ERHFI

1

X[ [0,1] ED CH#EBIE o(t) T (0) = 0,0(1) = 1 25729 DLEKOELEEZT T 5.
pel iz T,

o) = | (e, () = / (o))t
LB ZIZT, ¢t) ci¢(t)®i%é=55§&(fl—f(t)fﬁ)é. 7,
A=infI(p), B =inf J(p)
EHL. LFOfWZE Z L.
() Ak k. %7, I(p)=AL%bpel Bk k.
(i) EOEH 0 T LT, on(t) =1— (1— )" 2B, J(pn) RO .
(i) B %k k.

(iv) J(g) =B 27%% g e T BFIELRNT & &5E.



An English Translation:

Basic Mathematics 1

1

Let T be the set of C* functions ((¢) on the interval [0, 1] satisfying ¢(0) = 0 and ¢(1) = 1.

For ¢ € T', define
I(p) = / G2, J(p) = / (3 ()2,

where $(t) is the derivative Cfl—f(t) of p(t). Let
A=mfI(p), B=infJ(p).
Answer the following questions.
(i) Find A. Moreover, find ¢ € I satisfying I(¢) = A.
(ii) For a positive integer n, define ¢, (t) =1 — (1 —¢)". Find J(p,).
(iii) Find B.

(iv) Show that there does not exist ¢ € I" satisfying J(p) = B.
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k= 4fEDEH] Ay, Ay Ay 3D D, KERH A 1 ng = 1 EOEED NS WIHIZREZ &
NTWa., ZZT, n=ni+ng+---+n; &L, EfADESREKOHTIZS5NT VWS n
EOEHITETHRLB LTS, DFOMWIZIEZ L.

(i) A Ay, Ay IO g + o IHOEEE O(ny + ny) BRI TN E WIEIZHSI TE 3 2 &
ety

(11) @E@J Al,AQ,Ag,A4 K—;(TJ‘L/, %@B@J Az ﬁ)gggﬁ% a; %@Aﬁ:‘ffﬂ (al,a2,a3, CL4) D 5 715
—HROAEDKEN Y < izy lan — aj]| ZENTT B H DD O(ny + ng 413 +ny) HlH
TR NG Z L 2Rt

(i) k TADEIF] Ay, Ay, ..., Ay O n (HDIE O(nlog k) BT/ E VI IZ 51 T &
Bk R,

(iv) kDB Ay, Ay, ..., Ay IO n (HOBEOHTNE Wb DS kEOEE O(klog k)
[ CROIE S Z & Rt



An English Translation:

Data Structures and Algorithms

2

For a given integer k = 4, let Ay, As, ..., A; be given arrays, where each array A; contains

n; 2 1 integers sorted in an ascending order. Let n = ny +ny + - - - + ny, and assume that

all n integers contained in the k arrays are distinct. Answer the following questions.

(i) Prove that sorting in an ascending order the n; + ny integers in the arrays A; and

Ay can be executed in O(n; + ng) time.

(ii) For the arrays Ay, Ay, A3 and Ay, prove that it takes O(ni+ngo+ng+ny) time to find a
tuple that minimizes the sum of differences of every two elements >, -, lan —a;|

among all tuples (ay, as, as, as) such that a; is selected from A;.

(iii) Prove that sorting in an ascending order the n integers in the arrays Ay, A, ..., A

can be executed in O(nlogk) time.

(iv) Prove that selecting the & smallest integers out of the n integers in the arrays Ay,

Ay, ..., A can be executed in O(klogk) time.
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3

NRTA=Ry=(y1,4,...,Yn) €R" ZHDROMIEEFERIEP(y) 252 5.
P(y): Maximize y'z
subject to jijixi::1
>0
772U, Ply) DIEZEIE & = (21,20,...,7,) ER*THY, T HiEETEE KT
AR (i) & (i) I2& X &.
(i) MIEP(y) DX REZ F .

(i) ROy e R*IZH LT, MEP(y) WEidEfEEZ S DI L 2.
BEZoNnTcy e RMIZH LT, MEP(y) OEc#ElE (BKfE) 2 f(y) &3 5.
PUR DR (iii) & (iv) I2& X £.

