leaf paths (),, are depicted with white squares and circles, respectively.
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Chemical-specification

Let H* be a graph that serves as the interior H™ of a target chemical graph C, where the

bond-multiplicity of each edge in H* has be determined. Finally we introduce a set of rules

for constructing a target chemical graph C from H* by choosing a chemical element a € A and

assigning a p-fringe-tree 1) to each interior-vertex v € V™. We introduce the following rules for

specifying the size of C, a set of chemical rooted trees that are allowed to use as p-fringe-trees

and lower and upper bounds on the frequency of a chemical element, a chemical symbol, and an

edge-configuration, where we call the set of prescribed constants a chemical specification o:

- Lower and upper bounds nyg,n* € Z, on the number of vertices, where niﬁg < np <n

- Subsets F(v) C F(Dy),v € Vo and Fg C F(D,) of chemical rooted trees ¢ with ht({¢))) < p,
where we require that every p-fringe-tree Clv] rooted at a vertex v € Vi (resp., at an internal
vertex v not in V) in C belongs to F(v) (resp., Fg). Let F* := Frg U,y F(v) and A™
denote the set of chemical elements assigned to non-root vertices over all chemical rooted trees
in F*.

- A subset A™ C A™(D, ), where we require that every chemical element a(v) assigned to an
interior-vertex v in C belongs to A™. Let A := A™ U A and na,(C) (resp., nal®(C) and
nad*(C)) denote the number of vertices (resp., interior-vertices and exterior-vertices) v such
that a(v) = a in C.

- A set A € A x [1,4] of chemical symbols and a set I'™ C I'™(D;) of edge-configurations
(p, p',m) with p < p/, where we require that the edge-configuration ec(e) of an interior-edge e
in C belongs to I'™. We do not distinguish (p, ¢/, m) and (¢, , m).

- Define I'™ to be the set of adjacency-configurations such that '™ := {(a,b,m) | (ad,bd’,m) €

ac
[t} Let ac™(C), v € I'™ denote the number of interior-edges e such that ac(e) = v in C.

- Subsets A*(v) C {a € A™ | val(a) > 2}, v € V¢, we require that every chemical element «(v)
assigned to a vertex v € V¢ in the seed graph belongs to A*(v).

int int

- Lower and upper bound functions narg,nayg : A — [1,n*] and na nals : A™ — [1,n*] on
the number of interior-vertices v such that a(v) = a in C.

int int

- Lower and upper bound functions nsjy, ns{j : Aiingt — [1,n*] on the number of interior-vertices
v such that cs(v) = p in C.

int int

- Lower and upper bound functions acl™, acis : ' — Z on the number of interior-edges e such
that ac(e) = v in C.

int int

- Lower and upper bound functions ecl’, ecth : T™ — 7, on the number of interior-edges e such
that ec(e) = 7 in C.

- Lower and upper bound functions ferg, fcyp : F* — [0, n*] on the number of interior-vertices v
such that C[v] is r-isomorphic to ¢ € F* in C.

31



- Lower and upper bound functions acly, acliy : Tl — [0,n*] on the number of leaf-edges uv in
acc with adjacency-configuration v.

We call a chemical graph C that satisfies a chemical specification e, a (Oing, 0ce)-eztension of
G, and denote by G(G¢, Oint, Oce) the set of all (i, 0ce)-extensions of Gg.
Table 6 shows an example of a chemical-specification o, to the seed graph G¢ in Figure 5.

Table 6: Example 2 of a chemical-specification .

nig = 30, n* = 50.
branch-parameter: p = 2
Each of sets F(v),v € Vi and Fp is set to be

the set F of chemical rooted trees ¢ with ht((¢)) < p = 2 in Figure 5(b).
A= {H, C,N,0Q,52),5(), P = P(5)} ‘ Adg = {CQ, C3,C4,N2,N3, 02, 3(2)2, S(6)3>P4} ‘

[T [ 1 =(C,C,1),1,=(C,C,2),13=(C,N,1),14=(C,0,1), 15=(C, 82, 1), us=(C,S), 1), »7=(C,P, 1) |
T [ 7, =(C2,C2,1),75=(C2,C3, 1), 73 = (C2, C3, 2), 74 = (C2, C4, 1), 75 = (C3, C3, 1), 76 = (C3, C3, 2),
v7=(C3,C4,1),v5=(C2,N2,1),v9=(C3,N2,1),710=(C3,02, 1), 711 =(C2,C2,2),v12=(C2,02, 1),
Y13 = (C3, N?)7 1), Y14 = (04, S(2)2, 2), Y15 = (C2, S(6)3, 1), Y16 = (C3, S(6)3, 1), Y17 = (CQ7 P4, 2),

718 =(C3,P4, 1)

’ A*(u1) = A*(ug) = {C, N}, A*(ug) = {C,0}, A*(u) = {C}, u € Vo \ {u1, us, ug} ‘
H C N 0 Sg Sg P C N 0 Sp Sg P
nap(a) |40 27 1 1 0 0 Ona%@ |9 1 0 0 0 0
nayp(a) |65 37 4 8 1 1 1| na%(a)|23 4 5 1 1 1
C2 C3 C4 N2 N3 02 Sp2 Se3 P4
sy [3 5 0 0 0 0 0 0 0
ns(p) | 8 15 2 2 3 5 1 1 1
Vi V2 V3 V4 Vs Vg Uy
ac™@) 0 0 0 0 0 0 0
acltb(v) |30 10 10 10 1 1 1

Mo Y2 Y3 Y4 Vs Ye Yro Y8 Y9 Yo Y11 Y12 Y13 Y14 Y15 Yie  Y1r V18
eciﬁ%(v)OOOOOOOOOOO0000000

ec®(v)| 4 15 4 4 10 5 4 4 6 4 4 4 2 2 2 2 2 2
Ye{|i=1,6,11} e F\{¢;|i=10611}

ferg(¥) 1 0

feup(¥) 10 3
ve{(cc1),(cc2)} velf\{(c1),(ccC2)}

acily (v) 0 0

aciiz(v) 10 8

Figure 3 illustrates an example C of a (0, 0ce )-extension of G¢ obtained from the oy,-extension
H* in Figure 10 under the chemical-specification o in Table 6. Note that r(C) = r(H*) =
r(Gc) — 1 = 4 holds since the edge in E(gy) is discarded in H*.
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C Test Instances for Stages 4 and 5

We prepared the following instances (a)-(d) for conducting experiments of Stages 4 and 5 in
Phase 2.

In Stages 4 and 5, we use five properties 7 € {Hc, VD, OPTR, IHCLIQ, Vis} and define a set
A(7) of chemical elements as follows:

A(Hc) = {H,C,N,0,82),S@),C1}, A(VD)={H,C,N,0,N,C1,Ps3),Px)},

A(OPTR) = {H, C,N, 0, S(g), F}, A(IHCLIQ) = {H, C,N, 0, S(Q), S(G), Cl} and

A(Vis) = {H,C,0,Si}.

(a) I, = (G¢, 0O, 0ce): The instance introduced in Section B to explain the target specifi-
cation. For each property m, we replace A = {H,C,N,0,S(9),S(),P)} in Table 6 with
A(m) N {S(2),S(6),P5)} and remove from the o, all chemical symbols, edge-configurations
and fringe-configurations that cannot be constructed from the replaced element set (i.e.,
those containing a chemical element in {S(2),S), P5)} \ A(7)).

(b) Il = (G, 0%y, 0%.),1=1,2,3,4: An instance for inferring chemical graphs with rank at most
2. In the four instances I}, i = 1,2, 3, 4, the following specifications in (o, 0ce) are common.

Set A := A(r) for a given property # € {Hc, VD, OpTR, IHCLIQ, Vis}, set Aglgt to be
the set of all possible symbols in A x [1,4] that appear in the data set D, and set '™
to be the set of all edge-configurations that appear in the data set D,. Set A*(v) := A,
v e V.

The lower bounds /g, blyg, chip, bdarp, bds s, narp, nally, nsit  aciit  eclit and aclly
are all set to be 0.

Set upper bounds nayg(a) := n*,na € {H,C}, nayg(a) := 5,na € {0,N}, nayg(a) :=
2,na € A\ {H,C,0,N}. The other upper bounds ¢yg, blyg, chyp, bdays, bds us, nal’y,

nsi acltecl®t and aciiy are all set to be an upper bound n* on n(G*).

For each property , let F(D,) denote the set of 2-fringe-trees in the compounds in D,
and select a subset F. C F(D,) with |F.| = 45 — 54, i € [1,5]. For each instance I},
set Fp:= F(v):=F v e Vg and fepg(y) := 0, feyp(¢) := 10,9 € FL.

Instance I} is given by the rank-1 seed graph G¢ in Figure 6(i) and Instances I}, i = 2, 3,4
are given by the rank-2 seed graph Gi, i = 2, 3,4 in Figure 6(ii)-(iv).

(i) For instance I}, select as a seed graph the monocyclic graph G = (Vo, Ec = E»2) U
E(>1)) in Figure 6(i), where Vo = {u1, us}, E>2) = {a1} and E>1) = {as}. Set n}} :=
5, =15, n g := 35 and n* := 38. We include a linear constraint ¢(a;) < ¢(ay) and
5 < l(ay) + £(ag) < 15 as part of the side constraint.

