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Let A be an n X n matrix defined as

—ap —az -+ —Ap—2 —Gp—1 —0pn
1 o - 0 0 0
A O 1 " 0 0 O 7
0 0 1 0 0
0 o - 0 1 0
and let p(z) be a polynomial in « defined as p(x) = det(x1, — A), where I,, is the identity
matrix of order n. For k =1,2,... n — 1, let us define the n x n matrix Ay by the block
diagonal matrix
Iy Ok—1,2 Ok—1,n—k—1
A= Ogp_1 Cr 02.n—k—1 ;

On—k—1k-1 On—g—12 Tn—p—1
where 0y, is the ¢ X m zero matrix and Cj, is the 2 x 2 matrix
o — Qg 1
Cp = ( o 1 ) .
Define the n x n matrix A, by the diagonal matrix A, = diag(1,...,1,—a,).

Answer the following questions.
(i) Express the polynomial p(z) as a sum of terms of the form ax”, where a is a constant

and r is a non-negative integer.
(ii) Show that A = AjAs--- A, _1A,.
(i) Show that AyA; = A;A; for |j — k| > 1.
(iv) Let n be an odd integer. Show that p(z) = det(zl, — A1 A3+ A, AsAy--+ Ap_q).
(v) Let n be an odd integer. Show that the roots of p(z) = 0 coincide with the roots of

the equation
ar+z —1
—1 0 x

det . =0,

x
r Qp+ap_1T

determined by an n x n symmetric tridiagonal matrix.



