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An English Translation:

Basic Mathematics 1

1

Let n be a positive integer. We introduce a polynomial of degree at most n by

fn(x> = Z /Bk,nbk,n(x)a
k=0

where i, € R and the polynomial of degree n,

n!

~ o 9

bk,n(l’)
for k € {0,1,2,...,n}. Answer the following questions.

(i) Prove the following identities:

(@) D> bea(z) =1,

(c) Z(k: — 1) by () = na(l — z).

k=0
(ii) Show that

1
4nd?

A

Z bkﬂ(l')

%7z|§6

for 6 > 0 and z € (0,1), where the summation symbol denotes the sum over k

satisfying |§ — x‘ > 9.

(iii) Let f be a continuous real-valued bounded function on the interval (0,1). By
Brn = f(k/n), we define the polynomial sequence { f,(x)}2%,. Show that for any

€ > 0 there exists a positive integer N such that

[f(x) = falz)] <& (n2 N,z €(0,1)).
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An English Translation:

Data Structures and Algorithms

2

Let G = (V, E) denote a simple connected undirected graph with a vertex set V' and
an edge set E. Assume that G is stored in adjacency lists. For two vertices u,v € V,
let dist(u,v) denote the shortest length of a path between them. Answer the following
questions.

(i) Let s € V' be an arbitrary vertex. Prove that if there is an edge uv € E such that
dist(s,u) = dist(s, v) then edge uv is contained in a simple cycle of an odd length.

(ii) Show how to test whether G is a bipartite graph or not in O(|V| + |E|) time.

(iii) Let s,t € V be two distinct vertices. Show how to test whether G has only one
shortest path between s and ¢ or not in O(|V| + |E|) time.
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An English Translation:

Linear Programming

3

Let @’ (i = 1,...,n) and b be m-dimensional vectors, and let ¢ = (¢, ¢s,...,¢,)" be an

n-dimensional vector, where the superscript " denotes transposition. Moreover, let A be

an m X n matrix whose ith column is a’, that is, A = [a' a@® --- a"].

Consider the following linear programming problem (P) and its dual problem (D):

(P) Minimize c'x (D) Maximize b'w
subject to Ax =0b subject to ATw Z ¢,
x>0,

where the decision variables of (P) and (D) are € R" and w € R™, respectively.
Suppose that problem (P) has a unique optimal solution &* = (z%,%,...,2%)" such

rn

that 27 = 0. Then consider the following linear programming problem (Q):

(Q) Maximize b'u — (c'2z*)v
subject to  (a')Tu —cjv < —1
(@)"u—cv=0 (i=2,3,...,n)
v =0,
where the decision variables are w € R™ and v € R.

Answer the following questions.
(i) Write out a dual problem of problem (Q).
(ii) Show that problem (Q) has an optimal solution.
(iii) Show that an optimal value of problem (Q) is 0.

(iv) Suppose that problem (Q) has an optimal solution (u*,v*) such that v* > 0. Let

u
w” = —. Then show that w* is an optimal solution to problem (D).

v

(v) Suppose that problem (Q) has an optimal solution (u*,v*) such that v* = 0. Then

show that problem (D) has an optimal solution w* such that (a!)Tw* < ¢;.
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An English Translation:

Linear Control Theory

[]

A feedback control system is shown in Figure 1, where P(s) is a plant, C(s) is a PI

controller, r is a reference input, and e is an error. The plant P(s) and the controller

C(s) are given by
—5+2 1

P = — :1 _—
(5) s24+3s+2’ Cls) +Ts’

respectively, where T' > 0 is the integration time. Answer the following questions.

(i) Find the set of T' for which the feedback control system is stable.

(ii) Let the reference input be the unit ramp signal, that is, r(¢) = ¢t. Calculate the

infimum of the steady state error when 7" > 0 varies.

(iii) Let T'= 1. Denote the gain margin and the phase margin by g,, and ¢,,, respectively.

Calculate g, and tan ¢,,.

ﬁ% O(s) [ Pls) —

Figure 1 Feedback control system
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An English Translation:

Basic Mechanics

5

Let us consider a particle of mass m scattering under the action of a central force by a

k
potential V(r) = — (k > 0,n = 1) where r denotes the distance between the particle
rn
and the center of the central force. Let 7y be the minimal value of r, h(> 0) be the
magnitude of the angular moment around the center of the central force and v, be the

speed of the particle at r = oo . Answer the following questions.