(ii) For instance I, select as a seed graph the graph G = (Vo, Ec = E»2)U Ez1) U E—y))
in Figure 6(ii), where Vo = {u1, us, us, us}, Ez2) = {a1, a2}, Ez1) = {as} and Ey) =
{as,as}. Set ni"y := 25 ni% := 30,nyp = 45 and n* := 50. We include a linear
constraint ¢(a;) < {(az) and ¢(ay) + ¢(az) + (a3) < 15.
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(iii) For instance I, select as a seed graph the graph G¢ = (Vo, Ec = E(s9) U E1) U
E(=1y) in Figure 6(iii), where Vo = {u1, u2, us, us}, E>2) = {a1}, Ez1y) = {az, a3} and
E—1y = {as,as5}. Set nff := 25,0 := 30, nyp := 45 and n* := 50. We include linear
constraints £(a;) < l(az) 4 €(as), l(as) < l(az) and £(a1) + £(az) + £(az) < 15.

(iv) For instance Iy}, select as a seed graph the graph G¢ = (Vi, Ec = E(»9)U E>1) U E(_y))
in Figure 6(iv), where Vo = {uq, up, us, us}, E>1) = {a1,a2,a3} and Eyy = {a4,as}.
Set n% = 25,0l = 30,n1p = 45 and n* := 50. We include linear constraints
l(ag) < l(ay) + 1, l(a) < Ll(az) + 1, l(ay) < l(az) and £(aq) + £(az) + l(a3) < 15.

We define instances in (c¢) and (d) in order to find chemical graphs that have an intermediate
structure of given two chemical cyclic graphs G4 = (Ha = (Va, Ea),a4,084) and Gg = (Hp =
(Vs, EB),ap, Bp). Let AR* and ALY , denote the sets of chemical elements and chemical symbols
of the interior-vertices in G4, I'}* denote the sets of edge-configurations of the interior-edges in
G4, and F4 denote the set of 2-fringe-trees in G4. Analogously define sets A, ALY 5, T'5* and
F B in G B-

(¢) I. = (Gg, Oint, Oce): An instance aimed to infer a chemical graph GT such that the core of G
is equal to the core of G4 and the frequency of each edge-configuration in the non-core of
GT is equal to that of Gz. We use chemical compounds CID 24822711 and CID 59170444 in
Figure 7(a) and (b) for G4 and Gp, respectively.

Set a seed graph G¢ = (V¢, Ec = E(=1)) to be the core of G4.

Set A := {H,C,N,0}, and set Aid“gt to be the set of all possible chemical symbols in A x [1,4].
Set Tt := T* Y T2t and A*(v) := {aa(v)}, v € V.

Set ni% := min{n™ (G4),n"™(Gp)}, ni¥s = max{n™(G4),n™(Gp)},

nip = min{n(G4),n(Gp)} — 10 and n* := max{n(G4),n(Gp)} + 5.

Set lower bounds ¢1 g, blyg, chyg, bdarp, bds s, napg, nallt, nsit acit and acliy to be 0.
Set upper bounds nayg(a) := n*,na € {H,C}, nayg(a) := 5,na € {0,N}, nayg(a) := 2,na €
A\ {H,C,0,N} and set the other upper bounds fyg, blys, chyp, bdayp, bds us, nally, nsis,

aclt and acliy to be n*.

Set eci™ () to be the number of core-edges in G4 with y € T'™* and eci¥g () to be the number
interior-edges in G4 and Gp with edge-configuration ~.
Let F g ), p € [1,2] denote the set of chemical rooted trees r-isomorphic p-fringe-trees in G p;

Set Fpp := F(v) :== FP UFL, v e Ve and fers(v) = 0, fepp(v) == 10,9 € Fo) U FL.

(d) Iy = (GE, Oins, 0ce): An instance aimed to infer a chemical monocyclic graph GT such that
the frequency vector of edge-configurations in G' is a vector obtained by merging those of
G4 and Gg. We use chemical monocyclic compounds CID 10076784 and CID 44340250 in
Figure 7(c) and (d) for G4 and Gp, respectively. Set a seed graph to be the monocyclic seed
graph G¢ = (Vo, Ec = E(»2) U E>1)) with Vo = {u1, us}, E»2) = {a1} and E>1) = {as} in
Figure 6(i).
Set A := {H,C,N,0}, A¥ := A}y UAR 5 and T™ := TR UTH".
Set ni% := min{n™(G4),n"™(Gp)}, nifs = max{n™(G4),n™(Gp)},
neg := min{n(G4),n(Gp)} and n* := max{n(Ga),n(Gp)}.
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Set lower bounds ¢1 g, blyg, chyg, bdarp, bds s, napp, nal’y, nsit acit and acl’y to be 0.

Set upper bounds nayg(a) := n*,na € {H,C}, nayg(a) := 5,na € {0,N}, nayg(a) := 2,na €
A\ {H,C,0,N} and set the other upper bounds fyg, blys, chyg, bdsys, bds ys, nally, nsis,
acht and acily to be n*.

For each edge-configuration v € T let 2% (7™) (resp., x3(7™)) denote the number of
interior-edges with v in G4 (resp., Gg), v € '™ and set

Thin () 1= min{a% (7), 25(7) }, 5ax(7) = max{z}(7), 25(7)},

ceps (1) = [(3/4) 25 (V) + (1/4)25,(7) ] and

ectip(7) = [(1/4) 75 () + (3/4)50x (V)]

Set Fg = F(v) :=FaUFp, v € Vg and ferg(¢) := 0, feyp(y) := 10,¢ € Fa U Fp.

We include a linear constraint £(a;) < ¢(ay) and 5 < (ay) + £(ag) < 15 as part of the side
constraint.

D All Constraints in an MILP Formulation for Chemical
Graphs

We define a standard encoding of a finite set A of elements to be a bijection o : A — [1,|A|], where
we denote by [A] the set [1,|A|] of integers and by [e] the encoded element o(e). Let € denote
null, a fictitious chemical element that does not belong to any set of chemical elements, chemical
symbols, adjacency-configurations and edge-configurations in the following formulation. Given a
finite set A, let A, denote the set AU {e} and define a standard encoding of A, to be a bijection
o: A —[0,]A]] such that o(e) = 0, where we denote by [A] the set [0,]A]|] of integers and by [e]
the encoded element o(e), where [¢] = 0.

Let 0 = (G, Oint, 0ce) be a target specification, p denote the branch-parameter in the specifi-
cation o and C denote a chemical graph in G(G¢, Oint, Oce)-

D.1 Selecting a Cyclical-base
Recall that

E(:l) = {6 € E¢ | ELB(G)
E(zl) = {6 € Ec ‘ ELB(Q)

KUB(G) = 1}; E(O/l) = {6 € EC | ELB(G) = O,KUB(G) = 1};
1, lug(e) > 2}; Erg) = {e € Ec | lup(e) > 2};

- Every edge a; € E(=) is included in (C);
- Each edge a; € Eg) is included in (C) if necessary;
- For each edge a; € E(>), edge a; is not included in (C) and instead a path

C T T T C
Py = (V" 4ail(), U j=1,0 Gy -+ 5V s U head(i))

of length at least 2 from vertex /Uctail(i) to vertex vchead(i) visiting some vertices in Vr is con-
structed in (C); and
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- For each edge a; € E(>1), either edge a; is directly used in (C) or the above path P; of length
at least 2 is constructed in (C).

Let tc £ |Vc| and denote Vo by {v®; ] i€ 1, tc]} Regard the seed graph GC as a digraph
such that each edge a; with end-vertices v®; and v°; is directed from v®; to v; when j < j'.
For each directed edge a; € Eg, let head(i) and tall( ) denote the head and tall of €®(i); i.e.,
a; = (Uctail(i)7 Uchead(z’))-

Define -

ko £ |Eso UEzy|, ko2 Bz,

and denote Ec = {a; | i € [1,mc]}, Ex2) = {ak | ke 1,kel}, Exny = {ar | k € [ke + 1,kcl},
EO/l = {ai | 1€ UCC + 1, kc + |E (0/1) |]} and E = {ai | 1€ [k?c + |E(0/1)| + 1,mc]}. Let I(:l)
denote the set of indices 7 of edges a; € E— Slmllarly for Iio/1), I(>1) and I(>9).

To control the construction of such a path P; for each edge aj, € E(>9) U E(>1), we regard the
index k € [1, kc] of each edge aj € E(=9)U E(>1) as the “color” of the edge. To introduce necessary
linear constraints that can construct such a path P, properly in our MILP, we assign the color &
to the vertices v*;_1,v";,..., vT; 4, in Vo when the above path P is used in (C).

