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8 o OB%K f(z) =tan™z, (f(0) = 0) @ n REREEKE fO)(z) L. LLTOBWIZ
Ex k.

(i) EEROHRE n 22T

f™(z) = (n—1)!cos™ y - sin (n(y + —g-)) , (y=tan~lz)

(-1)™(2m)! (n=2m+1)
0 =
0 (n = 2m)
MR LT &R

(i) FIRE Ryn(z) ZFNT

n-—1

1
tap=lg — _1)k %e+1
an™ T kéo( ) SErIC + Ron(z),

1
Rop(z) = e cos?™ z - sin (271(2 + g)) 2¥, (z=tan"'0z, 0<3@<1)

LB EE, 3| S1 R0
Tim |Ryo(a)| =0
LAD Dk T
(iv)
1 1 1

=1—l4I_=
3ts 7t
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Let f®)(z) be the n-th derivative of the function f(z) = tan~' & with £(0) = 0.

Answer the following questions.
(i) Show that
F®z) = (n— Dlcos™ y - sin (n(y + g)) with y =tan 'z
for any natural number n.

(ii) Show that
(=1)"(2m)! for n=2m +1
F() =

0 for n=2m

(ili) Let Ran(z) be the remainder defined by

n—1
1
1 -1 1 k 2k+1
an™' ¢ = ,?zn(_ ) T + Ron(z),

1
Ron(z) = 5 cos™ z - sin (2n(z + g)) -&™ with z=tan"'dz and 0<% < 1.

Show that
lim |Ran(z)| =0 for |z| £ 1.

n—eo

(iv) Show that

71'_1_1_'_1 1
A A
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T 1y 7YV — b (QuickSort) ICBAL T TFORIWVICEZ XK.

1) BZA SNz nf@BDOEE ag, a1, ..., an1 ZEF[T 3 QuickSort D7 VTV XL 5% L.
(i) B ap, a1y o a1 Lk (1S ESn) BEASNET B, ag, a1, ..., G D3 BEKX
EWVEIHS EEZIERRITH T ARECH LT, Q) O7 NIV XLEELL, £&
DB ZBLETNT7IVIY XLZEREL, EhERE.



Data Structures and Algorithms
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Answer the following questions about QuickSort.

(1) Design a QuickSort algorithm for sorting n given integers ag, a1, ..., Gn_1.

(ii) Modify the above algorithm so that for any &k, 1 £ k < n, it can find the greatest k

elements from ag, a1, ..., @,—1 without sorting all of them. Also show the correctness.
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3
ROEETERIE P(O) 2EZ 5.

P(0) : minimize Z a; (z; + u:)
i=1
subject to Z b (z; + ;i) =1,

=1
n

Z(Sﬂz —?Ji) =0,

=1
5..",;20, i=1,...,n,
yiEO, t=1,...,n

TTT, T,y Ty Yye s Y WIREEBTHD, a1,...,an, by,..., b IZIEEE, 01X
NS A—ETHB., LEHar,...,a0, b1,..., 0 WEROFEZHIETLRETS.

L <] = E". > a_J
L b~ b;
LITOM () - (v) K% &.

(i) k€ {1,2,...,n} £T3B. 7 &y ZEEEH, ThoDNDOITRNTOEHRIERE
THETHEEMAPSER L. ELICFOREEMRMRE PO OETARERETHD
KR TA—Z ¢ DiPEERD X.

(ii) z, & vo ZEEZY, ThEUNOTRTOEREIEEELH L5 EEMERTE
P(0) DREMRTH BT L ERYE.

(iii) F9 (i) OEEEEDME P(0) ORBHELITB X5 WNTA—% 0 DMEAZRRKD K.
(iv) [ P(6) OWAMES D(0) L£F. 98 D) #&/F.
(v) P D(0) DREAEE R &.



Linear Programming
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Consider the following linear programming problem P(#).

7
P(6) : minimize Z a; (z; + )
=1
subject to Z b (z: + ) =1,
i=1

n

> (@i— ) =96,

i=1
:1:3-20, 2-,:1,...,71,

y‘igoa i=1,...,m,
where Z1,..., %, ¥1,.--,Yn are decision variables, ai,...,Gq, b, ..., b, are positive con-
stants, and @ is a real parameter. Assume that the positive constants a4,...,ay,, b1,...,bn

satisfy the following condition:

i<j = >

&8
&8

Answer the following questions (i) — (v):

(i) Let & € {1,2,...,n}. Compute the basic solution such that z, and y; are basic
variables and all the rest of the variables are non-basic variables. Moreover, find the

range of parameter & such that this basic solution is feasible to problem P(8).