(i) Obtain the speed vy of the particle at r = rq.

(ii) Show that the scattering angle © is given by

o 4o du
o2 Vit =+ BVE) - V)

uo

1 1
where u = — and ug = — .
r To

k
(iii) Derive the scattering differential cross section in the case that V(r) = — where k is
r

a positive constant.
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An English Translation:

Basic Mathematics 11

6

Answer the following questions.

(i) Find the rank r of the 4 x 4 matrix

-1 2 1
A 4 3 —1
-7 3 4
1 -1 0 =5

and a decomposition of A into a product A = BC, where B is a suitable 4 x r

matrix of rank » and C is an r x 4 matrix of rank r.

(ii) Let a1,as,...,a, be n column vectors of dimension m and let the m x n matrix

be of rank r with » < min{m,n}. Show that the matrix A can be decomposed into
a product

A= BC,

where B is a suitable m x r matrix of rank » and C' is an r X n matrix of rank r.
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An English Translation:

Applied Mathematics

1

Let i be the imaginary unit. Let f(z) be a complex function which is holomorphic except

at K non-integer, complex numbers aq, as,...,ax. Assume that ay is a pole of order one

and the residue of f(z) at ay is Ag for k =1,..., K. Assume that lim zf(z) = 0. For a
zZ—00

positive integer N satisfying N > nax lag|, let T'y be the rectangular path connecting

N+i+Ni,—N—1+Ni,—N —1— Niand N+ 1 — Ni in this order. Answer the

following questions.

(i) Show that there is a real number M independent of N such that

|cot mz| < M
1
holds for any z on I'y. Here cotw = .
tan w
(ii) Show that
lim (2) cot mzdz = 0.

N—oo Ty

(iii) Show that
00 K
Z f(n)=—=m Z Ay, cot Tag.

n=-—00 k=1

(iv) Let ¢ be a non-zero real number. Show that

[o@) —
Z 1 T e”c + (& me ]_
« n2+c2  2cem —em  2c2°
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An English Translation:

Graph Theory

2

Let G = (V, E) denote a simple and connected undirected graph with a vertex set V
and an edge set E such that each edge e € F is weighted by a real value w(e). For a
spanning tree T' € E of G, let Cr(a) denote the fundamental cycle containing an edge
a € E\T, and K7(b) denote the fundamental cut-set containing an edge b € T. Answer
the following questions.

(i) Prove that every minimum spanning tree T' € E of G satisfies the next condition
(©).

(C): For every edge a € E'\ T, each edge b € Cr(a) satisfies w(a) = w(b).

(ii) Prove that any spanning tree T' satisfying condition (C) also satisfies the next con-
dition (K).

(K): For every edge b € T, each edge a € Kr(b) satisfies w(a) = w(b).

(iii) Prove that any spanning tree T'C E of G satisfying condition (K) is a minimum
spanning tree.

(iv) Prove or disprove the next proposition, giving a proof or a counterexample.
“When G has two minimum spanning trees, some two edges in G have the same
weight.”
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An English Translation:

Operations Research

3

Answer the following questions (i) and (ii).

(i) Consider the following nonlinear programming problem:

(P)  Maximize 6(x)
subject to x € X,

where the decision variable is @ € R", the objective function 6: R™ — R and the feasible
set X © R™ are defined by

n 1/n
O(x) = (Hml) and X = {:13 e R"
i=1

respectively. It is known that the optimal solution * of (P) is unique, and that the

ZZL‘Z':L 1‘120(221,,71)},

=1

function 6 is concave (that is, —f is convex) on R?, = {@ € R" | 2; > 0(i =1,...,n)}.

Answer the following questions (a), (b) and (c).

(a) Write out the Karush-Kuhn-Tucker conditions of (P). (Note that (P) is a maximiza-

tion problem.)
(b) Obtain the optimal solution «* of (P).

(c) By using the solution &* of (P), show that for all ; € R with v, 20 (1 =1,...,n),

the inequality of arithmetic and geometric means holds, that is,
S (it)
{Cr— "= i=1 b '
(ii) Let n be a positive integer number and F,, be the set of all convex and nonnegative

functions from R™ to R. Answer the following questions (A) and (B).