(i) FEED a € [0,1] & y,z e R IZH LT, IROAEFEXDKD LD & Z2RE.

flay+ (1 —a)z) s af(y) + (1 - a)f(2)

(iv) OB Q 2 R 5.

Q: Minimize f(y)
. . Yi
subject to ; - = 1
tﬁu,Q@&ﬁﬁﬁuy@W@%é.ﬁ%@@%ﬁ@@%m@u%@@éza
ZmE.



An English Translation:

Linear Programming

3

Consider the following linear programming problem P(y) with a vector of parameters

Y= (ylvaa cee 7yn)T e R™.
P(y): Maximize y'x
subject to ZWU@ -1
i=1

x>0,

where the decision variables of P(y) are & = (1,29, ...,7,)" € R", and the superscript
T denotes transposition.

Answer the following questions (i) and (ii).

(i) Write out a dual problem of problem P(y).

(ii) Show that problem P(y) has an optimal solution for any y € R".

For a given y € R", let f(y) be the optimal value (maximum value) of problem P(y).
Answer the following questions (iii) and (iv).

(iii) Show that the following inequality holds for any « € [0,1] and y, z € R".
flay+ (1 —a)z) £ af(y) + (1 -a)f(2).

(iv) Consider the following optimization problem Q.

Q: Minimize  f(y)
. - Yi
bject t E = =1
subject to 2. ,

where the decision variables of  are y € R™. Show that the optimal value (minimum

1
value) of @ is —.
n
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K 11E7 4 — XNy ZHIfIRERT. 22T P(s) IEHINR, k>0 74 —Fnw 2
FA Y, r E3BRAT, e BRE, y ZEATH 5. HIENR P(s) &

1
s2+s+1

P(s) =

THEZo6N2e35. BREBESGs) Er 225 e NORERKTH D, FAL— S ZEREK
T(s) &r 26 y NOIRZEBEBTH 2. ULTORWIZEZ K.

(i) BREEBIRL S(s) 13 lim S(0) = 0 %l T T ¥ 2,

(i) lim £T(jw) KD X.

w—0o0

(iii) lim max |T(jw)| =00 TH 2 T & ZE.

k—oo0 w=0

(iv) r ZHNFEEERE T2 %, 1y O —ZEDOEFEMEICT 2EE5% A(k) &
T lim A(k) 2R k.

054 g 1 Ps) .

X 1 74— Ky Ziilfii%k



An English Translation:

Linear Control Theory

4

A feedback control system is shown in Figure 1, where P(s) is a plant, & > 0 is a feedback

gain, r is a reference input, e is an error, and y is an output. The plant P(s) is given by

1

Pls)= ——.
(5) s2+s+1

The sensitivity function S(s) is the transfer function from r to e, and the closed loop

transfer function 7T'(s) is the transfer function from r to y. Answer the following questions.

(i) Show that the sensitivity function S(s) satisfies lim S(0) = 0.

k—o0

(ii) Calculate lim ZT'(jw).

w—r00

(iii) Show that klm max |T(jw)| = oo holds.

1

—00 w>

(iv) Let A(k) be the ratio of the peak value to the final value of the output y when r is
the unit step function. Calculate lim A(k).

k—o0

4?_— k > P(S) >

Figure 1 Feedback control system
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B m OB S FEATHO N 22 TEH LT WS, 22T (r,¢) 2GR Y U, §i

DALEI (z,y) = (rcosg,rsing) TH ST, JJOFLEEEFAE LT, LFORWWIZ
BEZ .

(§) 220 DU e ¥, —EMTH B T L R

PR, 7’2% _hrsl

(i) BUEASREERE (r, ) 12 & >C, 1 = Hﬁ L RXNBIE, LS f(r) R EE B

FOh DB E L TRO K. 72720, 1, e ld, EOEHEL TS,

(i) WUEASHEREES (1, 6) 12 & >C, 7 = m » RENBEE, DS F(r) R - B

FOLDEEE LTRDE. 72720, A ald, EOERETS.