(ii) Show that the basic solution such that z, and y, are basic variables and all the rest

of the variables are non-basic variables is optimal to problem P(0).
(iii) Find the range of # such that the basic solution of (ii) is optimal to problem P(#).
(iv) Let D(6) denote the dual problem of P(#). Write out D(8).

(v) Find an optimal solution of problem D(0).



HoR T2 ED B B

b —s
Ps) = s(as + 1)6
TRINZ2EHHERE AT LEERAD. I, a 2 bBEEHTHS.

LT ORWIZEA L.

(i) Bl £ BB P(s) DANBEITHBEZTNEN () & y(t) ET 5. AS () %
BRATFY FEBELEES, y) ERy=2%—4 CHELE. ZOEED&
b DEERD &.

(i) (a,b) = (0,1) &TB. THDT7 4 — ENy I RITHUTERT 1 > K > 0 &3t

3. EEL, 1, dyBETeld, TNTNEEE SE, 75> MBI SR
RETHS.

i (a)—(c) WA A &.

(8) P(jw) DF 1 F X MEREOHIEE RV, 7271, 0<w < 400 &T 5.
(b) 74— RNy VRERECTBS 1> K > 0 OWEERD &£,

(¢) r& diFEDEMATYTIRBETHD, cOEEMEZ e, £T 5. (b) THLHN
7o K OTEFICBNT |ey| O TREZ KD XK.



Linear Control Theory
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Consider the linear continuous-time system described by the transfer function

b -5
P(S) = me ;

-where ¢ and b are real constants.

Answer the following questions.

(i) Let u(t) and y(t) be the input and the output of this system at time ¢, respectively.
Find the values of @ and b such that y(¢) asymptotically approaches the line y = 2t—4

when u(t) is a unit step signal.

(i) Let (a,b) = (0,1). We wish to design a constant gain K > 0 for the feedback
system shown in the figure below, where r, d, ¥, and e denote the reference signal,

the disturbance, the plant output, and the tracking error, respectively.

controller 14  plant
r e % Y

Answer the questions (a)—{c).

Y

(a) Sketch the Nyquist plot of P(jw) for 0 < w < +o0.
(b) Determine the range of K > 0 that stabilizes the feedback system.

(c) Let both r and d be unit step signals. Denote by e, the steady state value of e.
Compute the infimum of |e;| over the range of K obtained in (b).



Hif ¥

5

4y hRBEHRKROEBROER T2 FHEMTRIFHLELTVWESET 3. O
oy VIBRMSEEM+m T, BEm ORRZFEHL TED, BAKEGEDHEELD
BEE T Y S DM —EDORE V THE LIk 5. kIZERET 5.

(i) BEEOEEFEEZRVT, TEOREITOOS Yy FOMEEZRD K.
(i) BORIE TS Lickon v b OEEZRD K.

W, FHEMICESLELTWS 2B vy M eER S, LBREBLU2EREOR
HOELEERIX, My +my, M— M +m—m THREEFNFAM, m—m BELTW
5., TTTC, Mi<M, m<m&ds FRITIEMGFEAYSDEZLOBEZDO Y My
SAEMAIC —EDREE V THEE T 5. KicmRT L3, a¥ v MIFEERENS 1 BE
AERRL TS U ThnEd 5. 1 REOBEN zo7zb bt 1 REZUIDEEL 2ERB DR
BlaTEE LD 5.

(iit) BERA I ANTHES LicRO 2BREDEERZRD K.

2EH

,— 1828
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Basic Mechanics
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Let a rocket of initial total mass M + m carrying fuel of mass mn be initially at rest in

outer space, where gravitational force and air resistance are negligibly small. The rocket
begins to eject fuel at a constant time rate & of mass with a constant velocity V' relative
to the rocket.

(i) Find the acceleration of the rocket at an arbitrary time, by using the principle of

conservation of momentum.

(ii) Find the velocity of the rocket at the time when all the fuel has been ejected.

