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1. Choose 2 subjects out of those 6 stated above.
Note that in case three or more subjects are chosen and answered, they may be regarded as no
answers.

2. Answer the questions in Japanese or English.
Use one sheet for each question. If required, the reverse side may be used. In that case, state
“Over” at the end of the page, however, do not write on the shaded area.

4. Examinees may keep question sheets after the examination, however, they must not keep any
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An English Translation:

Basic Mathematics 1

|

Answer the following questions.

(i) Show the inequality

(ii) Compute the limit

(iii) Show that

lim Va™+ b = max(a, b)

n—oo

for a,b > 0.

(iv) Show that

: n n jRp—
1}5& a7 + a3 + -+ + af = max(aq, ay, ...

for a1,as,...,a, >0 (k 2 3).
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An English Translation:

Data Structures and Algorithms

2

Given an array A of n integers, answer the following questions.

(1) Show a Merge Sort algorithm that sorts the elements in A in such a way that

A[l] £ A[2] £ -+ £ A[n] after sorting. Evaluate its worst-case running time.

(ii) Assume that the elements in A are already sorted so that A[1] £ A[2] < --- < A[n]
holds. Show an O(n)-time algorithm that determines whether or not there exist
indices ¢,7 and k (1 = 4,4,k < n) such that A[i] + 2A[j] = A[i] + 3A[k] = 0.
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P: Minimize c'z
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z=20
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An English Translation:

Linear Programming

3

Consider the following linear programming:

P: Minimize c'x

subject to Ax =0b
xz 20,

where A is an m X n matrix of constants, b is an m-dimensional vector of constants, ¢
is an n-dimensional vector of constants, x is an n-dimensional vector of variables, and
the superscript ' denotes transposition. Moreover, consider the following conditions Q(s)
with a nonnegative parameter u:
Aly+z=c
Ax=0>b

=20, 220,

Q(p):

where € = (z1,...,2Z,)" € R", y = (¥1,---,Um)' € R™ and z = (21,...,2,)" € R™.
Suppose that, for each u, there exist unique vectors , y and z that satisfy conditions
Q(u). Let @(u), y(u) and z(u) be these unique vectors for each p.

Answer the following questions.
(i) Write a dual problem of problem P.

(ii) Let a function A : [0,00) — R be defined by h(x) = ¢"2(1) — b y(x). Then show

that the function A is linear on [0, 00).
(iii) Show that (0) is an optimal solution to problem P.
(iv) Letn=2,m=1, A= (1 1), b=1 and

(L),

Then, for each nonnegative u, there exist unique vectors x, y and z that satisfy
conditions Q(p). Obtain @(u). Moreover, obtain an optimal solution of the dual

problem given in question (i).
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An English translation:

Linear Control Theory
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Figure: Control system

A control system is given by the block diagram shown in Figure, where r is the reference
signal, y is the output, d is the disturbance, and K > 0 is a feedback gain. Answer the
following questions.

(i) Calculate the transfer function from the reference input r to the output y. Compute
the step response.

(ii) Find all the feedback gain K for which the control system is stable.

(iii) Let & = 5. Show that the gain cross frequency satisfies wg. = 1. Let my and m, be
defined as the gain margin and the phase margin, respectively. Compute m, and
tanm,. Use common logarithm, if necessary.

(iv) The gain |G(jw)| of the transfer function G(s) from the disturbance d to the output
y should satisfy the following requirements to reject the disturbance: (a) At the
angular frequency w =0, |G(0)| < £, and (b) |G(jw)| < } for the angular frequency
band 0 £ w £ 1. Find all the feedback gain K satisfying the requirements.
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An English Translation:

Basic Mechanics

]

Consider a motion of a mass point with the mass m affected either by the potential U
given by the n-th order homogeneous function such that for any positive real number A

the relation
U()\.Z’l, )\.’132, )\.’173) = )\nU(.’El, Z2, .CC3)

holds for any positions (x1,z2,z3) of the Cartesian coordinates, or by the potential V'
given by

e—l‘iT‘

Vir)=g
Here, the positions (x1,xs,x3) and the velocities of the mass point are assumed to be
bounded in the phase space. We define T as the kinetic energy, and let r = \/z? + 2% + 23
1 t
and the time average (G) of a function G is defined by (G) = tlim - / G(t)dt.
—>00 0

Answer the following questions (i)-(iv).

o (9>0,k20,s>0).

(i) Show that
1d?
2de?

for a motion affected by the homogeneous potential U.

(mr?) = 2T —nU

(ii) Show that
(T) = 5(U)
for a motion affected by the homogeneous potential U.

(iii) Determine the degree n of a homogeneous potential function U which satisfies the
relation (T') = |(H)| > 0, where the Hamiltonian function H is given by the total
energy 7'+ U for a motion affected by the homogeneous potential U.