An English Translation:

Basic Mechanics

5

Consider the planer motion of a particle with the mass m subject to a central force,

where the center of force is the origin in the coordinate system. Let (r, ¢) be the polar

coordinates and the position of the particle be given by (x,y) = (r cos ¢, r sin ¢). Answer

the following questions.

d
(i) Show that rzd—f is a constant of motion.

(ii) Suppose that the orbit is given by r =

(iii) Suppose that the orbit is given by r =

do
Let r2— = h.
ert

ith the polar coordinates (r,
1+ €ecos A P (r, @)

where € and [ are positive constants. Obtain the central force f(r) as a function of
r and h.

A ith the pol dinates (r, ¢)
— wi e polar coordinates (r, @),
cosh(ag) P
where A and « are positive constants. Obtain the central force f(r) as a function

of r and h.
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AZBITHIO TE RV x nFETH (A4 O0) L, rankAZ ADZ > (FEED) L,
r =rankA ¥ BL. LTOMWIZEZ K. 7=72L, FAZGEZ1IRXAERX Az =01&Fn—r
ED 1T 21, o, ... Ty DD, n—r AR 2D 1 XM 2% D 7275
WZ EIFEEAZR LT o T &,

() nxnFATH BB AB =0 %335, ZOLE
rankA + rankB < n
.
(ii) 178 AW LT, AB=0 DD
rankA + rankB = n
7% n x nFATH| B BFET 5 Z L B,
(iil) n x n FE4THI BT LT
rank(A + B) < rankA + rankB
Rt
(iv) n x n 74 B2 LT

rankA + rankB < rankAB +n



An English Translation:

Basic Mathematics 11

6

Let A be an nxn nonzero real matrix (A # O) and rank A be the rank of A. Let r = rankA.

Answer the following questions. Use the fact without proof that the homogeneous linear
equations Ax = 0 have n — r linearly independent solutions x{, xs,...,x,_, and do not

have linearly independent solutions more than n — r, if necessary.
(i) Let B be an n x n real matrix B such that AB = O. Show that

rankA + rankB < n.

(ii) Show that there is an n X n real matrix B such that AB = O and

rankA + rank B = n.

(ili) Show that
rank(A + B) < rankA 4 rankB

for any n x n real matrix B.

(iv) Show that
rankA + rankB < rankAB +n

for any n x n real matrix B.
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EERECHH FOFHBIE f(2) DMiZ a1, a9,...,ax & L, FADHEE LIZHVb D LTS,
ZIT, BBUf(2) 3]z 5 0o T2 f(2)] 2 02ATET S, Fz=allBIT5K

g(z) DBz Ij:eas (g(2)) TEY. UTFOMWICEZ

() z DIRADHIFAZ I = [0,2r) £ T 52 LT,
ai,as,...,ax ZHOGEAE T2, 2oL &,
1,2,...,K) 2 [l TEbE,

(ii) / f(z)dx % Res (f(z)logz) (k =1,2,...,

zZ=qag

dx .
(iii) /0 CESNEES ZRD X,

.

logz DEZED, C ZRD X I ITHR

fcf(z)logZdZ%f{%i (f(2)logz) (k=

K) ZvTHbE,




An English Translation:

Applied Mathematics

Let aq, as, ..., ax be the poles of the rational function f(z) on the complex plane. These

points ay,as, ..., ax do not lie on the non-negative real axis. The function f(z) satisfies

|22f(2)] = 0 as |z] — co. Let Res(g(z)) denote the residue of a function g(z) at a point
zZ=a

z = a. Answer the following questions.