For each index s € [1,t¢], let Ic(s) denote the set of edges e € Eg incident to vertex v®,,
and E(J;l)(s) (resp., E_,y(s)) denote the set of edges a; € E(=1) such that the tail (resp., head)
of a; is vertex v“,. Similarly for E(JB/I)( 8)s Egn)(8)s ELyy(8), Eayy(s), BELy(s) and B,y (s).
Let Ic(s) denote the set of indices i of edges a; € I¢(s). Similarly for I(: y(s), I_ 1)( s), ](6/1)(3),
Ty (8), [(E 1(8)s I2y(8), I(JrZ )(s) and 15,(s). Note that [1, ko] = I(>2)UI(>1) and ko +1,me] =
Iz U Lo U L=,

constants:

- tC = |VC| C = |E >2| C = |E(22) U E(21)|, tT = Il%l]tg |VC|, mgc = |EC| Note that
a; € Ec\ (E(>2) U E(>1)) holds i € [kc + 1, mc];

- (k) bus(k) € [1,t1], k € [1, kc]: lower and upper bounds on the length of path Py;
- rge € [1,m¢]: the rank r(G¢) of seed graph G;
variables:

C(i) € [0,1], i € [1,mc]: (i) represents edge a; € Ec, i € [1,mc] (e°(i) = 1, i € I_yy;
Ci) = 0,1 € I(>2) (e°(i) =1 & edge q; is used in (C));

- oT(@) € [0,1], 7 € [1,tr]: vT(i) = 1 & vertex vT; is used in (C);

- eT(i) €[0,1],1 € [1,tp+1]: €T (i) represents edge eT; = (v1;_1,v";) € Et, where eT; and €T}, 4
are fictitious edges (e'(i) = 1 < edge €, is used in (C));

- xT(i) € [0,kc], i € [1,t7]: xT (i) represents the color assigned to vertex v%; (x'(i) =k > 0 &
vertex v7; is assigned color k; xT (i) = 0 means that vertex vT; is not used in (C));

- clrt (k) € [(up(k) — 1, bu(k) — 1], k € [1, kc], clr™(0) € [0,¢r): the number of vertices v7; € Vi

with color ¢;

36



- 0y (k) €[0,1), k € [0,kc]: 6} (k) =1 < x" (i) = k for some i € [1, ty];

X0 R) € (0,1 0 € [Lta], k€ [0, k] (XT(i, ) = 1 & x(i) = k)

- dfé_g/:g(z) € [0,4], i € [1,t¢]: the out-degree of vertex v“; with the used edges e“ in Eg;
- agé; (i) € [0,4], i € [1,tc]: the in-degree of vertex v®; with the used edges e in E¢;

- rank: the rank r(C) of a target chemical graph C;

constraints:
rank = r¢g, — Z (1 —¢e(4)), (6)
i€lo/1)
ec(i) =1, 1€ ](:1), (7)
eC(i) =0, clr' (i) > 1, i€ I>9), (8)
eCl) +cltT (i) > 1, et (5) <tp-(1—e%%4)), i€ >, (9)
— —~t . :
> e®(c) = deg (i), > e®(c) = degg (i), i€l tc], (10)
€l S ()UI g ) (VI g (3) 061&1)(i)uI(J(r)/l)(i)UIZL:I)(i)

X0 =1-0"@), D X"@k) =1, D k-xX"(k)=x"(), ie[ltg], (11)

ke[0,k¢] ke[0,kc]
> X" k) =cl"(k), tr-op(k) > > X (i, k) =0} (), kel0ke], (12)
1€[1,t7] 1€[1,t7]

vI(i —1) > 0" (),
ko (G —1)—et (@) > x (@ —1) —xT () > vt (i — 1) —e'(3), i € [2,tr]. (13)

D.2 Constraints for Including Leaf Paths

Let ¢ denote the number of vertices u € Vg such that blyp(u) = 1 and assume that Vo =
{u1,us,...,u,} so that

blUB(Ui) = 1, 1€ [17%] and blUB(Ul) = 0, 1€ [tz; + 1,tc].
Define the set of colors for the vertex set {u; | i € [1,c]} U Vi to be [1, cg] with
cp 2tc+tp = [{u; | i €[1,tc]} UVl

Let each vertex v%;, i € [1,t¢] (vesp., v7; € Vi) correspond to a color i € [1,cp] (resp., i + to €

[1,cp]). When a path P = (u,v";,v";14,...,0",4;) from a vertex u € Vo U Vr is used in (C), we
assign the color i € [1, cp] of the vertex u to the vertices v*;, 0" 1,..., v 4 € Vi,
constants:
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- cp: the maximum number of different colors assigned to the vertices in Vg;

- n*: an upper bound on the number n(C) of non-hydrogen atoms in C;

int int

- 0, nYs € [2,n*]: lower and upper bounds on the number of interior-vertices in C;

- blyg(i) € [0,1], i € [1,tc]: a lower bound on the number of leaf p-branches in the leaf path

rooted at a vertex v°;;

- blig(k),blys(k) € [0,lus(k) — 1], k € [1,kc] = I(>2) U I>1): lower and upper bounds on the
number of leaf p-branches in the trees rooted at internal vertices of a pure path P, for an edge
ar € E1y U E>2);

variables:

int int int

- ngt € [P, nfy): the number of interior-vertices in C;

- 0F(d) €[0,1], 4 € [1,tp]: vF (i) = 1 & vertex v¥; is used in C;

F

- e¥(i) € [0,1], i € [1,tp + 1]: €F(4) represents edge e'; = vF;_1v";, where ey and ey, are

fictitious edges (e¥'(i) = 1 & edge e is used in C);

- XY(i) € [0, cpl, i € [1,tp]: X¥(7) represents the color assigned to vertex v¥; (x¥ (i) = ¢ < vertex

vF; is assigned color ¢);

- clt™(c) € [0,tg], ¢ € [0, cg]: the number of vertices v*; with color ¢;

- 6¥(c) € [blup(c), 1], ¢ € [1,tc]: 0%(c) =1 < XF(i) = ¢ for some i € [1,t5];
- 0%(e) € [0,1], ce [tc + 1, cpl: 0y (c) =1 & x"(i) = c for some i € [1,tp];
- XF(Z7C) S [07 1]7 (&S [LtF]a cE [chF]: XF(Z7C) =le XF(Z) =G

- bl(k,i) € [0,1], k € [1, kc] = L(32) U I>1), @ € [1,t7]: bl(k,i) = 1 < path Py contains vertex v';
as an internal vertex and the p-fringe-tree rooted at v1; contains a leaf p-branch;

constraints:
X0 =1=0"0), Y Xl =1 D e x"i,0)=x"(), ielte], (14)
c€[0,cr] c€[0,cr]
> X)) =ck(c), tr-d5(c) > DY x"(i,e) = 65 (o), c € [0, crl, (15)
1€[1,tr] 1€[1,tr]
e" (1) =e"(tp +1) =0, (16)
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cp- (V5 (i —1) —e" (D) > xF (G — 1) = X" (i) > 0" (i — 1) — e (4), i€[2,te], (17)

bl(k, i) > 6% (tc +14) + X" (i, k) — 1, ke[l kc),i€ [1,ty], (18)

> bl(kd) < > 6E(te +i), (19)

ke[l,kc]i€(l,tr) i€[1,tr]
blis(k) < > bl(ki) <blyp(k), k€ [L k], (20)
1€[1,tr]

te+ > o'+ > o) =ng" (21)

iE[l,tT] iG[l,tF]

D.3 Constraints for Including Fringe-trees

Recall that F(D,) denotes the set of chemical rooted trees 1 r-isomorphic to a chemical rooted
tree in T (C) over all chemical graphs C € D, where possibly a chemical rooted tree ¢ € F(D,)
consists of a single chemical element a € A\ {H}.

To express the condition that the p-fringe-tree is chosen from a rooted tree C;, T; or F;, we
introduce the following set of variables and constraints.

constants:
- nyg: a lower bound on the number n(C) of non-hydrogen atoms in C, where nyg,n* > ni%;

- chpp(i), chuyg(i) € [0,n*], ¢ € [1,tr]: lower and upper bounds on ht((7;)) of the tree T; rooted
at a vertex Uci;

- chrp(k), chug(k) € [0,n*], k € [1, kc] = I(>2) U I(>1): lower and upper bounds on the maximum
height ht((T)) of the tree T' € F(Py) rooted at an internal vertex of a path P for an edge
ar € Ez1) U E(>9);

- Prepare a coding of the set F(D,) and let [¢] denote the coded integer of an element ¢ in
F (Dfr);

- Sets F(v) C F(D,),v € Vi and Fg C F(D,) of chemical rooted trees T with ht(T") € [1, pl;
- Define F* := {J, ey, F(v) U Fp, FE=F0%), i € [1,tc], Ff == Fg, i € [1,tr] and Ff := Fpg,

1€ [1,tp];
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- ferp(v), feu(v) € [0,n*], ¢ € F*: lower and upper bound functions on the number of interior-
vertices v such that C[v] is r-isomorphic to ¢ in C;

- FXpl,p € [1,p], X € {C, T,F}: the set of chemical rooted trees T" € F:* with ht((T)) = p;

- ng([¢)]) € [0,3°],% € F*: the number n({¢))) of non-root hydrogen vertices in a chemical rooted
tree ;

- htg([v]) € [0,p],9 € F*: the height ht({¢))) of the hydrogen-suppressed chemical rooted tree
(¥);

i} degf([w]) € [0,3],% € F*: the number deg,({¢))) of non-hydrogen children of the root r of a
chemical rooted tree 1;

- deg™([4]) € [0,3],1 € F*: the number deg, () — deg,({1)) of hydrogen children of the root

of a chemical rooted tree ;

- Vien(?¥0) € [=3,43],1 € F*: the ion-valence of the root in ;

- aclf(y),v € T : the frequency of leaf-edges with adjacency-configuration v in 1;

