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o
n RIEATTH] A W3 U TEYETLEITH P BEEL T PLAP BHATIICER & -
%, A PIZXONALTIIEE VS, A OEFEPTNTHERS L&, A R/ ea
BECHB. n RESHTTH A, B BRE—D Pl OME{ETEETH B L&, A B IiZFEKEN
BIEAEEE WS, DIROMWICEZ K. 72720, U FBENBFINIERTY, <7 MY
WERENT MV ET 5.

() n REFHITI A, B NABNACTEESIE, AB = BA BRDIIDC L BRE.

(i) n REHTH A OEEENTXTHERD, DD, n KEHTH B LOMIC AB =
BAWBRDIIDOLE, A B EFHIHELIITSHS T LETE.

(iii) 4, B % n REATINETS. 113 ADHZEEM o KHISTEEERY MLk
x (#0) LB BRIEDER p (Sn) KDV, Bz (k=0,1,...,p— 1) 1T—XK
ML CHBN, Bz (k=0,1,...,0) 3—AWBTHBZ L L, BRLRHZRH

Lp(z) = Span{z,Bez,...,B" 'z}
= {yly=az+cBz+- - +c,B 'z, € C}

BEAT B, n RESITH A, BW AB = BARWGITLE, Lp(x) $5HB OB L
COREWN 2RI LB T L, BEE, A, BIRIEEOEENY Mz (£ 0) € L)
BEDT LETRE.

(iv) n RIES{THI A, B BMLEOEE Y MUz e Ly(z) BEDEE, 2 ICHIETS A
DEEGER o, B OEFEE pLTE. TOLE, Mla+ BT A+B OFHE
AT Bz SRS 2EEERZS X, f af 3175 AB OFEEY MU z leifisd
ZEAMEE5 X% ERRE.
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An n x n matrix A is called diagonalizable if there is an invertible matrix P such

that P~1AP is a diagonal matrix. When all the eigenvalues of A are different to each

other, then A is known to be diagonalizable. Two n X n matrices A and B are called

simultaneously diagonalizable if there is a common invertible matrix P such that both

P~1AP and P~'BP are diagonal. Answer the following questions, where all the matrices

and vectors are comlex.

(i)
(i)

(iii)

Show that AB = BA if n x n matrices A and B are simultaneously diagonalizable.

Show that two n X n matrices A and B are simultaneously diagonalizable if all the

eigenvalues of A are different to each other and AB = BA.

Let A and B be n x n matrices. Let ¢ (# 0) be an eigenvector corresponding to an
eigenvalue o of A. Suppose that the vectors B*z (k = 0,1,...,p — 1) are linearly
independent and the vectors B*z (k = 0,1,...,p) are linearly dependent for some

positive interger p (£ n). Define a linear subspace by

Lg(z) = Span{z,Bz,...,B" 'z}

= {yly=az+eBz+- 4B 'z, € C}.

Show that £g(a) is an invariant subspace of the mapping B and that 4 and B have

a common eigenvector z (# 0) € Lp(z) if AB = BA.

Suppose that A and B has the common eigenvector z € Lp{z). Let o and 8 be
eigenvalues of A and B, respectively, corresponding to z. Show that the sum o+ 8
is equal to the eigenvalue of A + B corresponding to the eigenvector z, and the

product a8 is equal to the eigenvalue of AB corresponding to the eigenvector z.