(i) Let us define the branch of log z by fixing the range I = [0, 27) of the argument of
z, and let C be a closed curve enclosing aq, as, ..., ax as shown in the figure. Write

j{ f(2)log zdz in terms of Res (f(z)logz) (k=1,2,..., K).
C zZ=ag

o

(ii) Write /0 f(z)dz in terms of Res (f(z)logz) (k=1,2,..., K).

zZ=ap

. dx
(ili) Obtain /0 I
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G = (V,E) 28imEH V, BES F rolidBiiEms 778 L, N =[G, d%G
DHFE e € B ICEBMEDEE cle) > 0 25ATHONDIAY NT—2 LT 5. fHil
DEAEALE XY SVIZHL, X HORPSL Y NORAMPIKOELEEZ E(X,Y) &
Y. FAFEHLKROESEE R, TRT. HEINZ 5 st € VIIXL, RELRFA
ZeeE({v},V\{v}) f(e) _ZeEE(V\{v},{v}) fle)=0,"v e V\{s,t} B ICEEHK f(e) = c(e),
Vee B 7= 3B f: E - Ry % (s,t) 70— &I, ZOHE val(f) &

Yo S-S
eeE({s},V\{s}) e€E(V\{s},{s})
TEDD. F72, se X, te V\ X 2= THROMAEE X SV % (s,t) Iy b &I
¥, ZDOREE cap(X) &
> o

e€E(X,V\X)

TEDS. UTFTOMWIZEZ K.

(1) EED (s,t) 7u—f & (s,t) Iy b X 1ZxL, FX

val(f) = Z fle) — Z f(e)

e€E(X,V\X) e€E(V\X,X)

DD LD Z & &G K.

(ii) A6z (s,t) 7U— fFIINULTED 6NDFERAY N T —2 Ny =[Gy = (V, Ey), ]
DED %L &

(iii) ZRAR A Y P T =2 N IZBWT, sPo t NOAMBEIFIET L E, TDV LD
P L35, PLORKDO N ZBIF 2B BOR/MEEZ A LT 5L E, NITIHRED
val(f) + A TH 5 (s,t) 7O —DMFET 5 Z & &Il L.

(iv) BRAY bT =2 Ny DB s DOt NDHFRABEZ DRV EE, NpZBWT s o3
EARBHNORGZ S TE. ZOLE, sc ATHIAERDOEGAS SITHL
cap(A) > cap(S) B D 2D & ZFEHE XK.



An English Translation:

Graph Theory

2

Let G = (V, E) be a simple directed graph with a vertex set V" and an edge set F, and let

N =[G, c] be a network obtained from G by assigning a real value c(e) > 0 to each edge
e € F as its capacity. For vertex subsets X,Y € V| let E(X,Y) denote the set of edges
that leave a vertex in X and enter a vertex in Y. Let R, denote the set of nonnegative
reals. For two designated vertices s,t € V', an (s,t)-flow is defined to be a mapping
[+ E — Ry which satisfies 3. poy v\ gop) f(€) = 2occpon oy op f(€) =0, Yo e V\ {s,t}
(flow conservation law) and f(e) < c(e), Ve € E (capacity constraint), and its flow value
val(f) is defined to be
Yo o= Y Sl
ecE({s},V\{s}) ecE(V\{s}.{s})
An (s,t)-cut is defined to be a vertex subset X € V such that s € X and ¢t € V' \ X, and
its capacity cap(X) is defined to be
Z c(e).
e€E(X,V\X)
Answer the following questions.
(i) Prove that for any (s,t)-flow f and any (s,?)-cut X
wl(f)=">  flo- > [
e€E(X,V\X) e€E(V\X,X)
holds.

(ii) For a given (s,t)-flow f, show how to construct its residual network Ny = [Gf =
(V, Ef) el

(iii) For an (s,t)-flow f in IV, assume that there is a directed path P from s to ¢ in the
residual network Ny. Let A denote the minimum capacity of an edge in P in Nj.

Prove that N has an (s,t)-flow whose flow value is val(f) + A.

(iv) For an (s,t)-flow f in N, assume that there is no directed path from s to ¢ in the
residual network Ny. Let S denote the set of vertices that are reachable from s in

Ny. Prove that cap(A) > cap(S) holds for any set A G S with s € A.
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(P1)  Minimize f(x)
subject to g,( )

|| A

0 (i=1,...,m)
b

D0D0DO0(PHODDODDD xcR"O000TO00000000O0f:R”—ROg:R* =R
(i=1,...,m)000000000O0ecR"0becRODDOOOOO0OO0OOO0 2* €R”
D0000002:*00000000000000000000000000000000
0000 XNeR(@G=1,...m000p eROODODDOOOO (XA, p*)000 (P1)
D00000000000000000 (Karush-Kuhn-Tucker 00) DO0O0O0O00000
XM=, ) eR"0D000