We consider a two-stage rocket, which is initially at rest in the outer space. The first
and second stages have respective initial total masses My + m; and M — My +m — m,,
carrying fuel of mass m; and m — m;, respectively, where M; < M and m; < m. Each
stage ejects fuel at a constant time rate k of mass with a constant velocity V relative to
them. The rocket is accelerated from rest by ejection of fuel from the first stage, as shown
in the figure. After the fuel of the first stage is exhausted, the second stage separates

from the first one and begins to eject fuel.

(ili) Find the velocity of the second stage at the time when all the fuel has been ejected.

Second stage

, — First stage

1 D
I
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RY @ n(< N) ZGHIBDEM%Z V, & L, Vi EO—XBHRT FL % v, v,,...,0,
ET5, XL, s ERVEDREL, ¢ & V, O

dist(z, V,,) == inf llz — v — vy — -+ - — apnl]

(051 l'-'}aﬂ)emn

TRY. ZEL, (fll= VT TFD/ VD, (f,9)TF &g DHREEZNENET,
¥£7, 77170 %
G(fl" L fn) = det((-fi) fj))léi,jén

TEETSL, Z0LE, UTOMWIZEZ &,

i) ||z —y|| = dist(z,V,) ZH7=TV, LOHy BHFET 2 2 & 2R,

(i) ||z —y||=dist(x,V,) ZERIT2V, LOomzZy &35, ZOLE, z—yikV, E
DIEBORZ PV EERTEIE, Thbb

(x—y,w)=0, "weV,

.

(iil) KADHED > I L &2FE,
) G(v1,v2,.. ., Un, T)
2 _ 3 ’ 3 3
dist(x, Va)" = G(vy,vs, ..., 05}

ZEC, Fry Fore e Fu DI 51F, G(Fy, Fon .-
Tk,
(iv) G(vi,va,...,v,) >0 2TE,
(v) VmC VL, (0Em<n) DL E,
dist(z, Vo) £ dist(x, Vi)

PRI Lizkb,

G(’Ul,’Uza caey 'Un) < G('Ul, Vg, ... ,’Un—l) G(’Un)

ZELAE X,
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Let Vi, be an n-dimensional linear subspace of RY with n < N, and let v1,vs,..., v, be

linearly independent vectors of V;,. For a given point x in R, the distance between =
and V, is defined to be

dist(z,V,) :==  inf |l — aoyv) — owve —~ -+ — oy,
(0140 s¥n JERP

where || f|| = /(f, f). Denote by (f, g) the inner product of f and g, and define Gram’s

determinant by
G(fla SR fn) = det’((fi? fj))lgz‘,jgn .

Answer each of the following questions.

(i) Show that there exists a point y in V, such that ||z — y|| = dist(z, V).
(ii) Let y denote a point which realizes ||z — y|| = dist(x, ;). Show that & — y is
orthogonal to any vector of V,,, i.e.,

v

(x—y,w)=0, “welV,.

(iii) Show that

G(v1,vs,..., 0, &)
G(’Ul,‘vg, . :'Un) ’

dist(x, V,,)* =

It is well known that if £, f,,..., f,. are linearly independent vectors, then Gram’s

determinant can never vanish, G(f1, fa,..., fz) # 0.
(iv) Show that G(vi,va,...,v,) > 0.
(v) Show that, if V, C V, (0 £ m < n), then
dist(a, V) < dist(, Vi)
and thereby prove that

G(v1,v2,...,v,) S G(v1,va, ..., Un1)G(vn).
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NI A—=F0Sr<1 2boB%

1 1—r2
T 21472 —2rcosd’

ZERD. £, B or OERLZEASER u(0) & K.(0) L OAEREEY

K. (9)

00527

e KO = | wo0 - 6100

TEETD. UTFOMNIER E.

27 2%

0 | K@dp=1, [ K(0~-@)dp=1%mw,
0

Q

(i) r =1 D&, K (0) 12 0 OB E LTERE 1A DRND LT,

@) r o1 DEX, (usK)(0) > u(@) ZFEBEEE. bV b EER >0 % LoT, B
frFE LD %, ML |0 — ¢ < & Lo & FELOMES EOFES Lo T TEF
5.



