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̑
,X0ྻܥ࣌ X1, . . .͸۠ؒ (−1, 1)্ͷ֬཰ଌ౓ µ(dx) =

dx

π
√
1− x2

Λෆมଌ౓ͱ͢ΔΤϧ

ΰʔυతͳྗֶܥXn+1 = 2X2
n − 1ʹΑΓܾఆ͞ΕΔ΋ͷͱ͢Δ. ͞Βʹ

∫ 1

−1

|B(x)|2µ(dx) < ∞

Λຬ଍͢Δ೚ҙͷ؍ଌؔ਺B(x)ʹରͯ͠,

lim
N→∞

1

N

N−1∑

i=0

B(Xi) =

∫ 1

−1

B(X0)µ(dX0) a.e.

͕੒ཱ͢Δ΋ͷͱ͢Δ. ୠ͠, Xi ∈ (−1, 1) (i ! 0)Ͱ͋Δ. ⟨B⟩͸ॳظ஋X0 = cos(θ0)

͕ෆมଌ౓ µ(dx)ʹैͬͯ෼෍͢Δ࣌ͷੵ෼
∫ 1

−1 B(X0)µ(dX0)ͱఆٛ͢Δ. ҎԼͷ໰͍ʹ

౴͑Α.

(i) B(x) = xͷ࣌, ⟨B⟩ = 0 ͼٴ ⟨B2⟩ = 1

2
Ͱ͋Δ͜ͱΛࣔͤ.

(ii) B(x) = 2x2 − 1ͷ࣌, ⟨B⟩ = 0 ͼٴ ⟨B2⟩ = 1

2
Ͱ͋Δ͜ͱΛࣔͤ.

(iii) B(x) = (2x2 − 1)xͷ࣌, ⟨B⟩ = 0 Ͱ͋Δ͜ͱΛࣔͤ.

(iv) XnͷҰൠղΛ༩͑Α.

(v) B(x) = a0 + a1x + a2(2x2 − 1)ͷ࣌, ⟨B⟩ = a0 ͼٴ ⟨B2⟩ − ⟨B⟩2 = 1

2
(a21 + a22)Ͱ͋

Δ͜ͱΛࣔͤ.

(vi) B(x) = a0 + a1x+ a2(2x2 − 1)ʹରͯ͠, ϥϯμϜ΢ΥʔΫΛݩ࣍1

r(N) ≡
N−1∑

i=0

{B(Xi)− ⟨B⟩} N = 1, 2, . . .

Ͱߏ੒ͨ࣌͠, ͦͷ֦܎ࢄ਺D ≡ lim
N→∞

⟨r2(N)⟩
2N

ΛٻΊΑ.



An English Translation:

Physical Statistics

̑
Let a time series X0, X1, . . . be determined by an ergodic dynamical system Xn+1 =

2X2
n − 1 with a probability measure µ(dx) =

dx

π
√
1− x2

on the interval (−1, 1) being the

invariant measure and assume that

lim
N→∞

1

N

N−1∑

i=0

B(Xi) =

∫ 1

−1

B(X0)µ(dX0) a.e.

for any function B(x) satisfying

∫ 1

−1

|B(x)|2µ(dx) < ∞,

where Xi ∈ (−1, 1) (i ! 0). ⟨B⟩ is defined as the integral
∫ 1

−1 B(X0)µ(dX0) with an

initial condition X0 = cos(θ0) being distributed according to the invariant measure µ(dx).

Answer the following questions:

(i) Show that ⟨B⟩ = 0 and ⟨B2⟩ = 1

2
for B(x) = x.

(ii) Show that ⟨B⟩ = 0 and ⟨B2⟩ = 1

2
for B(x) = 2x2 − 1.

(iii) Show that ⟨B⟩ = 0 for B(x) = (2x2 − 1)x.

(iv) Give a general solution Xn.

(v) Show that ⟨B2⟩ − ⟨B⟩2 = 1

2
(a21 + a22) for B(x) = a0 + a1x+ a2(2x2 − 1).

(vi) Let us construct a one-dimensional random walk defined by

r(N) ≡
N−1∑

i=0

{B(Xi)− ⟨B⟩} N = 1, 2, . . .

for B(x) = a0+a1x+a2(2x2−1). Obtain the diffusion coefficient D ≡ lim
N→∞

⟨r2(N)⟩
2N

.


