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G=(V,BE) ZzBiR&EE YV, KEE E»Pbl2AMT 7 7L L, N=[G,cap| % G DELL
e € E IEHEDOEE caple) >0 252 THELNELAY NU—27 LT3, HiAER X I
HMREFEDL, SIRESY TRAZ L ORDESR BE(X,Y) LEE, HidvkamRET5
BOEEE Et(v), HiRvEBRETHROEESE E-(v) £ EL. FAEKOELER,
TRY. WESNL2R st e VICHL, WEBRFH D iy F€) — e F€) =0,
Vo € V — {s,t} BLUEEFK fe) Scaple), Ve € F 2WETEEF: E—- R, % (s,t)
T LR, EOWRVAL(S) % Tcpr i 1) — Deen-o /(&) TED B, LFOMN
Ex k.

(i) s€ 8, teT2WETERDHREEV OFES,T =V -SIZLT, cap(5,T) =
> eemsm) cap(e) & EHDEE, FBD (s,t) 7u— fIZRLT, val(f) £ cap(S,T)
MR LS T & E2FERE L.

(i) FAbhi(s,t) 7 n— fIZR LTED LNDFERTY PV —7 Ny =[Gy = (V, Ef), capy]
DIEY FerE.

(ii) BRI Y FT—7 N ITBWT, s bt ~DOFHBENEETDIEE, 200V0L2%
Ped%. PLOKED N ICBITAEEROR/IMEER A LT3 L%, NITEEER
val(f) + A T B (s,8) 7 2 —RHEET B - L 2 THYE L.

(iv) BRAY PU—7 Ny B s bt ~DEMEEbRNEE, N IZBWTshbEE
ARERERDEEESEL, T=V-85&72. Z0OL&ERec E(S,T)UVUE(T,S)
R LT, caple), f(e) BT HEE Iz oW TR L.
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Let G = (V, E) denote a directed graph with a vertex set V and an edge set E, and let

N =[G, cap] denote a network on G obtained by assigning a real value cap(e) > 0 to each
edge e € E as its capacity. For two subsets X,Y C V, let E(X,Y) denote the set of edges
which leave a vertex in X and enter a vertex in Y. For a vertex v, let E*(v) denote the
set of edges leaving v, and £~ (v) denote the set of edges entering v. Let R, be the set

of nonnegative reals. For two designated vertices s,t € V, an (s, t)-flow is defined to be a

- mapping f : £ - R, which satisfies } ¢ pi () f(€) = Yecp-m) f(€) =0, Vv € V — {s,1}

(flow conservation law) and f(e) < cap(e), Ve € E (capacity constraint), and its flow value

val(f) is defined to be > cpr(s) f(€) = 2 een- (s £ (€). Answer the following questions.

(i) For a partition S,T' =V — S of V such that s € S and t € T, define cap(S,T) =
Y ecr(s) caple). Prove that val(f) < cap(S,T) holds for any (s, t)-flow f.

ii) For a given (s,t)-flow f, show how to construct its residual network N; = [G; =
f f
(V, Ey), capy).

(iii) For an (s,t)-flow f in N, assume that there is a directed path P from s to ¢ in the
residual network Ny. Let A be the minimum cap; of an edge in P. Prove that N

has an (s,t)-flow whose flow value is val(f) + A.

{(iv) For an (s,t)-flow f in N, assume that there is no directed path from s to ¢ in
the residual network N;. Let S be the set of vertices which are reachable from
sin Ng, and T = V — §. Describe what property holds for cap(e) and f(e),
e € E(S,T)UE(T,S5).