Applied Mathematics

Let
1 1—r?
2711472 —2rcosf’

K,(6) <9< or,

where r is a real parameter with 0 £ r < 1. The convolution of continuous periodic

functions u(@) and K,(8) of period 27 is defined to be

(ux K,)(6) = [ " u($)K (0 — $)d

Answer the following questions.

2% 27
(i) Show that | K.(¢)dp=1and [ K.(6— ¢)dp=1.
0 0

(ii) Show that K, (#) will not be continuous in § as r — 1.

(ili) Show that (u* K;)(f) — u(f) as r — 1. Hint: Take a positive constant § > 0,
and divide the unit circle into the union of the arc determined by i — ¢| £ 6 and
the complement to the arc. Then, evaluate an appropriate integral according to the

division of the unit circle.
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G=(V,F) 8RRV, BEES EPbMEANI 7, N=[G,uw| % GD&tEec E
WEBEDCER wle) 252 THEBRERYy PV —2 ¢T3, ZRuveVicdl, G
CBTD unrby~OFMWERE PCEERACRAZ 2B EEA LRV E S BM LR,
EOES w(P) & Y pwle) TEDD. ubb v ~DHEH d(u,v) Zu b v ~OHEH
BIER P OHTEDOESR w(P) OR/MEL LTED D, 22U, uinb v ~DOHMRE
BBEFEELRVWEE du,v) =00, u=v D& dlu,v) =0 &T5H. ZIZT, —DDK
seV 2BEL, ZOR s BHMDTXTOR veV ~DHER d(s,v) 2RkOHMER B
— AR R L S, UToRcE L L.

(i) N BREMRARELIRNE X, B AREREEEHEESEE CHELTAITY XA
PR L, TOEYMHIZOWTHRAY L.

(i) N OREHRT_THATHB LTS (ARBPREEELES) . T0oLx, B
bhA BB R ¥ 7 A FSHERERL, TOENMICOWTHREY L. %
e, TORMAE R EY L

(iii) N PRADKEAE2b0L &, BE—HARKERMBICHTHH A7 2 b IEOHDS
AEIXEULWEEREE 2 b2 e BH D, T X5 RAEMEFEEERL, 17 A K
FHEOH AT AENPIE LWEHEE e b/2nwT & 2AE L.



Graph Theory
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Let G = (V, E) denote a directed graph with a vertex set ¥V and an edge set F, and let

N =[G, w] denote a network obtained from G by assigning a real value w(e) to each edge
e € I as its weight. For two vertices w,v € V, a directed path P C F from u to v is
called simple if it does not visit the same vertex more than once, and its weight w(P) is
defined to be },.pw(e). The distance d(u,v) from u to v is defined to be the minimum
among the weights w(P) of simple paths P from u to v, where d(u,v) = 0 for u = v, and
d(u,v) is defined to be co if G has no path P from u to v. Given a designated vertex
s € V, the single source shortest path problem requires to compute the distance d(s, v) for

all vertices v € V. Answer the following questicns.

(i) Assume that /V has no directed cycle. Describe a linear-time algorithm for the single

source shortest path problem together with a proof for its correctness.

(i1) Assume that all edge weights in N are nonnegative, where N possibly contains a
directed cycle. Describe Dijkstra’s algorithm for the single source shortest path

problem together with a proof for its correctness. Also evaluate its time complexity.

(iii) If IV contains an edge with a negative weight, then Dijkstra’s algorithm may fail to
output the correct distance. Construct such an example, and explain how Dijkstra’s

algorithm fails to compute the correct distance.
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R ={xeR|z;200¢=1,...,n}}, R}, ={ceR" |2;>0(i=1,...,m)} £T 5.
By R -R% :

Y(x) = Z:ci Inz;
i=1
LREFRTSH. KEL, hidERNEERL, 0ln0=0&7F3%. E5IC, BB, R} x
R, - RERDXSICEERT 3.
By(z,y) = ¥(z) — ¥(y) — Vi (y) (= - v)
7ziZL, TREGELESTHS.
iz, NI A—Ftec REGUIFFCITHEIIEP () ZE X 5.
P(t) minimize tc'x + By(z,y)
subject to Zmi =1
B20 (i=1,...,n)

LTT, FEEHIZ e THY, cc R Ly c R, WEHRY MVTHB. MEPE) Ik
We— DB () DEEL, z(t) >0 (G =1,...,n) BRDITOT EAMEA TS, LIFD
R (i)—(iv) I 7 &,

(i) EBDx,y e B2 N LT, By(z,y)20L%5C LERE.
(ii) BIREP () DA —2r a2 Fa—1 - Z v H—5FMH (Karush-Kuhn-Tucker 5&f6) ZE T,
(iif) =(t) ZRS XK.