(iv) Show that
2wy - St < () < 22

in the case of the Hamiltonian function H = T + V for a motion affected by the

potential V.
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An Ehglish Translation:

Basic Mathematics 11

6

Let ||#||oo and ||A||co be real values defined by

_ _ || Az |oo

for an n-dimensional vector = (x1, z3, .. . ,:vn)T and an n x n matrix A = (a;;), respec-
tively. Here we denote the transposition by T Let A1, Ag, ..., A\p be the eigenvalues of the

matrix A. Define p(A4) = Imax |Ai|. Answer the following questions.
(i) Prove that p(A) < ||A]|co-
(ii) Prove that ||A||e = 112%);21 @i
]:
(iii) Prove that lim A* = O, if and only if p(A4) < 1.

k—oco

(iv) Prove that, if ||A||e < 1, then I — A is regular and
k
A1 ~ i
(I—-A) I+ I}il)‘rolo §=1 A

holds, where I is the identity matrix. The facts that ||z + Y|l < ||Z]|0o + [|¥]]oo

and ||[A+ Bl|oo £ ||A]]oo + || B||eo hold for any n-dimensional vectors z, y and n x n

matrices A, B can be used without proof.



Japanese version shall be the authorized version; the English translation for reference only.

R R FERERE R FEF
ErEE BT ERARE BERREE
(R 264EE4A HIATE)

Admissions for April 2014
Entrance Examination for Master’s Program
Department of Applied Mathematics and Physics
Graduate School of Informatics, Kyoto University
Er2548A5 A (A) 15:30 — 17:30
August 5, 2013, 15:30 — 17:30

CAGYERS

Major Subjects

ZBIRFH (Choice of Subjects) :

EESEE. 5 7BER. AR_RL—YavX - Ug—F, BRREER. mEHEHE. NER

w2
Applied Mathematics, Graph Theory, Operations Research, Modern Control Theory,

Physical Statistics, Mathematics for Dynamical Systems

& (NOTES)
1. PR E»L2REBRT S L,
3R H UL L2 RE LTI AIE. BRPEHCTDHI LD D,
. BABEIIIEBCHRETLHI L
3. AT 1R BICOEMREMML WICEBATHZ &,

fRl% % REICTEA LENRRWEAIERICRALTS IS, REICBW KA, X8R

E7. BEELR VL RSN EHSOBECHI DWW ZZERIC LT Z &,
4. BERFIIFHEDRoTIWVA, R IR E B IR - TIER B 7RV,

1. Choose 2 subjects out of those 6 stated above.

Note that in case three or more subjects are chosen and answered, they may be regarded as no

answers.

2. Answer the questions in Japanese or English.

3. Use one sheet for each question. If required, the reverse side may be used. In that case, state

“Over” at the end of the page, however, do not write on the shaded area.

4. Examinees may keep question sheets after the examination, however, they must not keep any
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An English Translation:

Applied Mathematics

1

Let F, be the integral transformation for a bivariate function ¢(u,0), defined by

P00 = <= [ gl 0)e s
and G, be the one for a bivariate function v (z,y), defined by
Gey¥1(€,m) = 2% /:: /_Zip(x,y)e_i(xg‘"y”)da:dy.
Consider the bivariate real-valued function f(z,y) such that
fe =5 [ [ Gualflle e dn
Set
R¢(u,0) = /00 f(ucosf — vsin®, usinf + v cos 0)dv.
Answer the following questions.
(i) Rewrite eq.(1) using the polar coordinates
£ =rcosf,n=rsind(r=20,0=0<2m).
(ii) Prove that Fy[Ry](r,0) = V21 Gy, [f](r cosf, rsind).
(iii) Prove that Fu[Ry](r,0 +m) = FulRf)(—T,0).

(iv) Prove that f(, y) L / (\/2_7_/ Fu[Rj)(r,0)e" x°059+ysme)|7‘|dr>
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An English Translation:

Graph Theory

%

Let G be a connected undirected graph with edges weighted by reals. Answer the

following questions.
(i) Describe Kruskal’s method for finding a minimum spanning tree of G.
(ii) Prove that Kruskal’s method correctly constructs a minimum spanning tree of G.

(iii) Prove that a minimum spanning tree of G is unique when all edge weights are

distinct.
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An English Translation:

Operations Research

2

Let I = {1,...,m}, and let a function f : R" — R be defined by

1
f(x) = émTMa: +q'z,

where M is an n x n symmetric matrix, q is an n dimensional vector, and the superscript
T denotes transposition.

Consider the following nonlinear programming problem (P):

(P) : Minimize f(x)
subject to (a®)Tx < b; (i € I),

where @' (i € I) are n-dimensional vectors and b; (i € I) are constants.
Suppose that there exist vectors z* € R" and X* = (\5,..., %) T € R™ satisfying the
following Karush-Kuhn-Tucker conditions for problem (P):

Vi) + Z)\Zai =0
i=1
(ai)Tm* é bi7 A: Z 07 ((ai)Tw* - bz))\: = (Z = I)

Let J={ieI]|(a) a*=0b}, C={deR| (@)Td £0 (i€ J)}and C®={d €
R" | (af)Td =0 (i € J)}.

Answer the following questions (i)-(v)-
(i) Show that f(z +d) — f(z) = 3d' Md+V f(x)Td for all d € R™.
(if) Show that Vf(z*)Td 2 0 for alld € C.
(iii) Show that @ — * € C for any feasible solution « of problem (P).