- acly aclly : T — [0,7*]: lower and upper bound functions on the number of leaf-edges uv in

ace with adjacency-configuration v;

variables:
- ng € [nup,n*]: the number n(C) of non-hydrogen atoms in C;
- 0vX(i) € [0,1],4i € [1,tx], X € {T,F}: vX(i) = 1 & vertex v¥; is used in C;

- 036, [¥]) € [0,1],4 € [1,tx],v € FX, X € {C, T,F}: 6%(i,[¢)]) = 1 & 9 is the p-fringe-tree
rooted at vertex v¥; in C;

- fe([¢]) € [feus(v),fcus(v)],v» € F*: the number of interior-vertices v such that Clv] is r-
isomorphic to ¢ in C;

- ac([v]) € [aclz(v),acz(v)],v € TE: the number of leaf-edge with adjacency-configuration v

in C;

- deg% (i) € [0,3],i € [1,tx],X € {C,T,F}: the number of non-hydrogen children of the root of
the p-fringe-tree rooted at vertex v*; in C;

- hyddeg™ (i) € [0,4], i € [1,tx], X € {C, T,F}: the number of hydrogen atoms adjacent to vertex
v¥; (ie., hyddeg(v®;)) in C = (H, e, B);

- eledegy (i) € [=3,43], i € [1,tx], X € {C, T,F}: the ion-valence viy, (1)) of vertex vX; (i.e.,
eledegy (i) = Vion () for the p-fringe-tree 1 rooted at v*;) in C = (H, «, f);

- WX(i) € [0,p], 4 € [1,tx], X € {C, T,F}: the height ht((T")) of the hydrogen-suppressed chemical
rooted tree (T') of the p-fringe-tree T rooted at vertex v*; in C;
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- o(k,i) €[0,1], k € [1,kc] = I(>2)UI(>1),i € [1,17]: o(k,i) = 1 < the p-fringe-tree T, rooted at
vertex v = vT; with color k has the largest height ht({7,)) among such trees T,,v € Vr;

constraints:
Zég(lv [¢]) =1, (NS [LtC]a
YEFL
Zég(zﬂ [¢]) - Ux(i)’ S [1’ tX]7X € {T’ F}v (22>
peFX
> degl([¥]) - 6 (i, [¥]) = deg (i)
YeFX
> " deg™([v]) - 5 (i, [1)]) = hyddeg™ (i)
peFk
Zvion(wj]) ’ 5?(2’ Wj]) = eledegx(i)’ IS [17 tX]a X e {C7 T, F}’ (23>
PeFX
> SR [w]) =0 (@) — i+ 1), i€ [1,tp] (" (tr +1) = 0), (24)
YeF o]
> htg([]) - 05 G, [0]) = W), i€ [1,tx],X € {C,T,F}, (25)
YeFE
> oml) - RaE) Y i) e =6, (26)
YeFk i€[l,tx],Xe{T,F}

1€[1,tx],Xe{C, T,F}

Yoo &L W) = fe([W)), ) e F, (27)

i€[l,tx],Xe{C,T,F}

> ac, (¥) - 05 (4, [0]) = ac"([v]), v € Ty, (28)

YeFX iel,tx],Xe{C,T,F}

hC(i) > chpp(i )—n*-5§(i), clr™ (i) + p > chyp(4),
h(i) < chup(i), ™ (i) + p < chyp(i) + n* - (1 = 6% (), i€Litc], (29)
chis(i) < hC3) < chyg(i), i € [tc + 1,tc), (30)
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W (i) < chug(k) +n* - (6% (tc + i) + 1 — x" (i, k),
cr(tc +14) + p < chyp(k) + n* - (2= 65 (tc +14) — x (i, k), k€[l ke)i€1,tr],  (31)

> o(k,i) =6} (k), ke[l ke, (32)
1€[1,t7]
X" (i k) > o(k, 1),
hT(i) > chpp(k) —n* - (65 (tc +4) + 1 — o(k, 1)),
clt¥(te +14) + p > chpp(k) —n* - (2 — 5F(tc +1i) —o(k,1i)), ke [l,kcl,i € [1,tr]. (33)

D.4 Descriptor for the Number of Specified Degree

We include constraints to compute descriptors for degrees in C.

variables:

- deg®(i) € [0,4], i € [1,tx], X € {C,T,F}: the number of non-hydrogen atoms adjacent to
vertex v = v¥; (i.e. deg y(v) = degy(v) — hyddege(v)) in C = (H, a, B);

- degqr(i) € [0,4], i € [1,tc]: the number of edges from vertex v%; to vertices v*;, j € [1,t1];

- degpo(i) € [0,4], i € [1,tc]: the number of edges from vertices vT;, j € [1,t7] to vertex v%;

- Og(i,d) € [0,1], i € [1,tc], d € [1,4], dg(z d) € [0,1], i € [1,tx], d € [0,4], X € {T,F}:
Oap(i,d) =1 & deg™ (i) + hyddeg (1) =

- dg(d) € [dgyp(d),dgyg(d)], d € [1,4]: the number of interior-vertices v with degy (vX;) = d in
C=(H, o, p);

- degl(i) € [1,4], i € [1,tc], degx®(i) € [0,4], i € [1,tx],X € {T,F}: the interior-degree
deg it (vX;) in the interior H™ = (Vn*(C), E™(C)) of C; i.e., the number of interior-edges

incident to vertex v¥;;

- Oagoli;d) € [0,1], 0 € [1,¢

, ] d € [1,4], 53};X(z d) € [0,1], 7 € [1,tx], d € [0,4], X € {T,F}:
Sl d) = 1 o deg() =

- dg"™(d) € [dgrp(d),dgyg(d)], d € [1,4]: the number of interior-vertices v with the interior-
degree deg it (v) = d in the interior H™ = (V**(C), E™(C)) of C = (H, «, 3).

constraints:

S STk =deger(D), Y. SNk =degreli), i€ lLid  (34)

kEI(JrZ2)(i)UI(+Zl)(i) REI ) (US4, (0)
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degc (i) + deg (i) + deger (i) + degroi) + 05 (1) = degB (i), i€ L],  (39)

dege (i) + dege (i) + degep(i) + degpe (i) = deg (i), i € [t +1,tc), (36)
deg (i) + deg (i) = deg®(3), i€ [1,tc], (37)
> 056, W) > 2 — deg'(i) i € [1,tc], (38)

veFL[p]

20" (i) + 0 (tc + i) = deg'(i),
deg" (i) + deg¥'(i) = deg (4), i€[Ltr] (e"(1) =e"(tr+1)=0), (39)

o (0) + € (i + 1) = degi (i),
degit" (i) + degg (i) = deg" (i), i€ [te] (F(1) = F(tr+1) =0),  (40)

D alid) =1, > d-6%(i,d) = deg™(i) + hyddeg™ (i),

de(0,4] del1,4]

> dhx(id) =1, Y d-oix(id) = deg{'()), i€ [Lix) X € (T,CF}, (41)

de0,4] de1,4]

> ogd)+ Y alivd)+ > on(i,d) = dg(d),

1€[1,tc] 1€[1,t7] 1€[1,tr]
Yo dheltd)+ D S d) + Y Sl d) = dg™(d), dell 4. (42
1€[1,tc] 1€[1,tr] 1€[1,tr)

D.5 Assigning Multiplicity

We prepare an integer variable §(e) for each edge e in the scheme graph SG to denote the bond-
multiplicity of e in a selected graph H and include necessary constraints for the variables to satisfy
in H.

constants:

- Be([¢]): the sum B, (r) of bond-multiplicities of edges incident to the root r of a chemical rooted
tree ¥ € F*;
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variables:
- B2(i) €10,3], i € [2,tx], X € {T,F}: the bond-multiplicity of edge eX; in C;

- B°31) € 10,3, i € [ke + 1,me] = I>1y U Iy U I=1): the bond-multiplicity of edge a; €
En U B U Bz in G

- BOT(k), BTC(k) € 10,3], k € [1, kc] = I(2) U I>1): the bond-multiplicity of the first (resp., last)
edge of the pure path P in C;

- B*F(c) € [0,3],¢ € [1,¢p = tc + tp]: the bond-multiplicity of the first edge of the leaf path Q.
rooted at vertex v, ¢ < t¢ or vl e > tc in C;

- B (i) € [0,4],i € [1,tx],X € {C,T,F}: the sum Scp(v) of bond-multiplicities of edges in the

p-fringe-tree C[v] rooted at interior-vertex v = vX;;

- 05 (1,m) € [0,1], 7 € [2,tx], m € [0,3], X € {T,F}: 05 (i, m) = 1 & X(i) = m;
_ 6g(z,m) € [0, 1], 1€ [Ec/,mc] = ](21) U _[(0/1) U I(zl), m € [0,3]2 5g(l,m) =1« ﬁc(l) =m;

- 6gT(k,m),5EC(k;,m) € [0,1], k € [1,kc] = Iz U Iz1y, m € [0,3]: 5ET(k,m) = 1 (resp.,
05°(k,m) = 1) & BT (k) = m (resp., BC(k) = m);

- 05 (e,m) € [0,1], c € [1,cp], m € [0,3],X € {C, T}: 657 (c,m) =1 & [*(c) = m;
- bd™(m) € [0,2ni%], m € [1,3]: the number of interior-edges with bond-multiplicity m in C;