(iv) RTZ MV e DR c1, 60y e KH LT ey > ¢ > - > e BEDIDETS.
lim; e () = (0,...,0,1)T &% 3 LERYE.



Operations Research
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Let R ={z € R* |2, 20,i=1,...,n}and R}, = {z € R* [2; >0, i =1,...,n}.
Let 4 : R} — R be a function defined by

'l,b(fﬂ) = Z xT; In i,
i=1l -

where In denotes the natural logarithm with the convention 0ln0 = 0. Moreover, let
By : R} x R%, — R be a function defined by

By(@,y) = 9(=) — ¢(y) — Vo (¥) (e - y),
where T denotes transposition.
Consider the following nonlinear programming problem P(z) with a real parameter ¢.
P(t) minimize te'x+ By(e,y)
subject to Zzt =1
i=1

:Eigo, t=1,...,n,

where x is the vector of decision variables, and y € R}, and e € R* are constant vectors.
It is known that the problem P(#) has a unique solution ®(¢) such that z;(¢) > 0, i =
1,...,n.

Answer the following questions (i)—(iv).
(i) Show that By(x,y) 2 0forall z,y € RY ..
(ii) Write the Karush-Kuhn-Tucker conditions for the problem P(z).
(iii) Find the solution x(z).

(iv) Suppose that the elements ¢y, ..., ¢, of the vector ¢ satisfy ¢; > ¢ > -+ - > ¢,. Show
that lim; . 2(t) = (0,...,0,1)T.
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BRI

dx
EHA:E—I_BU’ y=Cx

TEABNBYATLEELD. L z(t) e R IIREE, u(t) e RI BAH, y(t) € RP
BHAZERT. BRETHIE A e R, B e R, C € R ThHD. TOVAT LN
AHETH D &% (A, B) BEflHE WD, ARICZIOIATANITEATHD L%
(C, A) NTBBE NS, (A, B) BNHETH DI, 75
[B AB ... A'B]
PITRAEEZEZD DI ENBE S THEHZ EREMTHS L8k, EEERK H(s) o
LT (1) H(s) = C(sI — A" B, (2) (4, B) WaIHI, (3) (C,A) BRI, 2z
FIDH (A, B,C) 2B/AEBREIR. 7L I BEMTHTHSD. ZOEEUTORL
EALL.
(i) (A,B) WEHETH B0, EED A eo(d) IId L THF
[M—-A B]
AT BARBRE BD L ENNRE N THD ZERFAEE. 727U o(A) 1751 A
DOEFEOHREERT.

(i) 1751 A, B 70w 7
_[A 0 B
a=[3 Al == [a
EHOETH, EELU A e R Ay e R B € RMX9, By, € R®X9, p =
m+ny THD. TITTolA)No(A)=0 EHETSH. ZOEE (A B) »EHIHE
THBHEDITNL, (Ay, By) WEIHEIND (Ay, By) WRIEIEITH 3 2 ERBBE4HT
HDIEEIHTE L.
(ii) {mEBE
H(S)I m, RERPXQ, rank i =n
BEZDB, TITR=CB,CcR¥*" BER™ L3R TD. T LT A=) &8
<. ZOEETHOM (A, B,C) X H(s) DR/NERTH BT L2 THE L.

(iv) mERE

55— 7 95 —9

2 _ 2 _
H(s)= 8 3512 s 35+ 2

25— 3 55 — 7

82 -35+2 s2—-354+2
DER/NERE—DRD K.



Modern Control Theory
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Consider the linear state equation

d
d—:=A$+Bu, y=Cz,

where z(t) € R™ is the system state, u(t) € RY is the system input, and y(t) € R? is the
system output. The matrices A € R™", B € R™*9, and C € RP*" are constant matrices.
If the system is controllable, we say (A, B) is controllable. If the system is observable, we
say (C,A) is observable. We shall use the fact that (A, B) is controllable if and only if
the matrix

[B AB ... A™!B]

is of full row rank. Let I be the identity matrix. We say that a matrix triple (A, B,C) is
a minimal realization of a transfer function H(s) if (1) H(s) = C (sI — A)™' B, (2) (4, B)
is controllable, and (3) (C, A) is observable. Answer the following questions.

