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For a constant R > 0, let f(z) be a function which is holomorphic in the region 0 < {z| < R

and satisfies
1 1@, (@
270 Jig=r 2" (|12

for 0 <r < A and any n € Z, where o € C is a constant and {(a),, is defined by

ala+1)--(a+n-1) (n>0)
(la—1)--(a+n+1) (n<0
1 (n=0).
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Answer the following questions.
(1) Show that f(z) is not holomorphic in |z| < R.
(if) Obtain the Lawrent series of f(z) in 0 < |2] < R.

(iif) Assume that z =0 is an Nth-order pole of f(z) for a positive integer N. Express o
by using N. Moreover, let
Nz (<] <R)
9(z) = lil% Nfz) (2=0).
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Obtain the nth-order differential coeffcient

zg (0) for any positive integer n.

(iv) Find a necessary and sufficient condition on a for z = 0 to be an essential singularity

of f(z).