- bdx(m) € [0,2n1%], X € {C, T,CT, TC}, bdx(m) € [0,2n], X € {F,CF, TF}, m € [1,3]: the
number of interior-edges e € Fx with bond-multiplicity m in C;

constraints:

eC(i) < B9(i) < 3¢C(i),i € [ke + 1,mc] = I>1) U gy U=y, (43)

e* (1) < (i) < 3eX(i), i€ [2,tx],X € {T,F}, (44)

Sy (k) < BT(k) <365 (k), 65 (k) < B(k) < 30 (k), ke[l k], (45)

55(0) < B*F(¢) < 355(0), c € [1,crl, (46)

Y oxm)=1, Y m-8y(i,m) =¥, ie2,tx],Xe{T,F},  (47)
]

mel0,3
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S ofGm) =1, Y m-o5(i,m) = p(i), i € [ke + 1, mc), (48)

me|0,3] mel0,3]
> o kom)=1, > m-65"(k,m) = BT (k), ke[l ke,
me[0,3] mel0,3]
> 05%km) =1, > m-05%(k,m) = B"(k), ke[l ke,
me[0,3] me|[0,3]
o em)=1, Y m-55(c,m) =BT (c), cell, e, (49)
me[0,3] me|0,3]
> Bul[w)) - i, [W]) = BX(), i€ [Ltx],X e {C,T,F}, (50)
PeFX

> 856, m)=bdc(m), Y 65(i,m) = bdr(m),

' [EEJrl mc] €2t
> gt =bder(m), Y 65%(k,m) = bdrc(m),
ke[1,kc] ke[l,kc]
25/3 i,m) = bdp(m), Z 5 = bdcr(m),
’LG 2 tF] CG[]. tc]
> 5 (e,m) = bdyp(m),
c€[tc+1,cr]

bdg(m) 4 bdp(m) 4 bdp(m) + bder(m) + bdrc(m) 4 bdre(m) + bder(m) = bd™ (m),
m € [1,3].  (51)

D.6 Assigning Chemical Elements and Valence Condition

We include constraints so that each vertex v in a selected graph H satisfies the valence condition;

e., fc(v) = val(a(v)) + eledege(v), where eledegq(v) = Vion(?0) for the p-fringe-tree Clv] r-
isomorphic to ¢. With these constraints, a chemical graph C = (H, «, ) on a selected subgraph
H will be constructed.

constants:

- Subsets A™ C A\ {H}, A® C A of chemical elements, where we denote by [e] (resp., [e]™ and
[e]™) of a standard encoding of an element e in the set A (resp., A" and A%);

- A valence function: val : A — [1, 6];

- Subsets A*(i) €A™ 4 € [1,tc];
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- narp(a),nayg(a) € [0,n*], a € A: lower and upper bounds on the number of vertices v with
a(v) = a;

- nal®(a),nal’t(a) € [0,n*], a € A™: lower and upper bounds on the number of interior-vertices
v with a(v) = a;

- o ([Y0]) € [A®™], € F*: the chemical element a(r) of the root r of 1;

- na([¢]) € [0,n*], a € A, ¢ € F*: the frequency of chemical element a in the set of non-rooted
vertices in 1, where possibly a = H;

- M: an upper bound for the average ms(C) of mass* over all atoms in C;

variables:
- BYT(4), BTC(i) € 0,3],7 € [1,t7]): the bond-multiplicity of edge e“T;; (resp., €7¢;,) if one exists;
- B4, BTF(i) € [0,3],i € [1,tr]: the bond-multiplicity of e“¥;; (resp., eT¥;;) if one exists;

- (i) € [AM], 6% (i, [a]™) € [0,1],a € AM ¢ € [1,¢x],X € {C,T,F}: o*(i) = [a]™ > 1 (resp.,
aX(i) = 0) & 6X(i,[a]™) = 1 (resp., 65(i,0) = 0) & a(vX;) = a € A (resp., vertex v™; is not
used in C);

- 0X(i, [a]™) € [0,1],7 € [1,tx],a € A", X € {C,T,F}: 6X(i,[a]") = 1 & a(vX;) = a;

- na([a]) € [nayp(a),nayg(a)], a € A: the number of vertices v € V(H) with a(v) = a, where
possibly a = H;

- na™([a]’™) € [nal’(a),naltb(a)], a € A, X € {C,T,F}: the number of interior-vertices v € V(C)
with a(v) = a;

- nag([a]®™),na®™([a]*™*) € [0,nayg(a)], a € A, X € {C,T,F}: the number of exterior-vertices
rooted at vertices v € Vx and the number of exterior-vertices v such that a(v) = a;

constraints:

BT (k) = 3(e" (i) — X" (i, k) + 1) < BOT(6) < BOT(R) +3(e" (i) — x" (i, k) + 1),i € [1,tq],
BYO(k) = 3(e" (i +1) — X (i, k) + 1) < BTC() < BTC(k) +3(e" (i + 1) — x"(4,k) + 1),i € [1, L7,
k¢ [1,/6@],
(52)
“F(c) — “F(e) (e (i) — X" (i,c) +1),i € [1,tg], c € [1,tc],
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oSG ™) =1, Y [a]™ - 63, [a)™) = aC(i), i € [L,tc],

acAint acAint

Z 5§(i’ [a]mt) - UX(i)v Z [a]int ) 5§(i7 [a]int) = ax(i)7 OIS [th]vX = {T7 F}’

aeAint aeAint

Z ar([w]) : 5?5(% [’QD]) = ax(i)’ (S [LtX]»X € {C’T’F}v

peFt

> B°0) > T+ DY B

j€lc(i) keIl , (UL, () REI S 0 (U5 (3)
+A7T (i) + BS(1) — eledegg (i) = Y val()oS (i, [a]™), i€ 1,4,
aeAint

> B°0) >, M+ > )

JE€lc (i) kef(+>2)()u1<+21>(i) K€L o) (DUIS ) (3)
+B5(1) — eledeg (i) = Y val(a)dg (i, [a]™), i € [te + 1, tc],
aEAi“t

B0 + BT (i+1) + B (@) + B9 (0) + 57C()
+8" (tc + 1) — eledegy (i) = Y val(a)dy (i, [a]™),

aeAint

€ [Litg] (B'(1) = B (tr +1) = 0),

BY(i) + B (i+1) + BT (i) + B (1)
+B5 (i) — eledegy (i) = Y val(a)dh (i, [a]™),

acAint

€ [Ltg] (8°(1) = 8" (tr +1) = 0),

> 6X(i. [a)™) = nax([a]™), ae A™ X e {C,T,F},
1€[1,tx]
> ad([Y]) - 07 G [¢]) = nag([a]™), a €A™, X e{CTF},
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nac([a]int) + naT([a]int) + naF([a]int) — naint([a]int)7 ac Aint,

S ([ = na (). ac A,
Xe{C,T,F}
na™([a]™) + na™([a]™) = na([a]), a €A™ N A,
nai™([a]™) = na([a]), a € AT\ A%
na®™([a]®™) = na([a]), a €A™\ AM (62)
> ol &™) =1, i€ [1,tc). (63)

acA* (1)

D.7 Constraints for Bounds on the Number of Bonds

We include constraints for specification of lower and upper bounds bdyg and bdyg.

constants:

- bd,,15(7), bdyus (i) € [0,08%], ¢ € [1,mc], m € [2,3]: lower and upper bounds on the number
of edges e € F(P;) with bond-multiplicity S(e) = m in the pure path P; for edge ¢; € Ec;

variables :

- bdr(k,i,m) € [0,1], k € [1,kc], i € [2,tr], m € [2,3]: bdr(k,i,m) = 1 < the pure path Py for
edge e € E¢ contains edge et; with B(eT;) = m;

constraints:

bd,, 1p(i) < 5g(¢,m) < bdy,up(i),i € I=1) U Lo/1),m € [2,3], (64)

bdr(k,i,m) > 65 (i,m) +x"(i,k) =1, ke [l,ke],i€ [2tr],me [2,3], (65)

> o5(iom) > > bdy(k,i,m), me€|[2,3], (66)

Jj€E[2,tT) ke[l,kc)i€(2,tT]

by rs(k) < Y bdr(k,i,m) + 85" (k,m) + 65 (k, m) < bdy,us(k),

iG[Q,tT]

ke [l,kc|l,m € [2,3]. (67)
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D.8 Descriptor for the Number of Adjacency-configurations

We call a tuple (a,b,m) € (A\ {H}) x (A\{H}) X [1, 3] an adjacency-configuration. The adjacency-
configuration of an edge-configuration (u = ad, i’ = bd’, m) is defined to be (a,b, m). We include
constraints to compute the frequency of each adjacency-configuration in an inferred chemical graph

C.

constants:
- A set T of edge-configurations v = (u, i/, m) with u < p/;
- Let 7 of an edge-configuration v = (u, 1/, m) denote the edge-configuration (u', 1, m);

- Let T2 = {(p, ¢/, m) € T™ | p < g/}, T2 = {(p,p/,m) € T | = g/} and T2 = {7 | y €
L2
- Let Fint Fint and Fint

ac,<’ - ac,— ac,>
in the sets T2, '™ and '™, respectively;

denote the sets of the adjacency-configurations of edge-configurations

- Let 7 of an adjacency-configuration v = (a,b, m) denote the adjacency-configuration (b, a, m);

- Prepare a coding of the set T'* U F;‘g> and let [v]™ denote the coded integer of an element v
i L LT

- Choose subsets I'C. . T'T ['CT ['TC ['F TCF

ac? ac? ac ac ) ac? ac ?

