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Choose two subjects out of those six stated above.

Note that in case three or more subjects are chosen and answered, they may be regarded as no
answers.
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An English Translation:

Basic Mathematics 1

|

Answer the following questions.

1 x
(i) Show the equality with respect to cot z and the infinite sum of o tan 5%

iitan—a-c— = l —cotz
2k ok g ’
k=1
by using the addition formula
1

t —1 ot cot 2
2anac—zc T T

of the trigonometric functions tanz and cot z.

(if) Find an addition formula of the hyperbolic functions tanh z and coth z. Then, derive

1 z
an equality with respect to cothz and an infinite sum of o tanh o by using this
addition formula, where these hyperbolic functions are defined by
sinh z coshz et —e® e +e™”
tanhz = , cothz = — , Sinhz=-—7— coshx=+—
coshz sinh 2

for a real number z.
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An English Translation:

Data Structures and Algorithms

2

Given a connected simple undirected graph G = (V, E) and a vertex s € V, let T be a

spanning tree of G obtained by a breadth-first search starting from s, and let V; denote

the set of vertices whose distance from s in T is . Answer the following questions.

(i) Give a description of the breadth-first search that starts from s and constructs a

spanning tree of G.
(ii) Prove that there is no edge between V; and V;, such that j +2 = k.
(iii) Prove that if no V; contains a pair of adjacent vertices then G is a bipartite graph.

(iv) Prove that if some V; contains a pair of adjacent vertices then G is not a bipartite

graph.
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An English Tranélation:

Linear Programming

3

Consider the following linear programming problem P(c) with a vector ¢ = (c1, ¢2, ¢3, ¢4, ¢5)" €

R® of parameters:

P(c): Minimize c'z

subject to x; + o+ 24+ 25 =3
To+23+1T4=3
x 20,

where & = (21, Za, 73,24, 75) | € R® represents decision variables, and the superscript T
denotes the transposition of a vector.

Let X(c) be the set of solutions to problem P(c).
set, let Z denote the set of all integers, and Z° = {z = (21,20, 23,24,25)" € R® | 2 €
Z(i=1,2,3,4,5)}.

Answer the following questions.

Moreover, let () denote the empty

(i) Write out a dual problem of problem P(c).
(ii) Show that X (c) # 0 for any ¢ € R°.
(iii) Show that X(c) N Z® + 0 for any c € R®.
(iv) Prove or disprove the following proposition (A), giving a proof or a counterexample.

(A) X(c) g Z® for any ¢ € R®. ‘
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An English Translation:

Linear Control Theory

4

A feedback control system is given by the block diagram shown in Figure 1, where G(s)

is a transfer function, r is the reference input, d is the disturbance, and y is the output.

Answer the following questions.

(i) Let
2
Gl =573
Calculate the output y when r is the unit step function and d = 0.
(i) Let
c

s2+as+b’
where a, b, and ¢ are real constants. Determine the set of values of (a, b, ¢) for which
the feedback loop is stable and the steady state value of y becomes zero when r =0

and d = sin 4¢.
-»T—b ——»I | —»;—
r 4+ 1 4+ Y
— G(s) s+1 + >

G(s) =

Figure 1: Control System -

v
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An English Translation:

Basic Mechanics

5

m
A particle of mass m is moving under the action of a force F' = —M—Br, where r denotes
T

the position vector of the particle from the origin, r = |r| stands for the length of »
and 4 > 0. It is assumed that the particle is never at the origin. Let p := m7 be the
momentum of the particle where 7 := ((11_7; and L := r X p be the angular momentum of
the particle about the origin, where » x p denotes the vector or cross product of r and
p. Here (a xb)-c=(bxc)-a=(cxa)-band (axb)xc=(a-c)b—(b-c)ahold
for arbitrary vectors a, b and ¢, where a - ¢ stands for the scalar or dot product of @ and

1
c. Let e be defined as e := Iu—ma(p x L) — ; Answer the following questions.

(i) Prove that L is conserved.

(rx)yxr

. - dyr
(ii) Prove that — (;) = p

d¢

(iii) Prove that e is conserved.

(iv) Prove that e L = 0.

2

L
(v) Prove that e - r +1r = " where L := |L| stands for the length of L.
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An English Translation:

Basic Mathematics 11

6

Let n x n complex matrices A = (a; ;)1<ij<n 80d B = (b; )1<i j<n be a tri-diagonal matrix

whose off-diagonal entries are non-zero and a diagonal matrix, respectively. Equivalently,

the entries a;;,b;; € C of A and B satisfy
;=0 (ji =51 >1), a; #0([i—jl=1), bi;=0(i—-j/21).

Suppose that A and B can be converted into a diagonal matrix and a tri-diagonal matrix
whose off-diagonal entries are non-zero, respectively, by a similarity transformation with
a common regular matrix P: A+~ P7'AP, B — P 'BP.

Let A; be the eigenvalues of A. Hereafter, I denotes the identity matrix, and O denotes

the zero matrix. Answer the following questions.