00000000000 ceRODDOOOOODODOOOOODOODOOO

(P2)  Minimize f(x)+c (Z max{g;(x),0} + |a'z — b|>

subject to x € R"

O000(P2) 000000 zeR*"O0000

gobobobooooon

(i) OO (P )OOUOODOODODOOOOOOOODODOOOOO
(i) 0000000000000 O000 (P2)D0O000O00O0O0OODOOOO

(i) 00000000000 «*0 (P2)DO0000O0ODODOODOOO

c2 max{max)\* | |}

nDooO0l={ie{l,....mhg)=0y0000



An English Translation:

Operations Research

[]

Consider the following nonlinear programming problem:

(P1)  Minimize f(x)
subject to gi(x) =0 (i=1,...,m),
b

a'z

Y

where the decision variable is & € R", the superscript | denotes transposition, the func-
tions f: R — R and ¢g;: R* — R (i = 1,...,m) are differentiable and convex, and
a € R" b e R. Let x* € R" be an optimal solution of (P1). Also,let \f e R (i =1,...,m)
and p* € R be the corresponding Lagrange multipliers associated to the inequality and the
equality constraints, respectively, assuming that they exist. More precisely, (x*, A*, u*)
satisfies the Karush-Kuhn-Tucker conditions of (P1), with A* = (A\},..., \%)" € R™.
Moreover, consider the following unconstrained optimization problem that includes a

positive parameter ¢ € R:
(P2)  Minimize f(x)+c¢ (Z max{g;(x),0} + |a'x — b\)
i=1
subject to « € R",

where the decision variable is € R".

Answer the following questions.
(i) Write out the Karush-Kuhn-Tucker conditions of (P1).

(ii) Write out a nonlinear programming problem that is equivalent to (P2), using only

differentiable functions.

(iii) Prove that * is a solution of (P2) when

¢z max{max)\* |p* |}

where I = {i € {1,...,m}: gi(z*) = 0}.
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RETGREA
%x(t) = Az(t) + Bu(t), y(t) = Cx(t), x(0) = B

CEDEXONDRIEY AT LEZEZXS. 1L, Ae R, BeR™, C e R,
z(t) € R™IFIRAE, u(t) € RIFHIBAT, y(t) € RIFBHHBITHS. £7/2, M, =
| B AB .- A"'B| LEHEL, T>0%2EHET5. UTOMWZER L.

() RO AT u®), 0 St <TIZHULT, Mo =2x(T) 2729 v e R DPEHLET ST
& 2T L.
(i) M, BIEAIE T 5. ZOLE, FEDv e RMIIHNUT, o(T) =v &5 A u(t), 0 <
t<T BFIET S & 2T L.
151 A, B, C»
01 0
A:[O 0],3:{1},02[1 1]
THEZLN, u(t)=—sint, 0St<T &3 5.
(iii) 2 A b B N
/ u(t)® + y(t)*dt
T

ZH/MET B u(t), t =T 2R k.

(iv) (i) THRSNB/MEZ V(T) 235, ZDLE, }r;fOV(T) ZRD K.



An English Translation:

Modern Control Theory

Consider a linear dynamical system given by the state equation
d
Salt) = Aa(t) + Bu(t), y(t) = C(t), #(0) = B

where A € R™", B e R™! (C e R™" x(t) € R" is a state vector, u(t) € R is a control
input, and y(¢) € R is an output. Let M, = [ B AB --- A"'B } and T > 0 be a

constant. Answer the following questions.

(i) Show that, for any input u(t), 0 < ¢t < T, there exists v € R"” such that M.v = z(T).