(A) For a given function f € F,, define g;: R” — R as g¢(x) = f(x)* (x € R"). Prove
that gy is convex for all f € (J 2, Fn.

(B) For a given positive number a € R and a function f € F,, define hy,: R* — R as
hio(x) = f(2)* (x € R"). Obtain the minimum value of a* € R such that hy, is

convex for all & 2 a* and f € |J -, F,. Justify your answer.
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An English Translation:

Modern Control Theory

[]

Consider a linear dynamical system given by the state equation

d

Za(t) = Az(t) + Bu(t), 2(0) = w0, y(t) = Ca(t)

where z(t) € R? is a state vector, u(t) € R is a control input, y(¢) € R is an observation

output, and zg € R? is an initial state. Let

-1 0 1 1
A=|-21 1|,B=|2|,C=[1 -1 2.
-3 3 -2 1

Define two linear subspaces of R? by
O ={zo:y(t) =0 for all t if u(t) =0 for all ¢}
and
C={[B AB A’B]v:veR’}.

Answer the following questions. Show the derivation process.

(i) Obtain a basis of O and a basis of C.

(i) Find a triplet of linearly independent vectors e;, €5, e3 € R3 such that e; € O and
es € C. Then, obtain the coordinate transformed state equation having the state
vector z(t) such that Tz(t) = z(t) with T = [e; ey e3] € R¥.

-1

(iii) For zp = | 0 |, find u(¢) that minimizes
1
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An English Translation:

Physical Statistics

5

Let a time series Xy, Xi,... be determined by an ergodic dynamical system X, ,; =

d
‘ on the interval (—1,1) being the

T/ 1 — 22

2X? — 1 with a probability measure pu(dr) =
invariant measure and assume that

1

N-—1
1
ngr;ON;B(Xi) Z/lB(Xo)u(dXo) a.e.

for any function B(x) satisfying

[ 1B Puldz) < oo,

where X; € (—1,1) (i =2 0). (B) is defined as the integral f_ll B(Xo)u(dXy) with an
initial condition Xy = cos(6p) being distributed according to the invariant measure u(dzx).

Answer the following questions:
(i) Show that (B) =0 and (B?) = % for B(x) = .
(i) Show that (B) — 0 and (B2) — % for B(z) = 242 — 1.
(iii) Show that (B) =0 for B(x) = (22> — 1)z.
(iv) Give a general solution X,,.
(v) Show that (B?) — (B)? = %(a% + a2) for B(z) = ag + a1z + ay(22? — 1).

(vi) Let us construct a one-dimensional random walk defined by

2
N
for B(x) = ag+aiz+as(22*—1). Obtain the diffusion coefficient D = A}im () 2(N ) :
—00
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An English Translation:

Mathematics for Dynamical Systems

6

Let a,b € R be constants and consider the real differential equation

2

d“x dx
= — = 0. 1
tdt2+(at+b)dt+:v 0 (1)

Let X be the set of all rational expressions of rational functions of ¢, solutions to equation
(1) and their derivatives of any order. In particular, X contains the second-order derivative
of any solution to equation (1). Let o : X — X be a bijective map satisfying the following

conditions:

(Al) For any f,g € X, o(f +g) = o(f) +o(g) and o(fg) = o(f)o(9);

(A2) For any rational function f, o(f) = f;

d d
(A3) For any f € X, %U(f) =0 (d—{;)

Let G denote the set of all such maps. Assume that = = e’ is a solution to equation (1).

Answer the following questions.
(i) Determine the constants a and b.
(ii) Obtain a solution x = ¢(¢) which is linearly independent of x = €.
(iii) Show that o(x(t)) is a solution if () is so.

(iv) Let ¢(t) be the solution obtained in (ii). From (iii) we see that for any ¢ € G there

exist some constants a;;(c) € R (¢, 7 = 1,2) such that

U(et) = an(a)et +an(0)o(t), o(o(t)) = G21(U>et + axn(0)o(t).

Let A(o) be a 2 x 2 matrix whose (4, j)-element is a;;(o) for 4, j = 1,2. Then show
that A(o1)A(02) = A(02)A(0y) for any 01,09 € G.