1 f}{ C Fg; U, ; To compute the frequency of
adjacency-configurations exactly, set I'C, := 'l = TSP .= TIC .= TV .= IS .= TIF .=

Fiarlt U Fint .

ac,>)

- acl(v),acts(v) € [0,2nl%],v = (a,b,m) € T™: lower and upper bounds on the number of

interior-edges e = uv with a(u) = a, a(v) = b and f(e) = m;

variables:

- ac™([v]™) € [acl (v), acliy (v)], v € T the number of interior-edges with adjacency-configuration

v

Y

T acp([V]™) € [0,tg],v € TE: the
number of edges e“ € Ec (resp., edges eT € Et and edges e € Er) with adjacency-configuration

- ace([V]™) € [0,mc],v € TS, acp([p]™) € [0,tr],v € I'T

ac?
v

- acor([V]™) € [0, min{ke, tr}],v € TS, acro([v]™) € [0, min{ke, tr}],v € TS, acor([v]™) €
0,tc],v € TSF, acrp([V]™) € [0,tr],v € TIF: the number of edges T € Ecr (resp., edges
eTC € Erc and edges eF € Ecp and e™F € Erp) with adjacency-configuration v;

- 056, ™) € [0,1]d € [ke + 1me] = Iz U Loy ULy, v € TS, 6L, [/]™) € [0,1],i €

[2,tr],v € T OF (4, [V]™) € [0,1],4 € [2,tp],v € TE: 6X(i, [v]™) = 1 & edge €X; has

ac’

adjacency-configuration v;
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- 05T (K, [v]), 5EC (K, [v]™) € [0,1],k € [1,kc] = Iz U I>1),v € fCT: 6T (k, [v]*) = 1 (resp.,

) ac
61 (k, [V)™) = 1) & edge T, (resp., €™head(r);) for some j € [1,¢7] has adjacency-
configuration v;

- 0% (¢, [V)™) € [0,1],c € [1,tc], v € fSCF: 6CF (¢, [V]™) = 1 < edge €“F,; for some i € [1, ] has
adjacency-configuration v;

- 6T (i, [W]™) € [0,1],4 € [1,tr], v € TEF: 6TF (4, [v]™t) = 1 « edge €TF,; for some j € [1,¢p] has
adjacency-configuration v;

- a®T(k),a™(k) € [0, |A™], k € [1, kc]: a(v) of the edge (vctaﬂ(k),v) € Ecr (resp., (v, vchead(k)) €
ETC) if ally;

- a®F(e) € [0,]A™]], ¢ € [1,tc]: a(v) of the edge (vC.,v) € Ecp if any;
- ™ (i) € [0,]AM],i € [1,tr]: a(v) of the edge (v1;,v) € Ery if any;

- AGH(i), AS (i), € [0, |A™]], € [ko+1,mc], ALF(5), AL (5) € [0, [A™]],i € [2, 2], ALF(5), AL (i) €
[0,|AM], 4 € [2,tp]: AXF(i) = AX7(i) = 0 (resp., AXF (i) = a(u) and AX7 (i) = a(v)) & edge
eX; = (u,v) € Fx is used in C (resp., eX; € E(G));

- AL (R), AL (R) € [0, AT E € [1ke] = Tz Ulen: AL (k) = AZ (k) = 0 (resp.,

AT (k) = a(u) and AT (k) = a(v)) < edge e iw); = (u,v) € Ecr for some j € [1,tr] is

) =
used in C (resp., otherwise);
- AT (k), AL (k) € [0,]A™]],k € [1,kc] = I>2) U I>1): Analogous with ASTT(k) and
AL (R);

- AGTH(e) € [0, JAM L AZE (¢) € [0, A ] e € [, fc]: AGFH(e) = AGF () = 0 (resp., AT (c) =
a(u) and ASF~(c) = a(v)) & edge e“F.; = (u,v) € Ecr for some i € [1,tg] is used in C (resp.,
otherwise);

- ATFR(G) € [0, |A™], ATF=(4) € [0, [A™]],4 € [1,¢7]: Analogous with ASF*(c) and ASF~(¢);

constraints:

(V™) =0, v eI\ TE,
(V™) =0, v eI\ T,
(/]™) =0, v e\ T,
accr([v]™) =0, v e e\ ToT,
(/™) =0, ve i\,
([/]™) =0, v e\ T,
(/]™) =0, ve i\,
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> ace([v]

int) = Z 5E(Z’m)>

(a,b,m)=verit i€lko+1,mc)
E ]t E 56 i,m)
(a,b,m):lzel“i“t i€[2,t7]
E mt § 5F Z m
(a,b,m):l/GI‘i“t 1€[2,tF]
E accr([V)™) = E 5
(a,b,m)=verint kel,kc)
E acrc([v]™) = E 5
(a,b,m)=verint kel,kc)
E accr([V]™) = E 55"
(a,b,m)=velint ce[1,tc]

>, acw(M) = > &(em),

(a,bm)=veli

Y mea (i, M) =

cEltc+1,cr]

v=(a,b,m)el<,

AL+ Y RO M) = af

v=(a,b,m)elS,
AL (@) +

v=(a,b,m)el’<,

ACJr( )—l—AC ( ) < Z‘Amt‘(l _eC

> o

S S ) = af

i€fkc+1,mc]

S me G = 57),

v=(a,b,m)el'L,

8°0),
(tail(4)),
(head(i)),

(),

V™) = acc([v]™),

A@+ Y [™0 M) = a1,

v=(a,b,m)el'L,

A+ Y e ™) = o™ (),
v=(a,b,m)el'L,

ATW>+AT<><meu—fW0%
Z (i, [)™) = acp([v]™),

Z€[2 tT}

o1

m € [1,3],
m € [1,3],
m € [1,3],
m € [1,3],
m € [1,3],
m € [1,3],

m € [1,3],

€ [kc + 1,mc],

vel®

ac?

1 E [2 tT]

velr

ac’

(69)

(71)



Do me B = 570,

v=(a,b,m)elL,

A+ Y ™o ™) =a (i - 1),

v=(a,b,m)elE,

A () + Y BMa ™) = a" (i),
v=(a,b,m)elL,

AFF() + AT (i ) < 2|Aex|(1 —e'(1),
S 6F (i, []™) = ace([V]™),

1€[2,tr]

OzT i)—l— ’Aintl( - T(i k) +€T(i)) Z OzCT(/{J>,
a“M(k) = a (i) — [A™[(1 = X" (i, k) + e (0)),
Z m - 5SCT(k, [ ]mt) BCT(]{;)

v=(a,b,m)€lST
> M (R M) = o (tail(k),
v=(a,b,m)el'CT
ALK+ Y Mt (R M) = T (R),
v=(a,b,m)el'gT

AT (k) + AL (k

)
Zak

ke(l,kc)

AT (k) +

< 2[A™[(1 =8, (k)),
V]

1nt — ELCCT([V]int)

)

@l (@) + A (1 = X0, k) + et (i + 1)) > a™C(R),
atOk) > (i) — AL = X T (i, k) + et (i + 1)),
> me 6k ™) = 8Tk),
v=(a,b,m)el'TC
> MOk, M) = (),
v=(a,b,m)el'TC

Y BMaC (R 1)) = af(head(k)),

v=(a,b,m)el'LC

AL (k) + A0 (K

)
Zék

ke(l,kc)

ALt (k) +
AT (k) +

ac

< 2[A™[(1 =6, (),
V]

1nt = acro ( [V]int),

52

i €[2,tg],

VEFF

ac?

(72)

1€ [1,tT],

ke [1 k}(j]
velcr (73)

ac

1€ [1,tT],

ke [1 kc]
velle (74)

ac



(i) + [A™(1 = X" (i, ¢) + €"(i) = o (c),
a(c) > o (i) — |A™)(1 — xF (i, ¢) + €F(3)), i €[1,tg],

Y me 8 (e M) = 57 (o),

v=(a,b,m)el'SF

AL+ Y0 [a™ (e [V]™) = a(head(e)),

v=(a,b,m)el'SF

AL+ Y MO (e []™) = a% (o),

v=(a,b,m)el'SF

~—

AL () + AL (e) < 2max{[ A [A™ (1 = 6 (), c € [1,1c),
> 6 (e, ™) = accr([V]™), veTd, (75)
cE[l,%]

af(7) + [AM(1 = XT(j.i + 1) + " (j) = o™ (@),
(i) > a¥ (j) — [A™|(1 = X" (.1 + fe) + €7 (7)), j € [1,tr],
ST me o) = 5+ o),
v=(a,b,m)el'TF

AT+ Y M (i V™) = o (i),

v=(a,b,m)el'TF

AT+ B ) = ™),

v=(a,b,m)el'LF

At (1) + AL (1) < 2max{[AM] A} (1 - 6 (i + to)), i€ L,
D Guc (@)™ = acre([V]™), vely, (76)
1€[1,t7]
> (acx ([v]™) + acx([7]™)) = ac™ ([v]™), veTli