(ii) Suppose that M, is nonsingular. Then, show that, for any v € R", there exists an

input u(t), 0 < ¢ < T such that z(T) = v.
Let matrices A, B, C be given by
A:{g é],B:H],C:[l 1],
and u(t) = —sint for 0 <t < 7.
(iii) Find u(t),t =2 T that minimizes the cost function
/ " u(t)? + y(t)dt.
T

(iv) Let V(T') denote the minumum value obtained in (iii). Then, find 7iﬂnfO V(T).
>
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An English Translation:

Physical Statistics

5

The velocity distribution of a particle in a classical ideal monatomic gas in thermal equi-

librium is given by
2

10=(52i7) {5 |

where U = (vg,vy,v,) is the velocity vector, k is the Boltzmann constant and 7' is the

absolute temperature. Answer the following questions.

(i) Obtain the distribution for the speed u = |9].
(ii) Obtain the most probable speed u*.
(iii) Obtain the average (u) of speed.
(iv) Obtain the average (u?) of squared speed.

(v) Show that the relation

holds.
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n>1%%K, R R*%Z CHEEHE LT, R EDWMD AR
dx "
azf(az), zeR (1)

2HEZH. x=¢t) 2R ETHRZK Q) OIFEfre 5. RA2X (1) Otz = ¢(t)
DEDLYDERTiFENE NS,
dy
dt
ZIT, Df(x) & fx) DY IEAFHIT, &j=1,2,...,nIILT, fi(x) &z %, TN
Th, flz) &z DERHELT,

=Df(o(t))y, yeR" (2)

df1 df1
5;@)~-3%@)
Df(x) = g :
afn O fn
8I1( x) e aIn(oc)

THERAOLND nIRESITHITH D, L NDORWIZE R K.

(i) #PR ay = tl}gl o(t) & a_ = tl}r_n O(t) FIET DL E, z=ay & a DK (1) DE
BRCThHd I amt. 7z, ZoAHEX(2) 2 lim P(t) =022 R ETHERZ
ffhy =(t) 26D & zRE.

(i) RAZ 7T CL B 0 R — R BT 36D LT 5,
Du(z) f(z) — Df(x)u(xr) =0

2ADAY R L F((0)) & u(é(0)) BB TH B & ¥, BHHFER (2) DI
7R 2 (EskeD &

(iil) RAZW7ZF n— 1ED CL#EBEIE v, R* - R (j=1,2,...,n— 1) PFETDE
NDLT5.
Dvj(z)f(z) = Df(x)vj(z) =0 (j=1,2,...,n—1)

n@@ﬂﬁbwf(m»t%((»@:Lz“wwawﬁﬁ%ﬂﬁﬁﬁé&%,E
53 FiFE (2) D — iRt % kb



An English Translation:

Mathematics for Dynamical Systems

6

Let n > 1 be an integer and let f : R® — R” be a C! function. Consider the system of

differential equations
d
= =f@), zeR" M

on R. Let x = ¢(t) be a bounded nonconstant solution to Eq. (1) on R. The following
equation is called the variational equation of Eq. (1) around the solution z = ¢(¢):
dy

Y~ Droy. ye® )
Here D f(z) is the Jacobian matrix of f(x) and given by the n x n matrix
225 df1
a_m(x) T oz, (z)
O fn O fn
8_m(x) e o, (z)
where f;(z) and xz; are the j-th elements of f(z) and z, respectively, for j =1,2,...,n.

Answer the following questions.

(i) When there exist the limits a; = lim ¢(¢) and a— = lim ¢(t), show that x = a,
t—+o00 t——o0
and a_ are constant solutions to Eq. (1). In addition, show that the variational

equation (2) has a bounded solution y = ¥ (¢) on R such that tlirin P(t) =0.
— 00

(ii) Assume that there exists a C* function v : R™ — R" satisfying
Do(a)f(x) - Df(x)o(x) = 0.

Obtain two linearly independent solutions to the variational equation (2) when the

two vectors f(¢(0)) and v(¢(0)) are linearly independent.

(iii) Assume that there exist n — 1 C* functions v; : R* — R" (j = 1,2,...,n — 1)
satisfying
Duvj(z)f(x) = Df(z)vj(x) =0 (j=1,2,...,n—1).
Obtain a general solution to the variational equation (2) when the n vectors f(¢4(0))

and v;(¢(0)) (j =1,2,...,n — 1) are linearly independent.