(i) Let co,ci,...,cn—1 be constants. Show that
n—1
> epdf =0
k=0
holds only when ¢y =c¢; =+ =¢,_1 =0.

(ii) Show that all the eigenvalues of A are mutually distinct.

(ili) Let ¢,5 € {1,2,...,n} and let E; be the matrix defined by

E= ] ——4-nd).

1<k<n ket A= A
Show that
ZEI" =1, EZEJ = 6i,jEi>
k=1
E:BE; =0 (li—j|>1), EBE;#0 (li—j|l=1),
1 (i=)
where 6; ; = R
7 { 0 (i# )
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An English Translation: |

Applied Mathematics

|

Let R > 0 and let C’l(R), Ca(R) and Cs(R) be the paths from iR to 0, from 0 to (1+4)R,

and from (1+1)R to iR, respectively, in the complex plane, as shown in the figure. Define

f(z) = e2*" (z € C) and let

A:/ cos(t?)dt, B
0

/ sin(¢%)dt.
0 ;

Answer the following questions. Here you can use the equality

lim
R—+o00

(i) Obtain.

(ii) Write lim

(o0}
/ e 3 dt = \ﬁ
0 2

f(2)dz in terms of A and B.

iii) Show that lim f(z)dz = 0.
( ) R—+o00 Cg(R) ( )
(iv) Obtain A and B.

Im

C,(R)  (1+D)R
iR —
G, (R)
Re
0 R
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y(Wo) = w(al),

y(m) = wla) — w(a), i=1,2,...,n—2,

y(r) =0,Vr € Il — {mo, T1,. .., Tn-2}.
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() NiZNTI2RNRERDZ I IAANDTNITY AL ZFEERE L.
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e € E(m), Vi £ j(e),
e & E(m;), Vi >j(e).

(iil) ®i=1,2,...,n—LIZH U w(a;) £ wle), Ve € B(mi—1) BB LD Z & 2FEHAE &.
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An English Translation:

Graph Theory

2

Let R, be the set of non-negative reals, and N = [G,w] be a network that consists of a

simple connected graph G = (V, E) and an edge weight w : E — Ry, and let [V| =n 2 2.
For a partition 7 = {V4, V4, ..., V,} of V, let E(x) denote the set.of edges between distinct
vertex subsets V;, V; € 7. Denote by II the set of all partitions of V. |
Let T = (V,{a1,as,.:.,0n-1}) be a minimum spanning tree obtained from N by

Kruskal’s algorithm, where a; is added to T as the i-th tree edge. For forests Tp = (V,0)
and T; = (V,{a1,0s,...,0:}), 1 =1,2,...,n—1,let m; € II, i =0,1,...,n — 1 be the
partition formed by the connected components of forest T, where 7,1 = {V'}. Choose a
real value y(r) for each partiti;)n 7 € II as follows.

y(mo) = w(as), |

y(m) = w(ai1) — wla;), i =1,2,...,n—2,

y(m) =0,Vr € I — {mo, 71,...,Tn_2}.

Answer the following questions.

(i) Give a description of Kruskal’s algorithm to find a minimum spaﬁning tree of V.

(ii) Prove that each edge e € E admits an index j(e) € {0,1,...,n — 1} which satisfies
the conditions: ' '
e € E(m), Vi < j(e),
e & E(m;), Vi > j(e).

(iii) Prove that w(a;) £ w(e), Ye € E(m_1) holds for each i =1,2,...,n— L

(iv) Prove that Z y(m;) = w(a;) holds for each i =1,2,...,n — 1.

7=0,1,...,i-1

(v) Prove that Z y(m) < w(e) holds for each edge e € E.

w€ll: e€F(w)
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An English Translation:

Operations Research

3

Let Q={xeR*" |0z, 210 = 1,...,n)}, and let f: R® — R be a continuoﬁsly

differentiable function satisfying

Caf(z)+(1-a)f(y) |
> flaz+(1-a)y)+a(l-a)(@-y) (z-y) Yo,y eR"ac[0,1],

where the superscript | denotes the transposition of a vector.

Consider the following nonlinear programming problem P.

P: Minimize —f(x)
subject to x € 2.

Moreover, consider the following convex quadratic programming problem Q(z) with a

vector z €  of parameters:

Q(z): Minimize —Vf(z)T@+3(x—2)"(z—2)
subject to @« € 2,

where = € R™ represents decision variables of Q(z). For any z € Q problem Q(z) has a
unique optimal solution Z(2).

Answer the following questions.

(i) Show that the following inequality holds for any x,y € R™,
f@) - fW) 2V @-y+@-y) (@-y)
(i) Write out Karush-Kuhn-Tucker conditions for problem Q(z).

(iii) Show that the following inequality holds for any z € .
f(z) - f(&@(2) £ ~(@(2) — 2) " (&(2) - 2).
(iv) Prove or disprove the following proposition (A), giving a proof or a counterexample.