Xe{C,T,F,CT,TC,CF, TF}

ST acd(™) = ad™ (™), ver™ . (1)
Xe{C,T,F,CT,TC,CF,TF}

D.9 Descriptor for the Number of Chemical Symbols

We include constraints for computing the frequency of each chemical symbol in Age. Let cs(v)

denote the chemical symbol of an interior-vertex v in a chemical graph C to be inferred; i.e.,
cs(v) = p = ad € Aqg such that a(v) = a and deg ) (v) = deg;(v)—degl¥(v) = din C = (H, o, B).
constants:

- A set ARY of chemical symbols;
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- Prepare a coding of each of the two sets AL} and let [u]™

Amt

denote the coded integer of an element

dg >
- Choose subsets Agg, Agg, AF C Alnt To compute the frequency of chemical symbols exactly, set
Adcg = AdTg = Agg = Agg,

variables:
- ns™([u]™) € [0,np], p € AfY: the number of interior-vertices v with cs(v) = p;
- 0o (i, [p]™) € [0,1], 4 € [1,tx], u € Ay, X € {C, T, F};

constraints:

Yoo ™ =1 Y [ e ™) = o),

el Xuled p:adé?\é‘g
> d- o (i [1W]™) = deg™(i),
u:adexffg

€ [1,tx], X € {C,T,F},

Z (51?5(27 mt Z 5 mt Z 5 1nt _nsmt([u]in‘c)’ MEAmt.

i€[l,tc] i€[1,tr] 1€[1,tr)

D.10 Descriptor for the Number of Edge-configurations

We include constraints to compute the frequency of each edge-configuration in an inferred chemical

graph C.

constants:

- A set T of edge-configurations v = (u, i/, m) with u < p/;

- Let T2 = {(p, i/, m) € T™ [ pp < p'}, T2 = {(p, ', m) € T | = p'} and T2 = {(/, 1,

(1, i/, m) € T2},

m) |

- Prepare a coding of the set T'™ UT™ and let [y]™ denote the coded integer of an element v in

int int.
[int ot

- Choose subsets I'C 'L, TCT ['TC ['F TCF [TF C pint UT™: To compute the frequency of edge-

ec’ ec) ec ec ec’ eCc_ ?

configurations exactly, set I'C :=I'L := ['OT .= T'IC .— FF = [OF .= TTF .— pint y pint,

int

- ec (), eclib(v) € [0,2n8], v = (u w',m) € I'*: lower and upper bounds on the number of

interior-edges e = uv with cs(u) = p, cs(v) = p/ and f(e) =

variables:
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int

ec™ ([y]™) € [eci (), ecl (v)],v € '™ the number of interior-edges with edge-configuration
7

ece([4]™) € [0, mc] v € TS, eor([y™) € [0,t1],7 € F;Fm cep([Y™) € [0,te],y € Tk the
number of edges e“ € E¢ (resp., edges el € Et and edges e € Fr) with edge-configuration 7;

eccr([7]™) € [0,min{kc, tr}],y € TS, ecrc([y]™) € [0, min{ke, tr}], v € TS, ecop([7]™) €
[0,%c],v € TSF, ecrp([y]™) € [0,t1],7 € TZF: the number of edges ¢ € Eqp (resp., edges
eTC € Erc and edges e“F € Ecp and ™' € Erp) with edge-configuration -;

0%(i, ™) € [0,1),i € [ko + L,mc] = Len U loyn U Iy, y € TS, 856, 1) € [0,1],i €

ec’ ec

2,¢r],7 € TT, 6E (i, [y]™) € [0,1],i € [2,ts],y € TE: 6X(i,[7]') = 1 < edge €¥; has edge-

ec)
configuration ~;

05k, ™), 625G (k, ™) € [0.1]k € [Like] = Igy U ly,y € TS 68k, (™) = 1
(resp., dgec(k, [7]™) = 1) & edge €“Tianm),; (resp., € heaa(r),;) for some j € [1,t7] has edge-
configuration ~;

558 (e, [Y]™) € [0,1], ¢ € [L,tc], v € ICF. osacle, [7]™) = 1 & edge eF; for some i € [1,tp]
has edge-configuration ~;

(56TCFT(' [y]m) € [0,1],4 € [1,t1],v € FTF. 5eTCFT(' [Y]™) = 1 < edge e’ ; for some j € [1, 5]
has edge-configuration ~;

deggT(k% deg¥c(k) € [0,4], k € [1, k¢l deg ¢ ( ) of an end-vertex v € Vr of the edge (vctaﬂ(k), v) €
Ecr (resp., (Uavchead(kz)) € Erc) if any;

degt¥(c) € [0,4], ¢ € [1,tc]: deg ¢y (v) of an end-vertex v € Vi of the edge (v°.,v) € Egp if any;

degr" (i) € [0,4],i € [1, tg]: deg ¢y (v) of an end-vertex v € Vi of the edge (v";,v) € Eqp if any;

A (i), A () € [0,4]i € [ko + 1,mc], AL(5), AL (i) € [0,4),i € [2,¢a], AL (i), AL (i) €
[0,4], € [2,tp]: AL (i) = AL (i) = 0 (vesp., AL (i) = degig)(u) and AL (i) = degg)(v)) &
edge eX; = (u,v) € Fx is used in (C) (resp., e*; € E((C)));

ASCT—’_(/{),ASCT_(/{) S [0,4],k € [1,]50} = I( >2) U [(21)2 Ang+(k) = ASCT_(]{) =0 (resp.,
AGTT (k) = deggy(u) and AZT (k) = degcy(v)) © edge e“Mapy; = (u,v) € Ecr for some
j € [1,tr] is used in (C) (resp., otherwise);

ALCT(k), AL~ (k) € 10,4,k € [1,kc] = I(52) U I(>1): Analogous with AST" (k) and AST(k);

AL (e), AL (0) € [0,4] ¢ € [Ltc]: AGTH () = AL (¢) = 0 (resp., AL (c) = deg g (u) and
ASF(c) = degiey(v)) & edge e = (u,v) € Ecr for some j € [1,tg] is used in (C) (resp.,
otherwise);

AT, ATF= (i) € [0,4],4 € [1, tr]: Analogous with ASF*(c) and ASF~(c);
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constraints:

7 v €™\ T,
, vy €™\ T,
, y €™\ T,
: vy er™\ T,
, v €™\ TLC,
: yeI™\ T,
: yeI™\TIF,

Yoo (™= ). 65(im),
(1o’ ym)=ry€Tint i€lkc+1,mc)
> (™) = 656,m),
(st ym)=~y€Tint i€[2,tr]
Z ecp ([ mt = Z (55 i,m)
(psp! ym)=~y€Tint i€[2,tp]
> el = X o
(ot ym)=~y€Tint kell,kc]
S el = Y A
(ot ym)=~y€Tint ke[1,kc]
Z eCCF 1nt _ Z 5*F C m
(1! ;m)=€nt c€[L,tc]
Yo eemw(W™) = D 65 (em),
(u7ul7m):,yel“int CG[%-‘FLCF}

Y. l@bm)t ool ") =

> W™ o ™),

v=(ad,bd’,m)el’'S, vels,
ASH@ + Y d- 8L M) = deg®(tail(d)),
y=(ad,n’';m)€TS,
AT+ D d-05(3 []™) = deg®(head (i),

v=(,bd,m)€rS,

ALH() + A ( ) < 8(1— (1),
Y 0ali, ™) = ece(H]™),

i€fkc+1,mc]

26

m € [1,3],
m € [1, 3],
m € [1,3],
m € [1,3],
m € [1,3],
m € [1,3],

m € [1,3],

< [%\; + 1,mc],

v eTC

ec’

(81)

(82)



2

2.

2.

v=(ad,bd’,m)el'CT

[(a>b’ m)]int ' 5;(iv [’Y]int) = Z [V]int ’ (5;(i7 [V]int)a

y=(ad,bd’,m)el'L,

ALT(i) +

y=

A (i)

vel'L,

> d- 5Ll ™) = deg" (i - 1),

(ad,u/,;m)€eTE,

DY

d- 6% (i, [y]™) = deg™ (3),

v=(u,bd,m)€TE,

AL+ AL (1) < 8(1— €' (i)),
> G(i, [1]™) = ecr([y™),

’L‘E[Q,tT}

[(a,b,m)™ - 85, (1, ™) = Y ™ - 6h (i, [V]™),

~=(ad,bd’,m)€TE,

At (i) +

Y=

AL (i) +

deg’ (i) +4(1 — X7 (i, k) + €T (i) > degy" (k),
degt' (k) > deg" (i) — 4(1 — X" (i, k) + € (4)),

[(a, b, m)™ - 60 (k, ™) = D W™ - o (k, []™),

AST (k) +

>

(ad,u’,m)erlE,

2.

y=(p,bd,m) Grgc

velL,

d- 55:(27 [’}/]int) = degF(Z - 1)a

d - 65 (i, [y]™) = deg" (i, 0),

AL + AL (1) < 8(1 =€ (),
D Gk ™) = ecr([y]™),

1€[2,tr]

2.

v=(ad,’,;m)€TST

AST(k) +

2

y=(p1,bd,m)€rST

A (k) + AL (k) <8(1—ay (k)),
Z 5Sc,Tc(kf> ['Y]int) = eCCT([’Y]int),

ke [l,kc]

vel'$T

d - Geeio(k, [7]™) = deg® (tail(k)),

d - 0o (k, [Y]™) = degt” (k),

o7

i €[2,tr],
T

ec’

verl

1 € [2, tp],

F
ec’

vel

i€ [1,tr],

(83)

