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G = (V,E) 28imEH V, BES F rolidBiiEms 778 L, N =[G, d%G
DHFE e € B ICEBMEDEE cle) > 0 25ATHONDIAY NT—2 LT 5. fHil
DEAEALE XY SVIZHL, X HORPSL Y NORAMPIKOELEEZ E(X,Y) &
Y. FAFEHLKROESEE R, TRT. HEINZ 5 st € VIIXL, RELRFA
ZeeE({v},V\{v}) f(e) _ZeEE(V\{v},{v}) fle)=0,"v e V\{s,t} B ICEEHK f(e) = c(e),
Vee B 7= 3B f: E - Ry % (s,t) 70— &I, ZOHE val(f) &

Yo S-S
eeE({s},V\{s}) e€E(V\{s},{s})
TEDD. F72, se X, te V\ X 2= THROMAEE X SV % (s,t) Iy b &I
¥, ZDOREE cap(X) &
> o

e€E(X,V\X)

TEDS. UTFTOMWIZEZ K.

(1) EED (s,t) 7u—f & (s,t) Iy b X 1ZxL, FX

val(f) = Z fle) — Z f(e)

e€E(X,V\X) e€E(V\X,X)

DD LD Z & &G K.

(ii) A6z (s,t) 7U— fFIINULTED 6NDFERAY N T —2 Ny =[Gy = (V, Ey), ]
DED %L &

(iii) ZRAR A Y P T =2 N IZBWT, sPo t NOAMBEIFIET L E, TDV LD
P L35, PLORKDO N ZBIF 2B BOR/MEEZ A LT 5L E, NITIHRED
val(f) + A TH 5 (s,t) 7O —DMFET 5 Z & &Il L.

(iv) BRAY bT =2 Ny DB s DOt NDHFRABEZ DRV EE, NpZBWT s o3
EARBHNORGZ S TE. ZOLE, sc ATHIAERDOEGAS SITHL
cap(A) > cap(S) B D 2D & ZFEHE XK.



An English Translation:

Graph Theory

2

Let G = (V, E) be a simple directed graph with a vertex set V" and an edge set F, and let

N =[G, c] be a network obtained from G by assigning a real value c(e) > 0 to each edge
e € F as its capacity. For vertex subsets X,Y € V| let E(X,Y) denote the set of edges
that leave a vertex in X and enter a vertex in Y. Let R, denote the set of nonnegative
reals. For two designated vertices s,t € V', an (s,t)-flow is defined to be a mapping
[+ E — Ry which satisfies 3. poy v\ gop) f(€) = 2occpon oy op f(€) =0, Yo e V\ {s,t}
(flow conservation law) and f(e) < c(e), Ve € E (capacity constraint), and its flow value
val(f) is defined to be
Yo o= Y Sl
ecE({s},V\{s}) ecE(V\{s}.{s})
An (s,t)-cut is defined to be a vertex subset X € V such that s € X and ¢t € V' \ X, and
its capacity cap(X) is defined to be
Z c(e).
e€E(X,V\X)
Answer the following questions.
(i) Prove that for any (s,t)-flow f and any (s,?)-cut X
wl(f)=">  flo- > [
e€E(X,V\X) e€E(V\X,X)
holds.

(ii) For a given (s,t)-flow f, show how to construct its residual network Ny = [Gf =
(V, Ef) el

(iii) For an (s,t)-flow f in IV, assume that there is a directed path P from s to ¢ in the
residual network Ny. Let A denote the minimum capacity of an edge in P in Nj.

Prove that N has an (s,t)-flow whose flow value is val(f) + A.

(iv) For an (s,t)-flow f in N, assume that there is no directed path from s to ¢ in the
residual network Ny. Let S denote the set of vertices that are reachable from s in

Ny. Prove that cap(A) > cap(S) holds for any set A G S with s € A.



