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Let R"*" denote the linear space of n x n real matrices. Consider the initial value problem

for the ordinary differential equation given on R*** by

% = (A+AB()Y, Y(0)=1I, N

where A, B(t) € R™™ are, respectively, a constant matrix and a continuous function
defined on an interval (a,b) including ¢ = 0, and where ) is a real parameter, and 7 is the
identity. As is well-known, the solution to the equation (%) with A =0,

dX

= = AX =7
dit , X(0) '

is given by X (¢) = ¢4, Answer each of the following questions.

(i) On assuming that a solution to (x) takes the form Y (¢) = e*W (), find an differ-
ential equation for W (t), and thereby obtain an integral equation that ¥ (¢) should
be subject to.

(ii) Denote by Y'(£; A) a solution to the integral equation found in (i). Given the fact
that Y'(¢; A) is differentiable with respect to X, show that

"

aAn

Y (& A) =nlY,(t), n=0,1,2,---,

A=0

where Y,,(¢)’s are defined as follows:
Yo(t) = 4,
t
Ya(t) = f "B (s) Vo (s)ds, n=1,2,--- ()
0

(iii) Let J denote an arbitrary closed sub-interval of (a, b) such that 0 € J, and M and

B be constants determined, respectively, by

— tA —
M = max[le|l, £ :=max|B()],

where || - || denotes a matrix norm. By using (x*), show that

%) < 2 M) for e