(84)

(85)



deg®(4) +4(1 — X" (i, k) + T (i + 1)) > degtC(k),

degtC(k) > deg™ (i) — 4(1 — X" (i, k) + €™ (i + 1)), i € [1,tr],
Z [(a,b,m)]mt (5;1;00(/{2 [’Y]int) _ Z [V]int . (5;0(]{:7 [V]int),
v=(ad,bd’,m)el'TC vel'TC
AR+ Y d0lGlk ™) = degrC(k),

v=(ad,p’,;m)eTEL

AT (RY+ ) d- 6%k [y]™) = deg®(head(k)),
7:(u7bd,m)6F;fCC

LK)+ AL (K) < 8(L—8T(K). k€ [1 k)
S Gk bI™) = eore(BI™), v ETIS (86)

ke [l,kc]

degCF( ) > deg" (i) — 4(1 — X" (i, ¢) + €F (7)), i€ [1,tg],
> labm)™ 6% (e, ™) = > M 65 (e, [v]™),

y=(ad,bd’,m)el'SF ICF

deg” (1) + 4(1 — x"(i,¢) + €7 () = degp (c),
1 —
]

AL+ Y d-adele, ™) = deg®(e),

v=(ad,u’ ,m)€LSF

ALT@+ Y dod(e ™) = degr" (o),

v=(p,bd,m)€TSF

AL (0) + AL (0) < 8(1 =8 (0)), c € [L,tc],
> oakele, ™) = ecr (™), yeTe, (87)
ce[l,tc]

deg"(j) + 4(1 = X" (j, i + tc) + €"(j)) = degp" (4),

degp" (1) > deg"(j) = 4(1L = X"(joi +ic) + (7)), Jje L],
Z [(a,b,m)]mt 5;31;FT(- [’Y]int) — Z [V]int X 5E;I‘CF<Zv’ [I/]int),
v=(ad,bd’,m) EF;FLF VEFTF

AL+ Y d o ™) = deg (i),

v=(ad,i’,;m)ETEF

ALT@+ Y deodn(i ™) = degg" (i),

v=(,bd,m)ETLF

ATF+(§) 4 ATF- ()<8(1—5§(z‘+{é)), i€ 1ty
Z 5ecT J mt = eCTF(h/]mt)? 7€ F;{:F’ (88)
i€[1,t7]

o8



> (ecx ([]™) + ecx ([F1™)) = ec™([7]™), ver,
Xe{C,T,F,CT,TC,CF,TF}

> ecx ([7]™) = ec™ ([7]™), v e (89)

Xe{C,T,F,CT,TC,CF, TF}

D.11 Constraints for Prediction Functions

This section introduces an MILP that simulates the computation process of a prediction function
constructed with elastic linear regression.

Let x = (z(1),2(2), ..., 2(K)) € RX denote the feature function f(C) of a chemical graph C.
Let cmin(j) (resp., ¢max(j)) denote the minimum (resp., maximum) values of the j-th descriptor in
a data set D, for a chemical property 7. Let atmpp € Z, (resp., atmyp € Z, ) be a lower bound
(resp., an upper bound) on the number of atoms in a chemical graph C to be inferred. Let mass(a)
denote the observed mass of a chemical element a € A, and define mass*(a) £ |10 - mass(a)].
Let Mspg € Zy (resp., Msyg € Zy) be a lower bound (resp., an upper bound) on the sum
ﬁ ZveV(H) mass*(«(v)) in a chemical graph C to be inferred. Let j,s denote the index j € [1, K|
such that the j-th descriptor dep,(C) is the average mass ms(C) = WIH)I > vev(r) mass™(a(v)).
Assume that all other descriptors dep,(C),j € [1, K|\ {jums} are integers.

Let nywp be a prediction function obtained by elastic linear regression, where ¥ = {¢; | j €
[0, K]} and (w,d) is a hyperplane.

We first normalize each of the sets of descriptors z(j),7 € [1, K] and the set of observed
values a(C) before we apply the prediction function to compute a predicted value 7y ,,5(f(C)) of a
chemical graph C, where the set {a; | i € [1,m]} of observed values in the data set D, is converted
into a set {¢y ' (2=2) | i € [1,m]}, where a (resp., @) denotes the minimum (resp., maximum) value
of a(C) over the chemical graphs C € D,

Let y* and y* be lower and upper bounds on the predicted value
etay ., 1(f(C)) of a target chemical graph C, respectively.

We first converted them into gzﬁgl(g:f) and gbal(?;—:f) . We denote by 1;(t) the function ¢;((t—
Cuin(7))/ (Cmax (7)) — cmin(5))). We pre-compute the values t;(s) for all integers s € [cuin(7); Cmax ()],
j €1, K]\ {jms} (resp., ¢j, (—Litminlime) __y for a]] integers s € [Msyg, Msyp] and i € [atmyg,

Cmax (jms ) —Cmin (jms)

atmyg|) as constants.
An MILP that simulates the computation process of a prediction function 7y .5 is described
as follows.

M (.T, Y; C1>:

constants:

- A hyperplane (w,b) with w € R¥ and b € R;

- Activation functions ¢; : R — R, j € [0, KT;

- Real values y*, 7" € R such that y* < 7*; Set y™ := gbal(g:f) and 7** ;= gbgl(gg__f) )

- Cuin(4), Cmax(j) € R, j € [1, K]: the minimum and maximum values of the j-th descriptor in the
data set D, respectively;
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Reals A(j,s) € R,j € [L K]\ {Jus}, s € [cuin(F), Cmax(F)]: AU, Cmin(7)) = ¥j(cmin(j)) and
A7, 8) == 1bi(s) — (s — 1), s € [emin(F) + 1, cmax (4)];

atmppg, atmyg € Z,: lower and upper bounds on the number of atoms in a chemical graph C
to be inferred; Set atmyp := nyp + napg(H) and atmyp := n* + nayg(H);

Msip, Msyp € Z;: lower and upper bounds on the sum >y mass®(a(v)); For example, set
Mspp := |min{mass*([a]) | a € A,val(a) = 1} - (3nyp/4) + min{mass*([a]) | a € A, val(a) >
2} - (nup/4) +mass*([H])napg(H) | and Msyp := n* max{mass*([a]) | a € A} +mass*([H])nayg(H);
M € R,: an upper bound on {(z(jms)); For example, set M := 2¢;_(1);

Define ((s,i) £ gbjms(Cmai@;gnjﬁi‘zs(}ms)), s € [Mspg, Msyg], i € [atmpp, atmyg],

where v, (s/i) = ((s,1);

Reals Anis(s,i) € R, s € [Msyg, Msygl,i € [atmpp, atmuyp]: Ams(Mspp, i) := ((Msyp, ) and
Ans(s,1) :=((s,1) — ((s — 1,i),s € [Msyp + 1, Msyg), i € [atmyp, atmyg];

A real £(j) > 0,5 € [1,K]: a tolerance. For example, set e(j) = s min{A(j,s) | s €
[Cnlin(j)7CHIaX(j)]}7j S [LK] \ {jms} and g(jms) = #min{AMS(Sﬂ.) | s € [MSLB7MSUB]7i S
[atmy g, atmyg] }:

variables:

Real variables Z(j) € R, j € [1, K]: Z(j) represents ¢;(x(j));

Integer variables (j) € [cmin(7); cmax(J)],J € [1, K]\ {Jms}: () represents the j-th descriptor
in an MILP M (z, g;Cs);

A real variable z(jus) € Ry with ¢pin(Jms) < Z(Jms) < Cmax(Jms): (Jms) represents the average
mass Ms(C) in an MILP M(x, g;Cs);

Binary variables §(j, s) € [0,1],7 € [1, K] \ {Jms}> $ € [cmin(J), cmax(§)]: 0(J,8) =1 < x(j) > s;
Binary variables 0u,(7) € [0,1],7 € [atmpp, atmyg]: dam (i) =1 < |[V(H)| = 4

Binary variables dwis(s) € [0, 1], s € [Mspp, Msu] duis(i) = 1 & 3_,cy gy mass™(a(v)) > s;

constraints:

v < Y wl)EG) +b< T (90)

Z 0(7,8) 4+ cmin(J) — 1 = 2(4),

$€[emin (J),¢max ()]
5(j78) > 5(j73 + 1)7 RS [Cmiﬂ(j)’cmax(j) - 1]7
> A9 s) — (i) < B(j) < > AG )6 8) + (), €L K] {fms)
5€[cmin (5),cmax (5)] 8€[cmin (5)semax (7))

(91)
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Z Oatm (1) = 1,

i€latmyp,atmyg]

> i Gum(i) = g+ na™([H"),

i€latmyp,atmyp]

Zmass*(a)-na a)) =
([a]) > Gus(s) + Msys — 1, (92)

acA
s€ [MSLB 7MSUB]

Ous(s) > Ons(s + 1), s € [Mspg, Msyp —
2 Al Dovn(s) = M- (1-dun(i)) = €lime) < Flima) < b

s€[Msr,B,Msys]

Z Ans(8,7)00s(8) + M+ (1=0atm (7)) + €(Jms), i € [atmpp, atmyp].  (94)

s€[MsLp,Msuys]
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