(iv) Suppose that d"Md > 0 for all d € C. Show that z* is a global optimal solution
to problem (P).

(v) Suppose that x* is a local optimal solution to problem (P). Show that d"Md =0
for all d € C°.
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An English translation:

Modern Control Theory

4

A linear dynamical system is described by the state equation

dx
E = Az + Bu,

where z is the state, u is the input, A € R"*", and B € R™*1 Define Ax = A+BK for the
state feedback gain K € R". Define the subspace S = span{B, AB, ..., A" B}, where
span denotes the subspace spanned by the vectors in the brace. Answer the following
questions.

(i) Prove that Az € Sifz € S.
(ii) Dcfine Sg = span {B, AKB, .teiths (AK)n_lB} Show that S = Sk-

(iii) Let the linear map Ag : S = S be defined by Axz = Agz for z € S. Denote
Ay = A when K = 0. Prove that Ag = A holds for K satisfying K A'B = 0 for
i=0,1,...,dimS — 1 when dim S < n.

3 2 4 1
A=|-8 -3 —4|, B=1|-1|, K=[p q r].
3 -1 — 0

Show that dim S = 2. Calculate the matrix representation of Ay when the basis of
S is given by {B, AB}. Obtain all the feedback gain K for which the characteristic
equation of Ag is (s +4).

(iv) Let n =3,
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An English Translation:

Physical Statistics

5

Let us consider the one-dimensional random walk. A random walker can be at regularly

spaced positions ...,z_1,Zg, Z1,... along a line, where z; = ak with k =...,-1,0,1,...

and a is a positive constant. The walker is at z; initially, and sequentially jumps to the

nearest right or left position with probability p or ¢ = 1—p, respectively, where 0 < p < 1.

Every time interval between the successive jumps equals 7, i.e. the walker jumps at time

t =n7t (n=1,2,...). P,(k) denotes the probability that the walker is at z; after n

jumps. Answer the following questions.

(i)
(it)
(iii)

Obtain P, (k).

Obtain the recurrence formula of P, (k) for n.

1
Let f(z,t) == %P% (g) f(z,t) is assumed to be continuously differentiable with

respect to ¢ and twice continuously differentiable with respect to z. Derive the

partial differential equation for f(z,t) from the recurrence formula of P, (k) obtained
2

in the question (ii) under the limit, a — 0 and 7 — 0 with ;— = D and (p—g)a = v,
T T

where v is a constant and D is a positive constant.

Calculate the average position X () of the walker at time ¢, X (¢) := / Tz Fila, &)
and the variance o2(t) of the position at ¢, o2(t) == — (X(t))* + /oo dz 2°f(x,t)

with the use of lim z?f(z,t) = lim z = 0, X(0) = 0%(0) = 0 and

z—+oo z—+oo ox

/o:odm Flz,t) = 1.
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" e dy s ;
{)Iﬂﬁji*fﬁﬁ% E = f(may)) % = Q(m,y), il Lj, T = x(t), Y= y(t), WZXF LT .’I,‘(t) = Zy;
y(t) = yo BEDTEME 2B & %, 2y-PHEDR (0,90) & T OBA HERROFHA
WS, BTOMWIZEZ K.

(i) 3 AER
Y, - =T —Z (1)

DAREmZETRD XK.

(ii) (i) CROZRBRDEMHEIZE TS (1) DEDEF ZFANT, FERLVUEA, FR,
B, B, FofionwsnhThsh, HRAZRATEX L.

(i) z = =z(t), y = y(t) PHDHERX (1) O THDH & &, B
H(z,y) = 2y" — (2* = 1)°

FtIZEORWERTHH I ERYE. 61T, (i) BLKC H(z,y) ZAVT, zy-F
B BT 5 (1) OREEAR (z(1), y(t) DT 7 % XA

(iv) oA
— =y -z, — =2 —z (2)
DARERZETRO K.

(v) (iv) CROZ=TEIROEHEIC BT 5 (2) OMOEBZFHANT, FEIRIWR, FHA
B, B, FofionwdnThbh, BHEHRATEZ L.
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For the system of differential equations d—f = f(z,y) and d—i{ = g(z,y) with z = z(t) and

y = y(t), if z(t) = zo and y(t) = yo give a constant solution, then the point (zo,yo) on

the zy-plane is called a fixed point of the system of differential equations. Answer the

following questions.

(i) Find all of the fixed points of the system of differential equations

dz dy 3
(i) Investigate the local behavior of solutions of (1) in the neighborhood of each fixed
point found in the question (i) to classify these fixed points into sink, source, center,

saddle point or others, giving reason for the answer.

(iii) Show that the function

H(z,y) = 2" — (& - 1)°

is independent from t for any solution z = z(t) and y = y(t) of (1). Next, graph
trajectories (z(t),y(t)) of solutions of (1) on the zy-plane using (ii) and H(z,y).

(iv) Find all of the fixed points of the system of differential equations

dr dy 3
priad Akl g =E & (2)

(v) Investigate the local behavior of solutions of (2) in the neighborhood of each fixed
point found in (iv) to classify these fixed points into sink, source, center, saddle

point or others, giving reason for the answer.