(A) If z € Q and Z(z) = z, then z is a local optimal solution to problem P.
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An English Translation:

Modern Control Theory

4

Consider a linear dynamical system given by the state equation

4
dt

z(t) = Az(t) + Bu(t), z(0) = zo

where z(t) € R® is a state vector, u(t) € R is a control input, and zo € R? is an initial

state. Let
-1 0 1 1

A=|1 -1 -1|,B=|-1
1 2 1 0

and T denotes the transposition. Answer the following questions. Show the derivation

process.

(i) Find all the real eigenvalues of A and their corresponding eigenvectors.
(ii) Determine the controllability of the system.

(ili) Let mo=[1 1 l]T. Then, determine whether there exist 7 > 0 and u(t) for which
z(7) = —2x, holds.

(iv) Determine whether there exists k& € R® such that the state feedback control u(t) =

kTz(t) internally stabilizes the system.
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An English Translation:

Physical Statistics

5

Consider a particle with mass m executing free Brownian motion under the influence

of a friction force —m~AV (t), where  is a positive constant and V() the velocity of the
particle at time ¢. V'(¢) is described by an Ornstein-Uhlenbeck process with the conditional
probability density function, or the transition probability, of V() given that V(o) = v,

- 1 (v — vp exp (=t — t)))’
p(v, tjvo, to) = NZTE exp <— 20 — t) ) ;

where t > tg, p(t) = D (1 — exp(—27t)), and D is a positive constant. (f(V(2))),, 4
denotes the conditional average of f(V(t)) given that V(tg) = vo, where f(V(t)) is a

function of V(). The Ornstein-Uhlenbeck process is a steggionary Markov process. Let

kg be Boltzmann’s constant. You may use the equality dz exp(—2?) = /7 without
—co

proof. Answer the following questions.

(i) Determine D when, as t — 0o, p(v, t|vg, to) tends to the Maxwell distribution, that

is, the equilibrium distribution of the velocity at temperature T'.

(i) The entropy production of the particle under the initial condition that V(to) = vo

is defined as

Uvo,to(t) == (lnp(V(t),t|vo,to)>vo,to - % (V(t))2>'u0,to ’

where t > t;, and In A denotes the natural logarithm of A. Show that the entropy

t
production rate Uv?i’;"( ) is positive.
(iii) Let
an(vg, 7) = {((V(to +7) — vo)")vo’to ,
: L o . an(v,7)
where n is a positive integer and 7 is positive, and let A,(v) = llrilo——-—. For
T— T

t > tp, the following equation is satisfied:

Op(v,tlve,to) _ ~ (=17 &,
ot —"; 4! %?(AJ(U)P(UJWOJO))-

Find A, forn =1,2,---.
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¥, REICBWT 2B GRS

daz_

i At)e, xeR? (1)

h#E 25, T % 2REATH,
1 1 1
F(t) = / f(s)ds, C(t) = / o(s)ds, H(t) = / h(s)ds
0 1] 4]
Y UT, BFOBGEERE. 2EL, t£00DL % F(t) £ H{) WRLT 350D LT 5.

() B(0) = [ £M7=FR (1) DALTF (1) B RDE. ZIT, HAFH () LI, E
Al %@(t) _ A()D(t) BT 2 REHGHIDZ L2,

F(t) 0

() t£ODE X, 51 U(E) = (G(t) e

Kb &.

) DI L% A>T, SR exp U(2) %

(i) k € R 2HBEME LTRETG(E) = k(F(t) — H(t) BRELTB L E, (i) TRD
e BRI exp (1) AR (1) DEATTHI L 25 T & &R,

(iv) (i) & (i) 2 VT, BEEKexp U(t) BR (1) DERTH LR LB f(2), (1), h(2)
D% DT .



An English Translation:

Mathematics for Dynamical Systems

6

Let f(t), g(t) and h(t) be continuous functions on R and let

Alt) = (g”é;? h?t)) |

Consider the two-dimensional linear system of differential equations

dm_

ar _ 2
= Alt)x, = eR?

on R. Let I be the 2 x 2 identity matrix, and let

F(t) = /0 ‘Heds, G = /0 “g(s)ds, H(t) = /0 h(s)ds.

Assume that F(t) # H(t) for t # 0. Answer the following questions.

(i) Obtain the fundamental matrix to equation (1) satisfying ®(0) = I. Here a 2 x 2

matrix ®(t) is called a fundamental matrix if it is nonsingular and satisfies —th(t) =

d

A(t)D(t).
“ | o F(t) 0
(i) When t # 0, obtain the exponential function exp ¥(t) of ¥(t) = G(t) H(

diagonalizing U (%).

t)) by

(iii) Assume that G(t) = k(F(¢t) — H(t)) on R for some constant £ € R. Show that

the exponential function exp ¥(t) obtained in (ii) becomes a fundamental matrix to

equation (1).

(iv) Give an example of f(t), g(t) and h(t) such that exp ¥(¢) is not a fundamental

matrix to equation (1), using (i) and (ii).