(1) Prove that (A, B) is controllable if and only if the matrix
[M~A B]
is of full row rank for any A € o(A), where o{A) is the set of eigenvalues of A.

(ii) Suppose that the matrices A and B have the following block structure:

1A O B
a-[5 &) o= [3]
where A; € RMXm A, ¢ R™2*"2 B, e R™M*X4 B, ¢ R"*? and n = n; +ny. Assume

that o(A4;) No({A4s) = 0. Prove that (A, B) is controllable if and only if (A, B;) and
(A2, B2) are both controllable.

(iii) Given a system described by the transfer function

H(s)= RI\, ReRPY rankR =n,
S —
write R as R = OB, where C € RP*", and B € R™?. Let A = Al Prove that
(A, B,C) is a minimal realization of H(s).

(iv) Find a minimal realization of the transfer function

5 —7 55—9

2 3
H(s) = s 3s+2 s 3s+2

25— 3 Bs -7

§2—-35+2 s2—-35+2
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VY BAN Y2 B2« I—L Ry JBET, RDT VY a3V HFREACHS.
davit)
i YV (2} + f(t)

TTT, yIREOTE. f6) ZEEHST, (FE) =0, (fE)f(s)=2Dit—s). ((A)
X ADTEREL, DIREDTE, 56)RF 1Ty 7 OF LR

(1) Vito) = Vo (G IZEED DL EV(E) = Voe 1) 1 ftt dse?ts7h f(s) ZiRA,
(i) (V&) & o(t)? = {(V()?) — (V(£)* ZRD L.
(itf) EHIRER T ORIAABIBIE ov () = lim (V(¢ +5)V (s)) B3RS &L.

(vi) V(t) OMEREER P(v,t) BT 2 74vh— - TSV 7B EE, TERE
Pa(v) ZRD X,
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Let V(¢) be the Ornstein-Uhlenbeck process which obeys the following Langevin equa-

tion,

v (e)

BP T =V () + (),

where v is a positive constant and f(¢) the white noise, whose mean and correlation
function are given by (f(¢)) = 0 and (f{¢)f(s)) = 2Dé(t — s), respectively. Here, (A)

denaotes the average of A, D a positive constant and §(¢) Dirac’s delta function.

¢ :
(i) Show that V() = Voe %) £ [ dse" D f(s) for V(to) = Vo, where Vp is a
g

constant.
(ii) Evaluate (V(¢)) and o(2)? = (V(2)?) — (V(2)).
(iii) Find the time-correlation function at the stationary state, oy (t) = lim (V(t+s)V(s)).

(iv) Derive the Fokker-Planck equation for the probability density function P(v,t) of
V(t) and find a stationary solution, Py(v).
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RPn G n x n EFSIDREEET. RO 0BV TRO B FEX OSBRI %
2%,

% — (A+ABQ))Y, Y(0)=1I. ()
EIL, A € Rh*® (EHATH, Bt) € RV 1t ¢ = 0 %5 T 5 K8 (0,b) THEES NI
EHBEHT, A EXEORT AT THD, £, I BBEMATITHD. B, A=00DL X%
DEGT H IR

% = AX, X(©0)=1I

DFELE<HLATVA LI X(t) = TEZLND. ULTOEMICER L.
(i) (x) DREZ Y () = AW (E) OBICRE LT, W) KR 25 FRAEZES #h
FFRIALT Y(t) OB &My FRAL Rl
(i) (i) TEWESFERNOME Y(E)) TRT. Y(EA) B A 2OV THRATETH
HOEEEmE LT,

aﬂ
aan

YN =alYad), n=01,2,-

A=0

BRE. L, V() HUTOL S CEBESh .

Yo(t) = e,
t
Ya(t) :f et B(s)Y,_1(s)ds, n=1,2,- (%)
0

(iii) (a,b) PEEOHRSERTt=0%2F0RIcE L3R b0E J L L, EH M, 5
EUTORTEETD. 7L, || || TFFI ArrsFRT.

