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Let V,, be an n-dimensional linear subspace of RV with n < N, and let v, vs,..., v, be

linearly independent vectors of V,. For a given point x in R, the distance between =
and V,, is defined to be

dist(z, V) :==  inf |l — aqv; — agwe —~ -+ — anwy|,
(al,...,an)eR“

where || f|| = /(F, f). Denote by {f, g) the inner product of f and g, and define Gram’s

determinant by
G(fl: ] .f'n,) = det((fii fj>)1§i,j§n .

Answer each of the following questions.

(i) Show that there exists a point y in V, such that ||z — y{| = dist(z, V).

(ii) Let y denote a point which realizes ||z — y|| = dist(z, V,,). Show that @ — y is

orthogonal to any vector of 1, i.e.,

v

(x—y,w)y=0, "wecV,

(iii} Show that

G(v1,vs,...,Un, )

dist($,vn)2 = G(‘Ul Vo, ...,V ) B

It is well known that if f,, fs,..., fi are linearly independent vectors, then Gram’s

determinant can never vanish, G(f;, fa,---, fx) # 0.
(iv) Show that G(vi,va,...,v,) > 0.
(v) Show that, if V, C V, (0 £ m < n), then
dist(z, V) < dist(z, Vin)
and thereby prove that

G(v1,v3,...,v) S G(v1, 09, ..., Un_1)G ().



