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Probability and Statistics

7

Let (42,5, P) be a probability space, which consists of the sample space §2, the o-field

&, and the probability measure P. Let X : 2 — R be a random variable. Assume that
a Borel measurable function f : R — R satisfies f(z) 2 0 for arbitrary z € R. For a
positive real number ¢, put U, := {w € 2| f(X(w)) 2 t}. Then U; € . The probability
for f(X) 2t is given by

P) = P(FX) 29)= [ Plao).
U
The expectation value of f(X) is defined to be

E(F00) = [ FOX@)P),
if the integral converges. Answer each of the following questions.

(i) Prove the inequality
P < w

(ii) Assume that the expectation value of X, m := E(X), exists. Define the n-th moment
of X about m to be

pn = EB(X -m)") n=12,--.

Prove that

P(1X = ml 2 bpa)®) € o

for an arbitrary positive real number k and an arbitrary positive integer n.
(iii) Let X be a random variable with the probability density function
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where o is a positive real number. Compute the expectation value m of X and the

second moment us about m.

(iv) Evaluate
P(1X —m]| 2 kv/in)

for a real number k£ > 1 with the probability density function given in (iii).