M= A = .
max [|e]], £ := max || B()]

(#x) ZRAWT, t e J D& &, YT OFMXETERYE L.

M
nl

IYalt)ll £ — (BMIED)"



Mathematics for Dynamical Systems

6

Let R"*" denote the linear space of n x n real matrices. Consider the initial value problem

for the ordinary differential equation given on R**" by

%— = (A+AB())Y, Y(0)=1I, ™

where A, B(t) € R™ ™ are, respectively, a constant matrix and a continuous function
defined on an interval (a,b) including ¢ = 0, and where ) is a real parameter, and 7 is the
identity. As is well-known, the solution to the equation () with A =0,

dX

&% AX -
dt H] X(O) I‘}

is given by X (¢) = e**. Answer each of the following questions.

(i) On assuming that a solution to (x) takes the form Y (¢) = e!4W(t), find an differ-
ential equation for W (t), and thereby obtain an integral equation that Y (¢) should
be subject to.

(ii) Denote by Y'(¢; A) a solution to the integral equation found in (i). Given the fact
that Y'(¢; A) is differentiable with respect to ), show that

aﬂ

oA

Y (¢ ) =nlY,(t), n=0,12,---,

A=0

where Y,,(¢)’s are defined as follows:
Yo(t) = e,
t
Tt = [ B (s, n12, ()
0

(iii) Let J denote an arbitrary closed sub-interval of (a, b) such that 0 € J, and M and

8 be constants determined, respectively, by

L tA —
M= max e, 6= max | BE)],

where || - || denotes a matrix norm. By using (+*), show that

1) < M for te



TEPTEIER

7

(12,5, P) 1%, BARZEM D, o EE T, BRNUE P LRIMERERE TS, N LORR
ERX: N oREHDETD. LBEDz € RIZF LT f(z) 2 0 %H727 Borel AT
Hf-RoRE2ZBZLD. EOERPUERLT, U, :={we 2|f( X)) 2t} LBFTIL,
U,eFTHDY,

PWU) = P(f(X) 20 = [ Plo)

X))zt b ar®mEERES5XD. £,

E(F(X0) = [ F(X()P(do)
PEBEZRLIE, Tl f(X) oMFER2ED 5. BUToWcE L X,
(i) ROBIKRMSHEY 0T & BFEHE L.

Py < BUX)
- t

(i) X OEREEm = BX) BEETZ LT 5. X OFEORY DnkDET—A L M
pn = B(X —m)")  (n=1,2,--")
LERETD. ZOLXEBOEDEH Lk LEEVPEDEL nZx LT
P(1X —m| 2 k(ma)%) € o
i AV RTRONIPE 55 s
(iil) X idmeses B RA%K

| ae™™® (z20)
pd@_{o (z < 0)

EROBMRERELTD. T TaollEDEKTHS. XOBMBFEEmE, mOELOD
QIWDE— A2 b py RO X,

(iv) &> 1 Z2HTEBLIIHLT, (i) T2 EREEEEKIC>\T
P(IX —ml| 2 ky/ii)
BR® K.
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Let (42,5, P) be a probability space, which consists of the sample space {2, the o-field

§, and the probability measure P. Let X : 2 — IR be a random variable. Assume that
a Borel measurable function f : R — R satisfies f(z) 2 0 for arbitrary z € R. For a
positive real number ¢, put U; := {w € 2| f(X(w)) 2 t}. Then U; € F. The probability
for f(X) 2 t is given by

PU) = PO 2 Y = [ Plaw).
U
The expectation value of f(X) is defined to be

E(F) = [ FCX)P),
if the integral converges. Answer each of the following questions.

(i) Prove the inequality
pwy < 2V

(ii) Assume that the expectation value of X, m := E(X), exists. Define the n-th moment
of X about m to be

Prove that

P(1X = ml 2 k(%) < 13

for an arbitrary positive real number & and an arbitrary positive integer n.
(iii) Let X be a random variable with the probability density function

ae® (532 0)

Pa(e) = { 0 (s<0),

where o is a positive real number. Compute the expectation value m of X and the

second moment uo about m.

(iv) Evaluate
P(1X =l 2 by

for a real number k£ > 1 with the probability density function given in (iii).
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