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Let G = (V, E) be a connected simple undirected graph with a set V of n 2 2 vertices

and a set E of edges, let T = (V, F) be a spanning tree of G rooted at a vertex s € V,
and let £: V — {1,2,...,n} be a numbering on V, where we assume that the following
conditions {a) and (b) hold.

(a) For each edge uv € B, vertex u is either an ancestor or a descendant of v in 7',

(b) For each vertex v € V' \ {s} and the parent u of v in T, £(u) < £(v).
Let L denote the set of leaves in 7. For each vertex v € V, let N{v) denote the set of
neighbors of v in @, and let D(v) denote the set consisting of vertex v and the descendants
of v in T. Define a function lowpt : V' \ (LU {s}) = {1,2,...,n} such that

lowpt(v) = min{€(y) | ¥ € Usepy N@)}, v € VA(LU{s}H.

Answer the following questions.

(i) Prove that no leaf u € L is a cut-vertex in G.

(ii) Prove that a necessary and sufficient condition for the root s to be a cut-vertex in

G is that s has at least two children in 7.

(iif) Prove that a necessary and sufficient condition for a vertex u € V'\ (LU {s}) to be
a cut-vertex in G is that u has a child v in T" such that lowpt(v) 2 £{u).



