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G=(V,E) ZHiRRE V, BEA B »S5H 3 BIMMERERS S 7, N=[C,w] % G
DEE e € B IZRBEDED wle) 25X THONBRY NT—2 2T 5, Hifud o
RvNOREER (u,v) L EHE, TOREAE wlu,v) LHEL HEuPSEHEvA~AD
EEHE dist(u, v} 2 NI2BIT 2 u S v ~"ORMBE LOREADHORMEL EH 2. HE
HFIPETH DH MR &R 2L, MTOMWIE R k.

(1) ROFMGZ2FTHROEZMEERA p(v), v € VITFEET B L %, NIAHBEINE
FEULRWT & 2EEREE L.
w(u,v) + pu) —pv) 20, VY(u,v) € E.

(i) Wiz dHms eV &E(u,v) e EORVREET DL &, NIZABEBIELET S
Z &R k.
dist(s, u) + w(u,v) < dist(s, v).

(ili) FROBEAVHFETHDLRETD. HIWHEASCV 2 fifsec SALT,
So V\SANHEDDHL (u,v) € E DFT dist(s, u) +w(u,v) DEEENE T 2%
(wv) &5, ZOLE, dist(s,v*) = dist(s, u*) + wlu*,v*) BHY LD 2 L R
B XK.



An English Translation:

Graph Theory

2

Let G = (V, E) denote a simple, strongly connected digraph with a vertex set V and an

edge set £, and let N = [G,w] denote a network obtained from G by assigning a real
value w(e) to each edge e € E as its weight. A directed edge from a vertex u to a vertex
v is denoted by (u,v} and its weight is written as w(u, v). Define the distance dist(u, v)
from a vertex u to a vertex v to be the minimum summation of weights of edges in a
simple path from u to v in N. A directed cycle is called a negative cycle if the sum of

edge weights in the cycle is negative. Answer the following questions.

(i) Prove that N has no negative cycle if there is a set of real weights p(v), v € V such
that

w(u,v) + p(u) — p(v) 2 0, Y{u,v) € E.

(ii) Prove that N has a negative cycle if there is a pair of a vertex s € V and an edge
(u,v) € E such that
dist(s, u) + w(u,v) < dist(s,v).

(iii) Assume that the weight of each edge is non-negative. For a subset S CVanda
vertex s € 5, let (u*,v*) be an edge that minimizes dist(s,u) + w(u,v) among all
edges (u,v) € E directed from § to V '\ S. Prove that dist(s,v*) = dist(s,u*) -+

wlu*, v*).



